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Relation between transmission and energy stored in random m edia

Ben Payné', Jonathan Andreaserf, Hui Cao?, and Alexey Yamilov!
1Department of Physics, Missouri University of Science & Tedinology, Rolla, MO 65409

2Department of Applied Physics, Yale University, New Haven,CT 06520
(Dated: September 18, 2009)

Transmission coe cient, T, and the energy stored inside random medium, E, carry important
information about wave transport and the nature of quasi-mo des of the system. In this work, we
discuss the possibility of using the ratio between the optic al transmission and E as a quantitative
measure of mesoscopic corrections in transport through di usive random media with gain. Our
analysis shows that T=E has two attractive properties: (i) it does not diverge when t he threshold
for random lasing is approached, as either T or E does; (ii) a change in T=E signi es a change in
the eld distribution inside the random medium. We demonstr ate that, unlike di usive systems, T
and E are not closely related in the localization regime. This fact is attributed to the uctuations
in the position of the localization center inside the random medium. We also nd that the increase
of gain can lead to a modi cation of the spatial distribution of electric eld in the system and that

this e ect is captured by T=E parameter.

PACS numbers: 42.55.7z,42.25.Dd,72.15.Rn

I. INTRODUCTION ”

45

Anderson localizationt (AL) is a wave phenomenoi4 4
that results in cessation of di usion®8. First conceived*
in electronic systems, it originates from repeated selfe
interference of de Broglie waves during their propagatione
in a random potential. Conservation of number of carri-s

medium with optical ampli cation 146 These investi-
gations also motivated us to explore an intriguing possi-
bility of localization by gain { enhancement of the meso-
scopic phenomena with an increase of the ampli cation
strength.

In this work, we investigate the properties of the ratio
between transmission and the energy inside a random

ers, enforced because the electrons possess a charge,siegnedium E, with the goal of formulating a criterion of AL

in the foundation of the concept of AL. 52

Understanding the e ect of dissipation, ubiquitous in ss
optical systems, turned out to be essential for propees
physical description and interpretation of experimental ss
studies of light localization™2. It also prompted the s
search? for an alternative criterion of localization in ab- s
sorbing media. Coherent ampli cation, which leads to anss
altogether new physical phenomenon of random lasing, s
demands further re nement of the concept of AL and its e
criteria in active random media. 61

In case of absorption, an alternative criterion, based,
on the magnitude of uctuation of transmission normal-e;
ized by its average, was put forward®. In random media,
with gain, this quantity (as well as any other statisti-
cally averaged quantity) becomes ill-de ned. This is
because within statistical ensemble, there always exists a
non-zero probability of encountering a special realizatio
of disorder, where the given value of the gain parameteg
exceeds threshold for random lasing. Without satura- 5
tion e ects, such a realization will have an in nite con- -
tribution to a statistical average. Inclusion of the satu- .,
ration introduces a dependence on system- and materials
speci ¢ parameters which are not associated with wave-,
transport properties of the random medium. To avoid
such dependence, and at the same time to regularize thg
statistical ensemble, in Ref* we introduced conditional .,
statistics by excluding the diverging contributions. Such
an approach indeed turned out to be fruitful in studies
of enhanced uctuations and correlation in mesoscopig,
transport of the electromagnetic waves through random,,

LEmail: yamilov@mst.edu

which would be applicable in the presence of gain.

In Sec.[Il we show that in passive systems the ratio
can be related to spatially-dependent di usion constant
D(z). The latter concept has been invoked in the self-
consistent theory of AL to extend the applicability of
di usion approximation into the localized regime. The
connection betweenT /E and D(z) demonstrates that the
former can, indeed, be used as a quantitative measure of
the contribution of localization (interference) phenomena
in transport through disordered systems.

When taken separately, both transmission and the en-
ergy inside the systemE exhibit an expected tendency
to increase with an increase of the gain strength. Fur-
thermore, both parameters diverge when threshold for
random lasing is approached (no saturation mechanism
is assumed). However, as we show in Sdc_llll, when taken
in a form of a ratio, the divergence is eliminated and the
tendency to increase is greatly reduced. Thus, we ex-
pect the decrease off /E below the di usion prediction
obtained in this section, to be indicative of the enhance-
ment of the interference phenomena that can be used as
a test whether the gain indeed promotes the localization
e ects.

In order to assess the usefulness df/E as a localization
criterion, in Sec. [[V] we investigate the relationship be-
tween these parameters in random medium in the local-
ized regime. We show that the ratio is strongly depends
on the spatial location of localization center. This intro-
duces an additional (geometrical) source of uctuation
which is not present in the transmission coe cient. In-
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terestingly, as shown in Sed_IVE, this e ect leads to pro:.
found gain-induced modi cation of the electric eld dis- 13
tribution inside the system that is explained in Sec[IVEl1u4
Discussion of the obtained results and outlook is given ins
Sec[V. 116

117

118

Il. RELATIONSHIP BETWEEN T=E AND THE
RENORMALIZED DIFFUSION CONSTANT

120
121

As we show below, the chosen parametef /E can be:
related to another quantity { spatially-dependent di u- s
sion constant { known to bear the signatures of the lo-
calization.

In weakly scattering random media it is common tozs
disregard the wave nature of carriers (electrons, pho-
tons, etc) and to describe the transport in terms of the
phase-less di usion equation. Under this condition, the

ensemble-averaged di usive ux If_f(r) [Cand the energy
density (W (r) Care related vial’

0 (r)F —D(r) LI (r)[] (1)

The di usion approximation amounts to D(r) = Dg =
c[/B, wherec is the speed of light and[is transport mean
free path. Vollhardt and Wel e 2 laid out a theory which
allows one to account for the wave interference e ects
while retaining the di usive-like formalism. With the re- 2
cent re nementsi8, it is currently believed that allowing 2
for spatial dependence of the diusion coe cient D(r)w’
provides an adequate description of transport even be
yond di usive regime. At the same time, the deviations:2
(reduction) of D(r) from the constant value is interpreted:
as a manifestation of the developing localization e ectsis
We consider a slab (or a waveguide geometry), where
we explicitly separate the coordinatez normal to the slabzs:
from the perpendicular componentB asr=( 7 ,z). As-1
suming no dependence org allows us to rewrite Eq. (T)=s
in the form 136
137
%D (2)138
dz

139
Independence of B can satis ed for the plane-wave il+4
lumination boundary condition which we assume in the
rest of this section.
Next, we note that z component of ux, in the consid-
ered case of continuous-wave (CW) propagation, has to
be constant, independent ofz coordinate:

|:\112(2)‘3 |:\]-1Z(|—)|} JOTa (3)141

where Jg is the incident ux and T is the transmission
coe cient. Indeed, in the CW regime, the distribution
of the electric eld (and thus W (z)) is stationary that
requires thez component of ux to be z-independent.
Upon two subsequent integrations, Eq. [2) yields
" #
El:l—ix&x EZLZL Do dZOdZ+4_I:Il
B Jo L2 L2 , , D9 3L

[ (2)Z —D(2)

(4)

where [ElCis the energy in the slab per unit of the cross-
sectional area. Eq. [4) establishes a relationship for pas-
sive medium between the parameter we put forward in
this work and the self-consistent di usion coe cient. It
has been determined theoretically® that the localiza-
tion e ects lead to a steady slow-down of the di usion
inside the random medium. As it is evidenced by Eq.[(#),
this should result in a monotonous decrease ofTl [ZIEI[]
parameter below its di usion-predicted value. Therefore,
we conclude that [T [ZIEICnay be used to assess the im-
portance of the localization corrections in wave transport
through disordered media.

111. ANALYSIS OF T=E: DIFFUSIVE REGIME

In this section, we investigate, in the diusion ap-
proximation, the e ect of ampli cation on transmission
and total energy stored in an optically thick (1)
slab of 3D random medium. We consider a sample with
parameters not too close to the Anderson localization
transition2, i.e. kL, ko that it can be well described
with the di usion equation 13

%D: Do C2TW (T, 1) (3 Iﬁmv(‘—r",t)m 5)
¢]

In this equation [W [Cddescribes the variation of the
ensemble-averaged energy density (or intensity) at dif-
ferent spacial points 7 with time t. Dg = c[ZB is, as in
Sec.[l, the diusion coe cient, c¢ is speed of light and
Iy is gain length. Eg. (8) has been successfully used to
describe turbid amplifying medium such as incoherent
random laserg®®?L

The above equation has to be complemented with
proper initial and boundary conditions. We consider con-
tinuous wave (CW) illumination of the slab with a plane
wave at normal incidence. The solution of the di usion
equation for the case of absorption in this geometry has
been obtained in Ref?2. The related gain solution can
be directly inferred through formal substitution I, = —lg.
Such treatment of gain in a scattering problem has be-
come known as the \negative absorption" model.

The transmission and re ection coe cients can be di-
rectly obtained from the solution in Ref.22. Employing
the de nition of di usive ux 7

c diw (z)
O (z)F ZM/(Z)IZI__%BT (6)

where [J [Cand [J, [Chre the uxes propagating along
negative and positive z-directions respectively; andz is
the coordinate axis directed perpendicular to the plane
of the slab. Evaluating [0 (0)Cand [J. (L) e nd the
following expressions for re ected and transmitted uxes
¢ 2zoq sin(a(L — zp)) + azg cos@(L — zp))
o 0= - .

© 4 Do (1—02z3)sin(aL) + 2 azgcos(L)
C 2200 sin(azp) + 0zp cos(Ozp)

(7)

(8)
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3

P 4/3. Ensemble averaged electromagnetic en-
ergy inside the sample can be also determined by inte-
grating the energy density over the entire system

[EIC=
D()(]2

In gure L&-c we plot Egs. ([@B[9) for a slab of thicknesss
L/F 100. As expected, we observe the divergence &f
the transmission and re ection uxes, c.f. Fig. [h, whemnso
di usive random lasing threshold (RLT) is approachedis
(a - o, [CmAL) with an increase of gain parametera or, 92
equivalently, gain length lg. The asymptotic dependences
is then 194

+ Z az 195
W) (O)Em(l_)mﬁ%ac—ja.

(10)196
197
Similar critical behavior is obtained when the system sizgz
L is increased towards critical length, L.(a),while keep-,,
ing the gain parametera xed. o1
In Fig. b we also plot the ratios of re ection to energy,,,
[J (0)[ZIElIJand transmission to energy [, (L) [ZIEIL]
For brevity we will refer to these quantities as [R[ZIEI[]
and [MIZEIL] Within framework of the above model,,
we make the following observations that will inform our
studies in the rest of this work:
(a) Suciently close to the lasing threshold, the re ec- **
tion and transmission uxes diverge and become almosft®
equal. This signi es the fact that the system approache§”
the regime when the gain alone can sustain its energy,
without relying on the incident ux; 208
(b) When normalized by the total energy in the slab*
both [RIZIEICJand [MIZIEICIdo not diverge when theé®™
RLT is approached. Instead, they converge to the nite’™
value of Dpa2/2 = 2Dy/L? x (n2/4). Note that the
e ect of gain was to increase this parameter by a factor
n2/4 2B compared to the passive system, c.f. Eq]422
(c) The change of the quantities [RIZIEIand [T [ZIEI]
is related to modi cation of the intensity distribution 23
inside the volume of random medium, c.f. Fig.[lcu
When energy density [W(z)[Jassumes the limitingus
prole given by the lowest order diusion mode the s
ratios [R[ZIEICand M ZEC$aturate. (The lowest ordep:r
di usion mode, neglecting boundary e ects, is given byas
W (z) CIsih(mtz/L).) 210
220
As we are interested in the interplay between the efx
fects of gain and light localization, in the following we:-.
acknowledge the limitations of the di usive descriptionzzs
of this section: 224
(i) The di usion approximation fails when wave phenom-
ena such as localization or coherent random lasing be-
come important. Proper treatment of electric eld and

(1 — 02z@) sin(aL) + 2 azo cos(aL)

1. (9)

its phase becomes necessary;

(i) Increase in gain or scattering strength is ex-
pected to lead to buildup of uctuations of transport
coe cients 1424 Thus, quantity, e.g., [MZECwill no
longer adequately representsl /E and instead should be
replaced with [T/E CWhich accounts for correlation be-
tween T and E in the same sample;

(i) With further increase of gain toward RLT, the di-
vergence of uctuations of T may necessitate the consid-
eration of higher moments of T/E or, perhaps, its entire
distribution;

(iv) At the onset of random lasing, nonlinear?® and
dynamical?®® processes become essential for proper de-
scription of the system properties and thus, CW quantity
such asT/E may no longer be suitable.

IV. ANALYSIS OF T=E: LOCALIZED REGIME

In the this section we consider the e ects (i-iii) on T/E.
For this purpose a one-dimensional (1D) model is already
su cient. Long enough 1D systems are necessarily in lo-
calized regime and, therefore, the uctuation e ects will
be essential even at small values of gain.

Despite the reduced dimensionality, there are number
of experimental system&’% which can be well repre-
sented by a one-dimensional model.

A. Numerical model

We consider a passive system having alternating layers
of dielectric material ([(F 1 and 1.2), and width a. This
pair of layers is repeated to create 1000 pairs. One last
[# 1 layer is added to the end to create a stack of 2001
layers. Then the total sample has length L. Randomness
is introduced by varying the width of each [ 1.2 layer.
The disorder strength and frequency range are chosen so
that the system is in the regime of locally weak disorder
(a [Z&)]dthe localization length & [CLY5; and the single
parameter scaling is applicabl€l. Gain or absorption
can be included via the imaginary part of the dielectric
constant.

We consider an electromagnetic wave of unit magni-
tude incident on the system from the left. Its propaga-
tion through the system is modeled using 2< 2 transfer
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FIG. 1. (a) Transmission [J. Cand re ection [J- Cgiven by*”’
Egs. (dB) are plotted for increasing gain (thick lines) and ab-?»®
sorption (thin lines) coe cients for slab of random medium 220
of thickness L= = 100. In panel (b) we plot the same quan- 230
tities as in (a) but normalized by the value of total energy 2a:
stored inside random medium. The divergence in the vicin- 3,
ity of RLT is prevented as both curves approach the same,,
limiting value. Absorption curves are shown for comparison .,
(c) Di use energy density distribution W (z) Cihside the slab2
of random medium with thickness L=° = 100. Top dotted
line is the sample with gain ( = ¢ = 0:8), middle solid line
corresponds to passive sample; lower dashed line is sample
with absorption( | = ¢| = 1). Absorption curve is shown for **
comparison.

237

238

239

240

CY
10° 10°
10° 1 110°
1
| —
. |
|, E 1107
I l ol b 1
i a Nl
I o sy 1
N I n eyl B
S S ho
1.44 1445 1.45 1.455
(b)
S
o
%0
2
FIG. 2: (a) Transmission as a function of frequency, T(!),

is compared to the total energy in the sample E(1) for one

random realization of disorder. No one-to-one correspon-
dence between resonant peak structures is observed. (b) The
spatially-resolved electric eld in a disordered sample pl otted

for a range of frequencies. Five clear resonant tunneling states
can be identi ed.

matrices3234

B = cosknia) N,
T —n;sin(kn;a;)

Lsin(kn;a;)
cos(kn;a;) (1)
which act on the two-element vector expressing the val-
ues of the electric eld and its derivative taken at the
boundary between the dielectric slabs. Heren; = Eljz is
the refractive index and a; is the width of the i%h slab.

We use this numerical model to simulate the
continuous-wave (CW) response of the random system
within certain spectral range. Fig.[2 shows a typical dis-
tribution of electric eld inside random medium and the
corresponding transmission and energ\e obtained in a
single realization. Subsequently, this simulation is re-
peated for a number of random con gurations.

B. Correlations between T and E

Motivated by our analysis in section[III] we would like
to study the dependence of the ratio between transmis-
sion and stored energy in the above wave-model. Fig.
([b) showsT and E as a function of frequency in a single
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disordered realization. We notice that these two param
eters are not closely correlated in the localized regimi
Indeed, one can see the substantially more peaks in tt
transmission coe cient only some of which have their
counterparts in the energy. This disparity is an addi-
tional source of uctuation in the ratio T/E. The goal of
this section is to understand this behavior.

The eld distribution inside the sample gives a clue
why the energy may di er from resonance to resonance
At the o -resonant frequencies we observe nearly expc
nential decay. Whereas at or in the vicinity of a tun-
neling resonance, two qualitatively distinct behaviors ae
observed. They are illustrated in Fig.[3.

In the rst scenario, c.f. bold line in Fig. 8] the electric
eld grows exponentially towards the localization center
Xo and falls o after it. In both cases the characteris-
tic length in the exponential dependencies is set by the
localization length. Such behavior is attributed® to the
phenomenon of resonant tunneling via a localized state
centered at Xg.

In the other case, c.f. thin line in Fig.[3, an additional
negative exponential segment can be identi ed. Because
this type of behavior leads to signi cantly lesser amount
of energy stored inside the system, the resonances of this
type do not show a pronounced spectral peak irE. Al-
though, the localized states with spatial pro les as the
one shown in bold in Fig.[3, were studied in Ref2, the
second scenario exempli ed by thin line in[3 was not
described in that or subsequent studies by Azbel angs
coworkers. 300

We note that multi-peaked spatial intensity distribu- zo:
tion is expected in case of so-called necklace statés$837 x
when two or more resonant states coexist at (almost) thes
same energy in the given disorder realization. Such res
alizations, however, become less probable deep into the
localization regime L [—&_and are not directly relevantsos
in the current context.

We nd that, on average, roughly a half of all spectral
peaks in transmission do not have the correspondirg
peak in E. As it will become evident from the followingzes
discussion, the dierence in two types of behavior in
Fig. B originates from the spatial location of the localizeds
state. Indeed, we nd: 310
() At the frequencies where peaks in transmission ang,
energy occur simultaneously, the center of localization.
is located close to the incident boundary of the samples;
The eld distribution is qualitatively similar to the one 4.
shown in bold in Fig. 3. a5
(i) At the frequencies where peak in transmission has
signi cantly less pronounced (or non-distinguishable),,
peak in energy, the center of localization is located in the;
second half of the sample (closer to the exit boundary).e
The eld distribution is qualitatively similar to the one s
depicted with a thin line in Fig. 8l a1

322

Realizing that our system is invariant under time re-ss
versal transformation, one is led to the following obsers.
vation. A sample with a localized state 0< xg < L/2 au-

0.4 0.6 0.8 1
x/L

FIG. 3: Two types of the on-resonance electric eld distribu -
tion inside random medium with the center of localization in
the rst half (bold lines) and the second half (thin lines) of the
sample. The second case is realized by shining the light onto
the same system from the right. Due to reciprocity, the value
of transmission coe cient for both cases is exactly the same.
However, the amount of energy stored inside the system is ex-
ponentially smaller in the second case. The latter resonance
does not show noticeable peak inE(!). The dashed lines are
the schematic envelope functions formed from segments with
exp(£x= ) spatial dependences.

tomatically yields the L/2 < Xy < L state in the mirror-
image sample or, equivalently, by illuminating the same
system from the other end as in Fig[B. The reciprocity of
the system makes the transmission coe cient the same
in both cases. However, the spatial eld distribution in-
side the system and, thus, energy stored is dramatically
dierent. In the following section we will explore this
e ect in the framework of a simpler deterministic model.

C. Dependence of T=E on position of the defect
state: non-random model

In this section we show that the origin of orientation-
dependent energy content as in Fig[B can be traced to
a quantum mechanical tunneling problem in the system
which is comprised of a potential well surrounded by two
barriers of nite height.

A clari cation is in order. There is no one-to-one anal-
ogy between the solutions of Schredinger and Helmholtz
equations®. Indeed, Johr#? pointed out that the e ec-
tive energy of photons always exceeds the highest e ec-
tive potential barrier so that concept of quantum me-
chanical tunneling cannot be, strictly speaking, applied
to the electromagnetic waves. However, in the dielectrics
with the inherent periodicity 4° (e.g. disordered photonic
crystals), the negative energy and, thus, tunneling regime
can be recovered. To achieve this formally, the periodic-
ity has to be eliminated via a suitable e ective-medium
transformation, as in e.g. Refé{43
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FIG. 4: Solution of Schredinger equation for a potential ba r-s
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in Fig.
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Here we consider the potential which consists of two
barriers separated by a well. In particular we will be_,
interested in comparing spatial dependence of the wave-
function for the well located in the rst (at X = L/4)
and the second (atxg = 3 L/4) half of of the system. The®
potential pro le is shown with dashed line in Fig. @ As**
in Sec[IVB, xo = 3L/4 is realized changing the directior”’
of illumination. e

Straightforward solution of Schredinger equation leads®™
to a transmission resonance (due to resonant tunneling’
via quantum state in the well) at the energy below the
barriers height. Fig.[ plots the corresponding wave func-
tions at the energy of the resonance. As it is clearly
visible in logarithmic scale the transmission through the
barrier is the same for the well atL/4 and 3L/4, despite
of the drastically di erent amplitude of the wave func-
tion in the sample. The structure of the wavefunctions
is qualitatively similar to that in quasi-periodic random
medium de ned in sections[IVAI[VBI] In the case of
Xo = 3L/4 defect, the exponential decay extends from
the incident boundary through X, wherexr is the turn-
ing point. The position of X7 is determined by ensur-
ing that the transmission coe cient remains the same insa
both cases shown in Fig[¥4, as required by the reciprocity
of the problem. 393

The non-monotonous behavior of the wavefunction casn.
be understood intuitively as follows. In the barrier re-sos
gions there exist two eigen-solutions with exponentiallyss
increasing and exponentially decreasing amplitudes (ig-
the electromagnetic problem, the envelope of the electrie
eld plays the role of the amplitude). Balance betweenss
these two components is determined from the boundany.
conditions. It appears that in xo = 3L/4 case, the expom
nentially increasing component has very small magnitude:
at the incident boundary, but becomes dominant at thews

turning point Xt . In contrast, when the defect lies close
to the incident side, the exponentially increasing compo-
nent is dominant starting at boundary of the sample.

We conclude this model consideration with a summary
of our ndings: (i) Based on the analytical models we
determine that the position of the center of localization
(potential well) directly a ects how much energy is stored
in the system. (ii) This variation of stored energy based
on the position of the center of localization explains why
peaks in energy do not always correspond to the peaks in
transmission. (iii) The presence of a peak in energy can
be taken as an indication of that the center of localiza-
tion is located close to incident side of the sample. And
otherwise, a peak in transmission without it counterpart
in energy is indicative of the center of localization lies
closer to the exit boundary.

Finally, the behavior observed in the models described
in this and the previous sections (c.f. Figs[B.4) can be
also obtained other models. We checked a periodic stack
of dielectric slabs as in Sed_IVA, but with no disorder.
Electric eld distribution for the defect state created by
changing the width of a single slab in the stack, appear
equivalent to that in Fig. £]

D. T=E in the spectral vicinity of a resonance

In this section we employ the knowledge of the spatial
pro les of the resonant states gained in Sec[ IVH.IV.Q
to obtain a closed analytical expression which qualita-
tively describes the behavior of T/E in the vicinity of a
transmission resonance in terms of relevant system pa-
rameters.

In the localization regime, the transmission of electro-
magnetic waves through random medium occurs via tun-
neling or, when there exists appreciable spectral overlap
with a resonant state inside the sample, via resonant tun-
neling. Thus, the starting point in our consideration is
the simpli ed model expression for frequency-dependent
transmission coe cient in the spectral vicinity of a reso-
nance:

t5

T(w) = 12)

[2(k —ko)] *+ t3cosif “‘572"‘”
wherek = w/c and ty = exp(—L/¢) determines the value
of the transmission away from the resonance aky. is
a quantity with the dimensionality of a length. It has the
physical meaning of the characteristic spatial extend of
the region which serves as the resonant \cavity*4. is a
model dependent quantity which is related to the cavity
width in the deterministic models, see e.g24%. In case of
random media, is the length of the locally transparent
region in the sample which serves as a cavity created due
to random uctuation of the disorder. In this system
is comparable to the localization lengtH2.

Of course, even within framework of the simplistic
model of Sec[IV Q the true expression for the transmis-
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FIG. 5: The dependences of T(!) (a,b); envelope of the electric eld E(x) (c,d); and energy in the system E(!) (e,f), are

plotted in the spectral vicinity of a resonance associated with a defect in the periodic stack of alternating dielectric layers. The
plots (a,c,e) and (b,d,f) are obtained for the defect located at Xo = L=4 and Xo = 3L=4 respectively. In the latter case the

system was inverted so that it corresponds to illumination f rom the right for easy comparison with Figs. 8¥] The rst cas e the
defect center is close to the incident boundary whereas in the second case it is closer to the exit boundary. Three sets ofE(x)
in (c,d) are computed at the frequencies marked with dots in ( a,b,e,f). The envelopes illustrate the on- and o -resonance eld

pro les. For the second case when the defect center is locat@ near the exit boundary, the amount of energy stored inside t he
medium is dramatically lower. In this case, unlike T (1), E(!) does not exhibit any noticeable features around 1o, compare (e)
and (f). This e ect leads to the asymmetry between 0 < Xo < L=2 and L=2 < Xo < L in the T=E as discussed in Section§ VB
and [VC]

sion coe cient is more complex than Eq. (I2). Howeverua
the latter adequately captures the functional dependence

random layered medium of Sed_TVA.

on such parameters ak — kg, Xo, &, L: Eq. (I2) follows:s
from the exact solution in the limit |k —ko| < 0k andas
L [£ (hich also leads todk [Kglcondition). Here dKaiz
is the spectral width of the resonance. a18

Qualitative, analogy between disordered 1D randons
medium and a deterministic quantum model similar t0so
that in Sec.[[VClwas demonstrated in Ref#2. Therefore s
we expect Eq. [12) to be also qualitatively applicable inz:

We note two important properties of Eq. (I2). (i) The
maximum (resonant) value of the transmission atw = wg
is determined by the location of the cavity as T (wg) =
cosh 2 (|L — 2xo| Z8). It turns to unity when xo = L/2.
(i) When the frequency of the incident light is detuned
from the resonance|w — wp| [dwl the above expression
looses it validity { the presence of the other resonant
states must be accounted for.

From analysis of random and deterministic models in Sed_IVHVC] c.f. Figs. B4, we approximate the envelope

of the on-resonanceelectric eld distribution as

E (X, (,00) =

B (wo, Xo) exp[(x — X0)/¢&]
C(wo, Xo) €xp[—(X — Xo)/¢]

0< X<Xp

Xo<X<L (13)
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FIG. 6: Solid line plots E(!o;Xo) in Eq. (L&). The energy
stored inside random medium falls o sharply (exponentiall y)
when Xo increases beyondL=2 and reaches the o -resonant
value for Xo > 2L=3. Dashed line with the right y-axis repre-
sents the ratio between T (1o;Xo) in Eq. (IZ) and E(!o; Xo) in
Eq. (I8). The ratio peaks at the same value of xo=L = 2=3.
The latter value does not depend on either the localization
length  or the system length L.

for xo < L/2; and

g A(o, Xo) eXp[—X/E] 0 < x < x7 (o)
E(x,wo) = . B(wo, Xo) exp[(X — Xo)/¢] X7 (Wo) < X < Xo (14)
© C(wo,Xp)exp[—(Xx —x0)/&] Xo<x<L

for xo > L/2. Here A,B,C are constants to be determined from the continuity conditions. At the boundaries
we setE(x = 0) =1 and E(x = L) = T¥?(w). Noticing that E(x = L,wg) = exp[—|2xo — L|/E], yields the
following expression for the location for the turning point Xt (wg) = 2 Xo — L in case of Eq. [14). In the context of
light propagation in random media such as in Sec[[IVA, the Eqs (I3[14) have the meaning of the typical envelope
of the true spatial distribution of the electric eld in the r andom systems with the same values of the parameters
(0 — wp), Xo, &, L.

In either of the above two cases, away from the resonant freqency ko, we see three distinct regions:

E A(w, Xp) exp[—x/&] 0<x < x7(w)
E(x) = . B(w,Xo)exp[(x — Xo)/¢] X1 (W) <X <Xo (15)
© C(w,Xo)exp[—(X —X0)/&] X0 <x<L

where x1 (w) again has to be determined from the following boundary condions E(x =0) =1 and E(x = L) =
T12(w). Fig. Blillustrates the obtained electric eld distributi on for both xo < L/2 and xo > L/2 cases. It also makes
it clear that the energy stored inside the sample varies fronresonance to resonance due to the position of the center
of localization Xg. Indeed, integrating Eqgs. (I3[14) gives us the sought expssion forE(w). At © = wp it simpli es to

2T (@) exp[2(L — Xo)/E] —1—T(w)  0<xo<L/2

E(xo) 1ot (w)exp[2(L —xo)/&]+1 —3T(w) L/2<xo<L

(16)

This expression is plotted in Fig.[8. It shows dramatics: The latter value of X, is independent of any other param-

disparity betweenxo < L/2 andxo > L/2 cases. Eq.[(IB)s eters of the systems such a§, L, etc.

also shows that even at the frequency of the resonance  When expressions in Eqs.[(TIZ.16) are combined to form
the amount of energy stored inside the system becomes the ratio T/E, one obtains highly asymmetric depen-
essentially the same as in 0 -resonant case faxo > 2L/3.:s dence on the position of the center of localizatiorxg, c.f.
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FIG. 7: An illustration of the e ect gain on the electric eld 48
distribution in 1D random medium. A periodic stack of al- ss2
ternating dielectric layers with a defect at Xo = L=4 iS CONwgs
sidered. As discussed in Sec VB, such model qualitatively,s,
describes the eld pro les (such as those in Fig. B} in the ran -,
dom media. Panels (a) and (b) show the eld envelopes ob-,
tained when the system is illuminated (at resonant frequenc y)487
from the left and right respectively. Dashed lines correspond
to the passive medium. The solid curves (from bottom up)
are obtained for lge =lg equal to 0:5; 0:9; 0:99 in (a) and*®®
0:85; 0:95; 0:98; 0:99 in (b). The eld distribution in (b) *°
shows a dramatic modi cation with an increase of gain. 491

488

Fig. B The ratio increases approximately exponentiallyo:
for 0 < Xp < 2L/3 and falls o also exponentially in theaes
interval 2L./3 < xo < L. This observation con rms our

previous conclusion on the sensitivity of theT/E on Xg.,,
In the next section we study the e ect of (linear) optical
ampli cation on this quantity. 196

497

498

E. Evolution of T=E with an increase of gain
500
As we observed in Sectiod 1ll, a change inl /E with so:
gain is indicative of a modi cation of the intensity pro le se
inside a di usive slab. Similar conclusions can be mads:
in the localized regime. Our simulations demonstrate.

that a change in T/E indeed signi es the modi cation ses

9

of the eld distribution inside the random medium. In-
terestingly, we nd that such modi cations can be very
dramatic in the localization regime.

To illustrate the e ect of linear gain on the spatial
pro le of the EM eld, we employed the deterministic
(non-random) model of the periodic stack of alternating
dielectric layers with a defect (see Sed_IVAIVD). The
gain was simulated by adding a spatially constant imag-
inary part to the dielectric constant of the medium as
[(X) - [[X)+ ia. As previously discussed in Sed] I, such
modeling of true stimulated ampli cation is justi ed for
values of gain up to the threshold for random lasing.

The results of our simulations are plotted on Fig.[d.
One can see the strong enhancement of the electric eld
in the vicinity of the center of localization for the de-
fect located in the farther half of the sample. Such en-
hancement is accompanied by the shift of the turnaround
point X1, where the negative exponential crosses over to
the positive exponential behavior, towards the sample
boundary. At certain value of gain parameter, the nega-
tive exponential segment of theE(x) disappears and the
eld pro le assumes the limiting shape which coincides
with that under excitation from the opposite boundary
of the system. The above observations also hold in the
random medium model of Sec[ TVB.

At rst glance, the modication of the eld prole
due to gain seems to disagree with the conclusions in
Refs2848. where (in localized regime) little or no change
in the eld pattern was found with an increase of ampli-
cation. The apparent discrepancy can be explained if
one compares the methods used to excite the system. In
our work, we consider the transmission experiment setup,
whereas in the previous worké4€ the system was ex-
cited throughout its entire volume or relatively close to
the center of localization. Under such excitation condi-
tions, the situation shown in Fig. [l is always realized®.
We also note that the mode distribution in Fig. /b was
observed to converge to that in Fig[7a when the gain ap-
proached its critical value, when the eld distribution is
maintained by the gain with little reliance on the incident
energy.

F. Physical mechanism of the electric field
modifications

In this section we provide a simple physical picture for
the modi cation of the electric eld with an increase of
optical gain.

We start by considering the passive system. We recall
that our sample is an open system where a plane wave is
incident onto the system and one observes the scattered
(re ected and transmitted) signals. Under these condi-
tions a continuous wave (CW) solution of the Maxwell
equations with the given frequency is a complex func-
tion. The complex conjugate of such a solution is also
a (linearly independent) solution for the same frequency.
In general, any two (because Maxwell's equation is the
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FIG. 8: Panel (a) plots Eig (x; 1c) = EGRI)(x; 1g;
For non-zero gain,

= 0) de ned by the boundary conditions in Eq. (17)]see text fo r notations.
> 0, the electric eld distributions E(“R)(x; I; ) are found to be qualitatively similar to those in Fig. 7[]

We decompose them in terms of the functions shown in (a), and the resulting coe cients CE;LR)( ) and Cf;)( ), de ned in

Eqg. (I9), are plotted in (b) and (c) respectively. We nd that

the close resemblance betweerE, (x; 1.) and E(©(x; 1) (the

solution in the closed system) makes it the dominant limitin g pro le in the vicinity of threshold for random lasing, rega rdless

of the direction of excitation. In all three panels, thick / t

second order di erential equation) linearly independentss
solutions can be used as a basis for expressing any other
solution at the same frequencyw.

Now we would like to consider two particularly impor-
tant solutions of the Maxwell equation in the random 1D
sample with the following boundary conditions:

EL(Xx<0,0) = exp[inx/c]+ r_ () exp[—inx/c]
EL(x>L,0) = t_(w)explinx/c]

Er(X <0,0) = tr(w)exp[—iwx/c] a7)
Er(X > L,w) = exp[—inx/c]+ rr(w)expliox/c]

which correspond to the left- and right-incident cases
(the rst and the second pair of equation respectively)
considered in SecIVEIVQ. Here, rig (w),tr (W)
are the corresponding re ection and transmission coef-
cients. To check the linear independence of these two
solutions it su ces to verify that their Wronskian (it is in-
dependent ofx in our model of disorder [{X)) is non-zero
for one particular value of x. At x = 0 the Wronskian can
be computed from the boundary conditions Eq. [IT) ag,
—2itg (w)w/c E10. We note that the solutions E_r (X, ®)
should not be confused with the quasi-modde (X, wo + i€),,,
obtained at the complex frequencywo + ie where e.g,,
transmission becomes singular. Such quasi-modes oftgn
invoked in discussion of modes involved in random lasing,
At some special frequenciesw., a linear combina,,
tion E©(x,we) = Cfc) EL (X, 0c) + Céf) Er (X, 0c) can be,
formed such that conditions E(©)(x = 0,0:) = 0 andss
E(©(x = L,we) = 0 can be satis ed simultaneously. Suchso
wc's correspond to the true eigen-modes of the closed
system { the system de ned by [0 < x < L) with the s
zero (re ecting) boundary conditions at x = 0,L. Wesss
numerically obtained such solutions in our 1D randoms.
model and found that the single cusp solution (similar tass
E. (X, wc) depicted with thick lines in Figs. (BJ&)) makessss
the dominant contribution to E(©)(x, wc). This may ex-ss:
plain why the other pro le with the negative exponential sss
tunneling segment (similar to Er (X, ;) depicted withss

542

hin curve and large / small symbols refer to E. (Xx; 1c) / Er(X; Y¢).

thin lines in Figs. (Bl4)) is not seen under uniform exci-
tation as in Refs6t48

We now turn to the case of random medium with gain,
a > 0 and consider the spatial eld distribution obtained
when system is illuminated from the left, E(})(x, o, a),
and from the right E(R)(x,w¢, a), c.f. Fig. @ In this
case, the distributions can no longer, strictly speaking, ke
expressed in terms oE_ r (X, 0c) = EGR) (x, we, a = 0).
However, in the regime of localized transport considered
here, a < a, [Cad the deviation from completeness
of the basisE_r (X, ;) are to remain small so that the
dependence ofE(X, w¢, ) on gain can be still reliably
approximated by a-dependentC g (a):

E(X, wc, a) [CCJ (a)EL (X, 0c) + Cr(A)ER (X, 00c). (18)

We veried the applicability of the approximation in
Eq. (@8) numerically by computing
Z

Clf o= ECR) (X w0, 0)E g (X, 0c)dx.  (19)
Figs.[@b,c showC,(_!'R) (a) and Cl(fR) (a) respectively. Here
we selected a random realization with a localization
center at Xo [11/4 where passive pro les depicted in
Fig. Ba, showed two characteristic shapes considered in
Figs. [3[4[Z. When gain was added to the system, we
observed that E(M) (x, we, o) B (X, we) for all values
of gain, c.f. @b. In contrast, E(R)(x, w, o) exhibited a
crossover behavior fromE®) (x, w¢, a) Bk (X, wc) for
small a, to E(R)(x,we, a) [CE] (X, we) in the vicinity of
lasing threshold. This result corroborates the ndings of
the previous Sec[1VE, c.f. Fig.[7, that the modica-
tion of the electric eld distribution with an increase of
ampli cation strength is possible in the localized regime.
Here we showed that it occurs due to the existence of two
possible mode pro les (at the same frequency), of which
only one strongly resembles the solution of the system
with closed-boundaries. It is the latter function that de-
nes the lasing mode in the vicinity the threshold for
random lasing.
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V. DISCUSSION AND OUTLOOK 596

597

In this work we studied the relationship between trans=%
mission of light through passive and active randon¥®
medium and the amount of the electromagnetic energy°
stored in it. The ratio of these two quantities does not®
show a tendency to diverge with an increase of the gabe
strength and, thus, is a good candidate for a parametep?
which can quantify the enhancement of the mesoscopic
phenomena random medium with ampli cation1#16. eos

In Sec.[Il we established a connection between the res
tio of the ensemble-averaged quantitied T [ZIEIC&nd theso
spatially dependent di usion coe cient, Eq. (4 This s¢ce
relationship implied that a deviation (decrease) of theve
[MZIEIfrom the value given by that expression witho
the classical un-renormalized di usion coe cient D(z) =su
Dg = c[ZB should be attributed to the localization e ects. 612

In Sec.[Il we obtained the expressions for(Tlands:
[ElCin the diusive random medium with ampli cation. 64
Drawing an analogy with the passive systems, we cofi®
jecture that the decrease in [T [ZIEICbelow the level esss
tablished in this section may be interpreted as a manisz
festation of an enhancement of mesoscopic correction dia
transport in systems with gain. We plan to examine thess
validity of this conjecture in future work. 620

We argued that in random media with strong samples
to-sample uctuations, such as the systems with large=
gain or strongly scattering media, the ratio between T sz
and E from the same disorder realization need to be
formed before performing statistical averages. This led
us to investigate the relationship between these two pa-
rameters in in system in localized regime, c.f. Se¢_Iv. *

Although the ratio T/E does not tend to diverge when
gain was added, it exhibits additional uctuations due to e
the sample orientation or, alternatively, due to the direc-sx
tion of the incident wave, even in the passive system, c.&
Sec.[IVB. In Sec.IVOMVDIwe attributed the uctua- es

11

tions to the dependence on the position of the localization
center inside the system. This is unlike the transmission
T, which in passive medium is independent of direction
of illumination (because of reciprocity), e.g. it is the
same for both eld distributions depicted in Fig. 8] One
possibility to generalize the transmission in the active
random media while retaining the desired cancellation of
the divergence in the vicinity of the threshold for random
lasing, is to consider the modi ed parameter similar to
the one studied in this work: Tg(a) = T(a)/E(a) < Ep.
Here Eg = E(a = 0) is the energy stored in the ran-
dom medium with no gain. All quantities entering the
expression forTg should be evaluated for each disorder
realization prior to any statistical analysis. By construc-
tion, Tg(a) reduces to the transmission in a 1D sys-
tem without gain (a - 0) and can be generalized in
the higher dimensional systems conventional systems as
(average) dimensionless conductance upon statistical av-
eraging. Hence, one can refer tdg as generalized trans-
mission (conductance).

In future, we plan to investigate both theoretically and
experimentally the statistical properties of Tg(a) in ran-
dom medium with gain. Experimentally, all quantities
entering the de nition of Tg can be determined from
near- eld scanning measurements in two-dimensional
random media { structurally disordered semiconductor
Ims. This opens up a possibility to corroborate and
extend the results of this study.
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