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Abstract. It is shown that there is no Whitney map on the hyperspace 2x for non­
metrizable Hausdorff compact spaces X. Examples are presented of non-metrizable con­
tinua X which admit and ones which do not admit a Whitney map for C(X). 

Given a Hausdorff compact space X, we consider the space 2x of all 
non-empty compact subsets of X equipped with the Vietoris topology. Any 
subspace H (X) of the space 2x is called a hyperspace of X. In particular 
Fn(X) stands for the family of all non-empty subsets of X of cardinality at 
most n (where n EN), and C(X) denotes the hyperspace of sub continua of 
X (i.e., of connected members of 2X). The reader is referred to [4] and [5] 
for needed information on hyperspaces. 

A continuum X containing two points a and b is called an arc (from a to 
b) provided that each point of X \ {a, b} separates a and b in X. We write 
ab to denote an arc with end points a and b. Note that an arc is metrizable 
if and only if it is homeomorphic to the closed unit interval [0,1]. 

Given a Hausdorff compact space X and its hyperspace H(X), by a 
Whitney map for H(X) we mean a mapping J1 : H(X) -+ ab such that 

(0.1) J1({x}) = a for each point x E X; 
(0.2) A <; B implies J1(A) < J1(B). 

When X is a compact metric space, then a Whitney map for 2x or C(X) 
does always exist, and several constructions of such mappings are known: 
see e.g. [5, 0.50.1-0.50.3, pp. 25-26] or [4, Theorem 13.4, p. 107; Exercises 
13.5-13.8, pp. 108-109]. 

The following theorem answers a question of Robert Heath asked during 
a private conversation with the second named author. 

THEOREM 1. The following conditions are equivalent for a Hausdorff 
compact space X: 
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(1.1) )( is ~etrizable; 
(1.2) there exists a Whitney ~ap fro~ the hyperspace 2x onto an arc; 
(1.3) there exists a Whitney ~ap fro~ the hyperspace F2 ()() onto an 

arc. 

Proof. As stated above, the implication from (1.1) to (1. 2) is well 
known. The one from (1.2) to (1.3) is obvious. It remains to show that 
(1.3) implies (1.1). So, assume (1.3). Let p, : F2 ()() -+ ab be a Whitney 
map. Let {Xl, X2, •.. } be a countable infinite subset of )(. Then there is a 
cluster point Xo of this set. Continuity of the mapping X f--t p,( {xo, x}) im­
plies that the family Bn = {[ap,( {xo, xn})) : Xn =1= xo}, n E N, of half-open 
intervals is a countable local basis for ab at a. Define f : )( x )( -+ ab by 
f( (x, y)) = p,( {x, y}). Then the diagonal Ll of )( x )( is a Go-subset since 
Ll = nU-l(Bn) : n EN}. Therefore)( is metrizable by [1, Exercise 4.2.B, 
p. 264] .• 

COROLLARY 2. If a Hausdorff co~pact space is non-~etrizable, then 
there is no Whitney ~ap for the hyperspace 2x. 

For any dendron (i.e., a Hausdorff continuum such that any two of its 
distinct points are separated by a third one) )( there is a canonical em­
bedding of F2 ()() in C ()() (which maps any pair {x, y} with x =1= y to the 
unique arc xy). Therefore we get the following. 

OBSERVATION 3. For any non-~etrizable dendron)( there is no Whitney 
~ap fro~ the hyperspace C()(). In particular, there is no Whitney ~ap fro~ 
the hyperspace C()() for any non-~etrizable arc)(. 

The assumption that )( is a dendron is essential in the above observation. 
To see this recall the following example K (see [2] and [3]). 

Let D be a totally disconnected Hausdorff compact space without iso­
lated points (in the metric case only the Cantor set has these properties), 
and let f : D -+ D be a homeomorphism such that for each xED the orbits 
of x, i.e., the sets un(x) : n E {O} UN} and U-n(x) : n E {O} UN} are 
dense in D. In the product D x [0,1] identify (x,O) with U(x), 1) for each 
xED. Let K be the quotient space. It is shown in [3] that each proper 
subcontinuum of K is a metric arc and that covering dimension of K is one. 

Observe that using the natural flow on K one can easily define, for any 
arc A in K, the length f(A) of A. Then a Whitney map p, : C(K) -+ [0,1] 
can be defined as follows: 

f(A) 
p,(A) = 1 + f(A) for A E C(K) \ {K}, and p,(K) = 1. 

PROBLEM 4. Characterize non-metrizable continua )( for which there 
exists a Whitney map for C()(). 



WHITNEY MAPS 307 

Acknowledgements. We would like to express our appreciation to the 
referee, who has not only read the manuscript very carefully, but also solved 
two main problems and simplified some of the proofs of the first version of 
the paper. The referee certainly deserves to be the coauthor ofthe paper, but 
decided to remain anonymous. Thanking the referee for his job, we underline 
that we do not consider a note at the end of the paper to be a sufficient 
appreciation of the referee's contribution. 

REFERENCES 

[1] R. Engelking, General Topology, Heldermann, Berlin, 1989. 
[2] A. Gu tek, A generalization of solenoids, in: Topology (Budapest, 1978), Colloq. 

Math. Soc. Janos Bolyai 23, North-Holland, Amsterdam, 1980, 547-554. 
[3] A. Gu tek and C. L. Hagopian, A nonmetric indecomposable homogeneous con­

tii'!Uum every proper subcontinuum of which is an are, Proc. Amer. Math. Soc. 86 
(1982),169-172. 

[4] A. Illanes and S. B. Nadler, Jr., Hyperspaces, Dekker, New York, 1999. 
[5] S. B. Nadler, Jr., Hyperspaces of Sets, Dekker, New York, 1978. 

Mathematical Institute 
University of Wroclaw 
Pi. Grunwaldzki 2/4 
50-384 Wroclaw, Poland 
E-mail: jjc@hera.math.unLwroc.pl 

wjcharat@hera.math.unLwroc.pl 

Instituto de Matematicas 
UNAM 
Circuito Exterior 
Ciudad Universitaria 
04510 Mexico, D.F., Mexico 
E-mail: jjc@gauss.matem.unam.mx 

Department of Mathematics and Statistics 
University of Missouri-Rolla 

Rolla, MO 65409-0020, U.S.A. 
E-mail: wjcharat@umr.edu 

Received 3 July 1999; 
revised 13 January 2000 

(3799) 




