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Transmission coe�cient, T , and the energy stored inside random medium, E , carry important
information about wave transport and the nature of quasi-mo des of the system. In this work, we
discuss the possibility of using the ratio between the optic al transmission and E as a quantitative
measure of mesoscopic corrections in transport through di� usive random media with gain. Our
analysis shows that T/E has two attractive properties: (i) it does not diverge when t he threshold
for random lasing is approached, as either T or E does; (ii) a change in T/E signi�es a change in
the �eld distribution inside the random medium. We demonstr ate that, unlike di�usive systems, T
and E are not closely related in the localization regime. This fac t is attributed to the 
uctuations
in the position of the localization center inside the random medium. We also �nd that the increase
of gain can lead to a modi�cation of the spatial distribution of electric �eld in the system and that
this e�ect is captured by T/E parameter.

PACS numbers: 42.55.Zz,42.25.Dd,72.15.Rn6

I. INTRODUCTION7

Anderson localization1 (AL) is a wave phenomenon2{4
8

that results in cessation of di�usion5,6 . First conceived9

in electronic systems, it originates from repeated self-10

interference of de Broglie waves during their propagation11

in a random potential. Conservation of number of carri-12

ers, enforced because the electrons possess a charge, lies13

in the foundation of the concept of AL.14

Understanding the e�ect of dissipation3, ubiquitous in15

optical systems, turned out to be essential for proper16

physical description and interpretation of experimental17

studies of light localization7{12 . It also prompted the18

search10 for an alternative criterion of localization in ab-19

sorbing media. Coherent ampli�cation, which leads to an20

altogether new physical phenomenon of random lasing13,21

demands further re�nement of the concept of AL and its22

criteria in active random media.23

In case of absorption, an alternative criterion, based24

on the magnitude of 
uctuation of transmission normal-25

ized by its average, was put forward10. In random media26

with gain, this quantity (as well as any other statisti-27

cally averaged quantity) becomes ill-de�ned14. This is28

because within statistical ensemble, there always exists a29

non-zero probability of encountering a special realization30

of disorder, where the given value of the gain parameter31

exceeds threshold for random lasing13. Without satura-32

tion e�ects, such a realization will have an in�nite con-33

tribution to a statistical average. Inclusion of the satu-34

ration introduces a dependence on system- and material-35

speci�c parameters which are not associated with wave-36

transport properties of the random medium. To avoid37

such dependence, and at the same time to regularize the38

statistical ensemble, in Ref.14 we introduced conditional39

statistics by excluding the diverging contributions. Such40

an approach indeed turned out to be fruitful in studies41

of enhanced 
uctuations and correlation in mesoscopic42

transport of the electromagnetic waves through random43
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medium with optical ampli�cation 14{16 . These investi-44

gations also motivated us to explore an intriguing possi-45

bility of localization by gain { enhancement of the meso-46

scopic phenomena with an increase of the ampli�cation47

strength.48

In this work, we investigate the properties of the ratio49

between transmission and the energy inside a random50

medium E , with the goal of formulating a criterion of AL51

which would be applicable in the presence of gain.52

In Sec. II we show that in passive systems the ratio53

can be related to spatially-dependent di�usion constant54

D(z). The latter concept has been invoked in the self-55

consistent theory of AL to extend the applicability of56

di�usion approximation into the localized regime. The57

connection betweenT/E and D(z) demonstrates that the58

former can, indeed, be used as a quantitative measure of59

the contribution of localization (interference) phenomena60

in transport through disordered systems.61

When taken separately, both transmission and the en-62

ergy inside the systemE exhibit an expected tendency63

to increase with an increase of the gain strength. Fur-64

thermore, both parameters diverge when threshold for65

random lasing is approached (no saturation mechanism66

is assumed). However, as we show in Sec. III, when taken67

in a form of a ratio, the divergence is eliminated and the68

tendency to increase is greatly reduced. Thus, we ex-69

pect the decrease ofT/E below the di�usion prediction70

obtained in this section, to be indicative of the enhance-71

ment of the interference phenomena that can be used as72

a test whether the gain indeed promotes the localization73

e�ects.74

In order to assess the usefulness ofT/E as a localization75

criterion, in Sec. IV we investigate the relationship be-76

tween these parameters in random medium in the local-77

ized regime. We show that the ratio is strongly depends78

on the spatial location of localization center. This intro-79

duces an additional (geometrical) source of 
uctuation80

which is not present in the transmission coe�cient. In-81
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terestingly, as shown in Sec. IV E, this e�ect leads to pro-82

found gain-induced modi�cation of the electric �eld dis-83

tribution inside the system that is explained in Sec. IV F.84

Discussion of the obtained results and outlook is given in85

Sec. V.86

II. RELATIONSHIP BETWEEN T/E AND THE87

RENORMALIZED DIFFUSION CONSTANT88

As we show below, the chosen parameterT/E can be89

related to another quantity { spatially-dependent di�u-90

sion constant { known to bear the signatures of the lo-91

calization.92

In weakly scattering random media it is common to
disregard the wave nature of carriers (electrons, pho-
tons, etc) and to describe the transport in terms of the
phase-less di�usion equation. Under this condition, the
ensemble-averaged di�usive 
ux 〈

−→
J (r)〉 and the energy

density 〈W (r)〉 are related via17

〈
−→
J (r)〉 = −D(r)

−→
∇〈W (r)〉. (1)

The di�usion approximation amounts to D(r) ≡ D0 =93

cℓ/3, wherec is the speed of light andℓ is transport mean94

free path. Vollhardt and W•ol
e 5 laid out a theory which95

allows one to account for the wave interference e�ects96

while retaining the di�usive-like formalism. With the re-97

cent re�nements18, it is currently believed that allowing98

for spatial dependence of the di�usion coe�cient D(r)99

provides an adequate description of transport even be-100

yond di�usive regime. At the same time, the deviations101

(reduction) of D(r) from the constant value is interpreted102

as a manifestation of the developing localization e�ects.103

We consider a slab (or a waveguide geometry), where
we explicitly separate the coordinatez normal to the slab
from the perpendicular component−→ρ asr = ( −→ρ , z). As-
suming no dependence on−→ρ allows us to rewrite Eq. (1)
in the form

〈Jz (z)〉 = −D(z)
d〈W (z)〉

dz
. (2)

Independence of−→ρ can satis�ed for the plane-wave il-104

lumination boundary condition which we assume in the105

rest of this section.106

Next, we note that z component of 
ux, in the consid-
ered case of continuous-wave (CW) propagation, has to
be constant, independent ofz coordinate:

〈Jz (z)〉 = 〈Jz (L)〉 ≡ J0T, (3)

where J0 is the incident 
ux and T is the transmission107

coe�cient. Indeed, in the CW regime, the distribution108

of the electric �eld (and thus W (z)) is stationary that109

requires the z component of 
ux to be z-independent.110

Upon two subsequent integrations, Eq. (2) yields111

〈T 〉
〈E〉

=
1
J0

×
2D0

L2 ×

"
2

L2

Z L

0

Z L

z

D0

D(z0)
dz0dz +

4ℓ
3L

#� 1

(4)

where 〈E〉 is the energy in the slab per unit of the cross-112

sectional area. Eq. (4) establishes a relationship for pas-113

sive medium between the parameter we put forward in114

this work and the self-consistent di�usion coe�cient. It115

has been determined theoretically5,18 that the localiza-116

tion e�ects lead to a steady slow-down of the di�usion117

inside the random medium. As it is evidenced by Eq. (4),118

this should result in a monotonous decrease of〈T 〉/〈E〉119

parameter below its di�usion-predicted value. Therefore,120

we conclude that 〈T 〉/〈E〉 may be used to assess the im-121

portance of the localization corrections in wave transport122

through disordered media.123

III. ANALYSIS OF T/E : DIFFUSIVE REGIME124

In this section, we investigate, in the di�usion ap-
proximation, the e�ect of ampli�cation on transmission
and total energy stored in an optically thick ( ℓ ≪ L)
slab of 3D random medium. We consider a sample with
parameters not too close to the Anderson localization
transition 2, i.e. kℓ ≫ 1, so that it can be well described
with the di�usion equation 13

∂〈W (−→r , t)〉
∂t

= D0∇2〈W (−→r , t)〉 +
c
lg

〈W (−→r , t)〉. (5)

In this equation 〈W 〉 describes the variation of the125

ensemble-averaged energy density (or intensity) at dif-126

ferent spacial points −→r with time t. D0 = cℓ/3 is, as in127

Sec. II, the di�usion coe�cient, c is speed of light and128

lg is gain length. Eq. (5) has been successfully used to129

describe turbid amplifying medium such as incoherent130

random lasers19{21 .131

The above equation has to be complemented with132

proper initial and boundary conditions. We consider con-133

tinuous wave (CW) illumination of the slab with a plane134

wave at normal incidence. The solution of the di�usion135

equation for the case of absorption in this geometry has136

been obtained in Ref.22. The related gain solution can137

be directly inferred through formal substitution la = −lg.138

Such treatment of gain in a scattering problem has be-139

come known as the \negative absorption" model.140

The transmission and re
ection coe�cients can be di-
rectly obtained from the solution in Ref.22. Employing
the de�nition of di�usive 
ux 17

〈J� (z)〉 =
c
4

〈W (z)〉 ∓
D0

2
d〈W (z)〉

dz
(6)

where 〈J� 〉 and 〈J+ 〉 are the 
uxes propagating along141

negative and positive z-directions respectively; andz is142

the coordinate axis directed perpendicular to the plane143

of the slab. Evaluating 〈J� (0)〉 and 〈J+ (L)〉 we �nd the144

following expressions for re
ected and transmitted 
uxes145

〈J� (0)〉 =
c
4

2z0q
D0

sin(α(L − zp)) + αz0 cos(α(L − zp))
(1 − α2z2

0 ) sin(αL) + 2 αz0 cos(αL)
(7)

〈J+ (L)〉 =
c
4

2z0q
D0

sin(αzp) + αz0 cos(αzp)
(1 − α2z2

0) sin(αL) + 2 αz0 cos(αL)
(8)
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where q is the incident 
ux; zp ∼ ℓ is the penetration146

depth at which coherent incident beam is converted into147

di�usive 
ux; z0 ∼ ℓ is the extrapolation length23; and148

α� 1 =
p

ℓlg/3. Ensemble averaged electromagnetic en-149

ergy inside the sample can be also determined by inte-150

grating the energy density over the entire system151

〈E〉 =
q

D0α2

�
sin(αzp) + sin( α(L − zp)) + αz0(cos(αzp) + cos(α(L − zp))

(1 − α2z2
0) sin(αL) + 2 αz0 cos(αL)

− 1
�

. (9)

In �gure 1a-c we plot Eqs. (7,8,9) for a slab of thickness
L/ℓ = 100. As expected, we observe the divergence of
the transmission and re
ection 
uxes, c.f. Fig. 1a, when
di�usive random lasing threshold (RLT) is approached
(α → αc ≃ π/L) with an increase of gain parameterα or,
equivalently, gain length lg. The asymptotic dependence
is then

〈J� (0)〉 ≃ 〈J+ (L)〉 ≃ q
z0 + zp

π
α2

c

αc − α
. (10)

Similar critical behavior is obtained when the system size152

L is increased towards critical length,Lc(α),while keep-153

ing the gain parameter α �xed.154

In Fig. 1b we also plot the ratios of re
ection to energy155

〈J� (0)〉/〈E〉 and transmission to energy 〈J+ (L)〉/〈E〉.156

For brevity we will refer to these quantities as 〈R〉/〈E〉157

and 〈T 〉/〈E〉. Within framework of the above model,158

we make the following observations that will inform our159

studies in the rest of this work:160

(a) Su�ciently close to the lasing threshold, the re
ec-161

tion and transmission 
uxes diverge and become almost162

equal. This signi�es the fact that the system approaches163

the regime when the gain alone can sustain its energy,164

without relying on the incident 
ux;165

(b) When normalized by the total energy in the slab,166

both 〈R〉/〈E〉 and 〈T 〉/〈E〉 do not diverge when the167

RLT is approached. Instead, they converge to the �nite168

value of D0α2
c/2 ≡ 2D0/L2 × (π2/4). Note that the169

e�ect of gain was to increase this parameter by a factor170

π2/4 ≃ 2.5 compared to the passive system, c.f. Eq. 4;171

(c) The change of the quantities 〈R〉/〈E〉 and 〈T 〉/〈E〉172

is related to modi�cation of the intensity distribution173

inside the volume of random medium, c.f. Fig. 1c.174

When energy density 〈W (z)〉 assumes the limiting175

pro�le given by the lowest order di�usion mode the176

ratios 〈R〉/〈E〉 and 〈T 〉/〈E〉 saturate. (The lowest order177

di�usion mode, neglecting boundary e�ects, is given by178

〈W (z)〉 ∝ sin(πz/L).)179

180

As we are interested in the interplay between the ef-181

fects of gain and light localization, in the following we182

acknowledge the limitations of the di�usive description183

of this section:184

(i) The di�usion approximation fails when wave phenom-185

ena such as localization or coherent random lasing be-186

come important. Proper treatment of electric �eld and187

its phase becomes necessary;188

(ii) Increase in gain or scattering strength is ex-189

pected to lead to buildup of 
uctuations of transport190

coe�cients 14,24 . Thus, quantity, e.g., 〈T 〉/〈E〉 will no191

longer adequately representsT/E and instead should be192

replaced with 〈T/E〉 which accounts for correlation be-193

tween T and E in the same sample;194

(iii) With further increase of gain toward RLT, the di-195

vergence of 
uctuations of T may necessitate the consid-196

eration of higher moments ofT/E or, perhaps, its entire197

distribution;198

(iv) At the onset of random lasing, nonlinear25 and199

dynamical26 processes become essential for proper de-200

scription of the system properties and thus, CW quantity201

such asT/E may no longer be suitable.202

IV. ANALYSIS OF T/E : LOCALIZED REGIME203

In the this section we consider the e�ects (i-iii) on T/E .204

For this purpose a one-dimensional (1D) model is already205

su�cient. Long enough 1D systems are necessarily in lo-206

calized regime and, therefore, the 
uctuation e�ects will207

be essential even at small values of gain.208

Despite the reduced dimensionality, there are number209

of experimental systems27{30 which can be well repre-210

sented by a one-dimensional model.211

A. Numerical model212

We consider a passive system having alternating layers213

of dielectric material (ǫ = 1 and 1.2), and width a. This214

pair of layers is repeated to create 1000 pairs. One last215

ǫ = 1 layer is added to the end to create a stack of 2001216

layers. Then the total sample has length L. Randomness217

is introduced by varying the width of each ǫ = 1 .2 layer.218

The disorder strength and frequency range are chosen so219

that the system is in the regime of locally weak disorder220

(a ≪ ξ); the localization length ξ ∼ L/5; and the single221

parameter scaling is applicable31. Gain or absorption222

can be included via the imaginary part of the dielectric223

constant.224

We consider an electromagnetic wave of unit magni-
tude incident on the system from the left. Its propaga-
tion through the system is modeled using 2× 2 transfer



4

(a)

0 0.5 1 1.5 2

10
0

10
−2

10
−4

〈J
+

(L
)〉

,
〈J

¡
(0

)〉

α / α
c

(a)

(b)

0 0.5 1 1.5 2

10
−4

10
−2

10
0

〈J
+

(L
)〉

/〈
E〉

,
〈J

¡
(0

)〉
/〈

E〉

α / α
c

(b)

(c)

0 0.2 0.4 0.6 0.8 1
0

2

4

6

8

10

z/L

〈W
(z

)〉

(c)

FIG. 1: (a) Transmission 〈J+ 〉 and re
ection 〈J−〉 given by
Eqs. (7,8) are plotted for increasing gain (thick lines) and ab-
sorption (thin lines) coe�cients for slab of random medium
of thickness L/ℓ = 100. In panel (b) we plot the same quan-
tities as in (a) but normalized by the value of total energy
stored inside random medium. The divergence in the vicin-
ity of RLT is prevented as both curves approach the same
limiting value. Absorption curves are shown for comparison .
(c) Di�use energy density distribution 〈W (z)〉 inside the slab
of random medium with thickness L/ℓ = 100. Top dotted
line is the sample with gain ( α/αc = 0 .8), middle solid line
corresponds to passive sample; lower dashed line is sample
with absorption( |α/αc | = 1). Absorption curve is shown for
comparison.
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FIG. 2: (a) Transmission as a function of frequency, T (ω),
is compared to the total energy in the sample E (ω) for one
random realization of disorder. No one-to-one correspon-
dence between resonant peak structures is observed. (b) The
spatially-resolved electric �eld in a disordered sample pl otted
for a range of frequencies. Five clear resonant tunneling states
can be identi�ed.

matrices32{34

bti =
�

cos(kni ai ) n� 1
i sin(kni ai )

−ni sin(kni ai ) cos(kni ai )

�
(11)

which act on the two-element vector expressing the val-225

ues of the electric �eld and its derivative taken at the226

boundary between the dielectric slabs. Hereni = ǫ1=2
i is227

the refractive index and ai is the width of the i0th slab.228

We use this numerical model to simulate the229

continuous-wave (CW) response of the random system230

within certain spectral range. Fig. 2 shows a typical dis-231

tribution of electric �eld inside random medium and the232

corresponding transmission and energyE obtained in a233

single realization. Subsequently, this simulation is re-234

peated for a number of random con�gurations.235

B. Correlations between T and E236

Motivated by our analysis in section III, we would like237

to study the dependence of the ratio between transmis-238

sion and stored energy in the above wave-model. Fig.239

(2b) showsT and E as a function of frequency in a single240
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disordered realization. We notice that these two param-241

eters are not closely correlated in the localized regime.242

Indeed, one can see the substantially more peaks in the243

transmission coe�cient only some of which have their244

counterparts in the energy. This disparity is an addi-245

tional source of 
uctuation in the ratio T/E . The goal of246

this section is to understand this behavior.247

The �eld distribution inside the sample gives a clue248

why the energy may di�er from resonance to resonance.249

At the o�-resonant frequencies we observe nearly expo-250

nential decay. Whereas at or in the vicinity of a tun-251

neling resonance, two qualitatively distinct behaviors are252

observed. They are illustrated in Fig. 3.253

In the �rst scenario, c.f. bold line in Fig. 3, the electric254

�eld grows exponentially towards the localization center255

x0 and falls o� after it. In both cases the characteris-256

tic length in the exponential dependencies is set by the257

localization length. Such behavior is attributed35 to the258

phenomenon of resonant tunneling via a localized state259

centered at x0.260

In the other case, c.f. thin line in Fig. 3, an additional261

negative exponential segment can be identi�ed. Because262

this type of behavior leads to signi�cantly lesser amount263

of energy stored inside the system, the resonances of this264

type do not show a pronounced spectral peak inE . Al-265

though, the localized states with spatial pro�les as the266

one shown in bold in Fig. 3, were studied in Ref.35, the267

second scenario exempli�ed by thin line in 3 was not268

described in that or subsequent studies by Azbel and269

coworkers.270

We note that multi-peaked spatial intensity distribu-271

tion is expected in case of so-called necklace states27,36,37
272

when two or more resonant states coexist at (almost) the273

same energy in the given disorder realization. Such re-274

alizations, however, become less probable deep into the275

localization regime L ≫ ξ and are not directly relevant276

in the current context.277

We �nd that, on average, roughly a half of all spectral278

peaks in transmission do not have the corresponding279

peak in E . As it will become evident from the following280

discussion, the di�erence in two types of behavior in281

Fig. 3 originates from the spatial location of the localized282

state. Indeed, we �nd:283

(i) At the frequencies where peaks in transmission and284

energy occur simultaneously, the center of localization285

is located close to the incident boundary of the sample.286

The �eld distribution is qualitatively similar to the one287

shown in bold in Fig. 3.288

(ii) At the frequencies where peak in transmission has289

signi�cantly less pronounced (or non-distinguishable)290

peak in energy, the center of localization is located in the291

second half of the sample (closer to the exit boundary).292

The �eld distribution is qualitatively similar to the one293

depicted with a thin line in Fig. 3.294

295

Realizing that our system is invariant under time re-296

versal transformation, one is led to the following obser-297

vation. A sample with a localized state 0< x0 < L/2 au-298

0 0.2 0.4 0.6 0.8 1

10
−2

10
−1

10
0

10
1

x / L

|E
|2

FIG. 3: Two types of the on-resonance electric �eld distribu -
tion inside random medium with the center of localization in
the �rst half (bold lines) and the second half (thin lines) of the
sample. The second case is realized by shining the light onto
the same system from the right. Due to reciprocity, the value
of transmission coe�cient for both cases is exactly the same .
However, the amount of energy stored inside the system is ex-
ponentially smaller in the second case. The latter resonance
does not show noticeable peak inE (ω). The dashed lines are
the schematic envelope functions formed from segments with
exp(±x/ξ) spatial dependences.

tomatically yields the L/2 < x0 < L state in the mirror-299

image sample or, equivalently, by illuminating the same300

system from the other end as in Fig. 3. The reciprocity of301

the system makes the transmission coe�cient the same302

in both cases. However, the spatial �eld distribution in-303

side the system and, thus, energy stored is dramatically304

di�erent. In the following section we will explore this305

e�ect in the framework of a simpler deterministic model.306

C. Dependence of T/E on position of the defect307

state: non-random model308

In this section we show that the origin of orientation-309

dependent energy content as in Fig. 3 can be traced to310

a quantum mechanical tunneling problem in the system311

which is comprised of a potential well surrounded by two312

barriers of �nite height.313

A clari�cation is in order. There is no one-to-one anal-314

ogy between the solutions of Schr•odinger and Helmholtz315

equations38. Indeed, John39 pointed out that the e�ec-316

tive energy of photons always exceeds the highest e�ec-317

tive potential barrier so that concept of quantum me-318

chanical tunneling cannot be, strictly speaking, applied319

to the electromagnetic waves. However, in the dielectrics320

with the inherent periodicity 40 (e.g. disordered photonic321

crystals), the negative energy and, thus, tunneling regime322

can be recovered. To achieve this formally, the periodic-323

ity has to be eliminated via a suitable e�ective-medium324

transformation, as in e.g. Refs41{43 .325
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FIG. 4: Solution of Schr•odinger equation for a potential ba r-
rier shown with the dashed line. The wavefunction is plotted
at resonant energy or the quasi-bound state associated with
the well inside the potential barrier. The obtained spatial
dependence in cases of the wave incident from the left (thick
line) and the right (thin line) are qualitatively similar to those
in Fig. 3.

Here we consider the potential which consists of two326

barriers separated by a well. In particular we will be327

interested in comparing spatial dependence of the wave-328

function for the well located in the �rst (at x0 = L/4)329

and the second (atx0 = 3 L/4) half of of the system. The330

potential pro�le is shown with dashed line in Fig. 4. As331

in Sec. IV B, x0 = 3 L/4 is realized changing the direction332

of illumination.333

Straightforward solution of Schr•odinger equation leads334

to a transmission resonance (due to resonant tunneling335

via quantum state in the well) at the energy below the336

barriers height. Fig. 4 plots the corresponding wave func-337

tions at the energy of the resonance. As it is clearly338

visible in logarithmic scale the transmission through the339

barrier is the same for the well atL/4 and 3L/4, despite340

of the drastically di�erent amplitude of the wave func-341

tion in the sample. The structure of the wavefunctions342

is qualitatively similar to that in quasi-periodic random343

medium de�ned in sections IV A,IV B. In the case of344

x0 = 3 L/4 defect, the exponential decay extends from345

the incident boundary through xT , wherexT is the turn-346

ing point. The position of xT is determined by ensur-347

ing that the transmission coe�cient remains the same in348

both cases shown in Fig. 4, as required by the reciprocity349

of the problem.350

The non-monotonous behavior of the wavefunction can351

be understood intuitively as follows. In the barrier re-352

gions there exist two eigen-solutions with exponentially353

increasing and exponentially decreasing amplitudes (in354

the electromagnetic problem, the envelope of the electric355

�eld plays the role of the amplitude). Balance between356

these two components is determined from the boundary357

conditions. It appears that in x0 = 3 L/4 case, the expo-358

nentially increasing component has very small magnitude359

at the incident boundary, but becomes dominant at the360

turning point xT . In contrast, when the defect lies close361

to the incident side, the exponentially increasing compo-362

nent is dominant starting at boundary of the sample.363

We conclude this model consideration with a summary364

of our �ndings: (i) Based on the analytical models we365

determine that the position of the center of localization366

(potential well) directly a�ects how much energy is stored367

in the system. (ii) This variation of stored energy based368

on the position of the center of localization explains why369

peaks in energy do not always correspond to the peaks in370

transmission. (iii) The presence of a peak in energy can371

be taken as an indication of that the center of localiza-372

tion is located close to incident side of the sample. And373

otherwise, a peak in transmission without it counterpart374

in energy is indicative of the center of localization lies375

closer to the exit boundary.376

Finally, the behavior observed in the models described377

in this and the previous sections (c.f. Figs. 3,4) can be378

also obtained other models. We checked a periodic stack379

of dielectric slabs as in Sec. IV A, but with no disorder.380

Electric �eld distribution for the defect state created by381

changing the width of a single slab in the stack, appear382

equivalent to that in Fig. 4.383

D. T/E in the spectral vicinity of a resonance384

In this section we employ the knowledge of the spatial385

pro�les of the resonant states gained in Sec. IV B,IV C386

to obtain a closed analytical expression which qualita-387

tively describes the behavior ofT/E in the vicinity of a388

transmission resonance in terms of relevant system pa-389

rameters.390

In the localization regime, the transmission of electro-
magnetic waves through random medium occurs via tun-
neling or, when there exists appreciable spectral overlap
with a resonant state inside the sample, via resonant tun-
neling. Thus, the starting point in our consideration is
the simpli�ed model expression for frequency-dependent
transmission coe�cient in the spectral vicinity of a reso-
nance:

T (ω) =
t2
0

[2(k − k0)�] 2 + t2
0 cosh2 |L − 2x0|

ξ

(12)

wherek = ω/c and t0 = exp( −L/ξ) determines the value391

of the transmission away from the resonance atk0. � is392

a quantity with the dimensionality of a length. It has the393

physical meaning of the characteristic spatial extend of394

the region which serves as the resonant \cavity"44. � is a395

model dependent quantity which is related to the cavity396

width in the deterministic models, see e.g.32,45 . In case of397

random media, � is the length of the locally transparent398

region in the sample which serves as a cavity created due399

to random 
uctuation of the disorder. In this system �400

is comparable to the localization length42.401

Of course, even within framework of the simplistic402

model of Sec. IV C the true expression for the transmis-403
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FIG. 5: The dependences of T (ω) (a,b); envelope of the electric �eld E(x) (c,d); and energy in the system E (ω) (e,f), are
plotted in the spectral vicinity of a resonance associated with a defect in the periodic stack of alternating dielectric layers. The
plots (a,c,e) and (b,d,f) are obtained for the defect locate d at x0 = L/4 and x0 = 3 L/4 respectively. In the latter case the
system was inverted so that it corresponds to illumination f rom the right for easy comparison with Figs. 3,4. The �rst cas e the
defect center is close to the incident boundary whereas in the second case it is closer to the exit boundary. Three sets ofE(x)
in (c,d) are computed at the frequencies marked with dots in ( a,b,e,f). The envelopes illustrate the on- and o�-resonanc e �eld
pro�les. For the second case when the defect center is located near the exit boundary, the amount of energy stored inside t he
medium is dramatically lower. In this case, unlike T (ω), E (ω) does not exhibit any noticeable features around ω0 , compare (e)
and (f). This e�ect leads to the asymmetry between 0 < x0 < L/2 and L/2 < x0 < L in the T/E as discussed in Sections IV B
and IV C.

sion coe�cient is more complex than Eq. (12). However,404

the latter adequately captures the functional dependence405

on such parameters ask − k0, x0, ξ, L: Eq. (12) follows406

from the exact solution in the limit |k − k0| ≤ δk and407

L ≫ ξ (which also leads toδk ≪ k0 condition). Here δk408

is the spectral width of the resonance.409

Qualitative, analogy between disordered 1D random410

medium and a deterministic quantum model similar to411

that in Sec. IV C was demonstrated in Ref.42. Therefore,412

we expect Eq. (12) to be also qualitatively applicable in413

random layered medium of Sec. IV A.414

We note two important properties of Eq. (12). (i) The415

maximum (resonant) value of the transmission atω = ω0416

is determined by the location of the cavity as T (ω0) =417

cosh� 2 (|L − 2x0| /ξ). It turns to unity when x0 = L/2.418

(ii) When the frequency of the incident light is detuned419

from the resonance|ω − ω0| ≫ δω, the above expression420

looses it validity { the presence of the other resonant421

states must be accounted for.422

From analysis of random and deterministic models in Sec. IV B,IV C, c.f. Figs. 3,4, we approximate the envelope
of the on-resonanceelectric �eld distribution as

E(x, ω0) =
�

B(ω0, x0) exp[(x − x0)/ξ] 0 < x < x0
C(ω0, x0) exp[−(x − x0)/ξ] x0 < x < L (13)
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FIG. 6: Solid line plots E (ω0, x0) in Eq. (16). The energy
stored inside random medium falls o� sharply (exponentiall y)
when x0 increases beyondL/2 and reaches the o�-resonant
value for x0 > 2L/3. Dashed line with the right y-axis repre-
sents the ratio between T (ω0, x0) in Eq. (12) and E (ω0, x0) in
Eq. (16). The ratio peaks at the same value of x0/L = 2 /3.
The latter value does not depend on either the localization
length ξ or the system length L.

for x0 < L/2; and

E(x, ω0) =

8
<

:

A(ω0, x0) exp[−x/ξ] 0 < x < xT (ω0)
B(ω0, x0) exp[(x − x0)/ξ] xT (ω0) < x < x0

C(ω0, x0) exp[−(x − x0)/ξ] x0 < x < L
(14)

for x0 > L/2. Here A, B, C are constants to be determined from the continuity conditions. At the boundaries423

we set E(x = 0) = 1 and E(x = L) = T 1=2(ω0). Noticing that E(x = L, ω0) ≈ exp [−|2x0 − L|/ξ], yields the424

following expression for the location for the turning point xT (ω0) = 2 x0 − L in case of Eq. (14). In the context of425

light propagation in random media such as in Sec. IV A, the Eqs. (13,14) have the meaning of the typical envelope426

of the true spatial distribution of the electric �eld in the r andom systems with the same values of the parameters427

(ω − ω0), x0, ξ, L.428

In either of the above two cases, away from the resonant frequency k0, we see three distinct regions:

E(x) =

8
<

:

A(ω, x0) exp[−x/ξ] 0 < x < xT (ω)
B(ω, x0) exp[(x − x0)/ξ] xT (ω) < x < x0

C(ω, x0) exp[−(x − x0)/ξ] x0 < x < L
(15)

where xT (ω) again has to be determined from the following boundary conditions E(x = 0) = 1 and E(x = L) =
T 1=2(ω). Fig. 5 illustrates the obtained electric �eld distributi on for both x0 < L/2 and x0 > L/2 cases. It also makes
it clear that the energy stored inside the sample varies fromresonance to resonance due to the position of the center
of localization x0. Indeed, integrating Eqs. (13,14) gives us the sought expression forE(ω). At ω = ω0 it simpli�es to

E(x0) ∝
�

2T (ω) exp [2(L − x0)/ξ] − 1 − T (ω) 0 < x0 < L/2
2T (ω) exp [2(L − x0)/ξ] + 1 − 3T (ω) L/2 < x0 < L (16)

This expression is plotted in Fig. 6. It shows dramatic429

disparity between x0 < L/2 andx0 > L/2 cases. Eq. (16)430

also shows that even at the frequency of the resonance431

the amount of energy stored inside the system becomes432

essentially the same as in o�-resonant case forx0 > 2L/3.433

The latter value of x0 is independent of any other param-434

eters of the systems such asξ, L, etc.435

When expressions in Eqs. (12,16) are combined to form436

the ratio T/E , one obtains highly asymmetric depen-437

dence on the position of the center of localizationx0, c.f.438
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FIG. 7: An illustration of the e�ect gain on the electric �eld
distribution in 1D random medium. A periodic stack of al-
ternating dielectric layers with a defect at x0 = L/4 is con-
sidered. As discussed in Sec. IV B, such model qualitatively
describes the �eld pro�les (such as those in Fig. 3) in the ran -
dom media. Panels (a) and (b) show the �eld envelopes ob-
tained when the system is illuminated (at resonant frequenc y)
from the left and right respectively. Dashed lines correspond
to the passive medium. The solid curves (from bottom up)
are obtained for lg;cr /lg equal to 0.5, 0.9, 0.99 in (a) and
0.85, 0.95, 0.98, 0.99 in (b). The �eld distribution in (b)
shows a dramatic modi�cation with an increase of gain.

Fig. 6. The ratio increases approximately exponentially439

for 0 < x0 < 2L/3 and falls o� also exponentially in the440

interval 2L/3 < x0 < L. This observation con�rms our441

previous conclusion on the sensitivity of theT/E on x0.442

In the next section we study the e�ect of (linear) optical443

ampli�cation on this quantity.444

E. Evolution of T/E with an increase of gain445

As we observed in Section III, a change inT/E with446

gain is indicative of a modi�cation of the intensity pro�le447

inside a di�usive slab. Similar conclusions can be made448

in the localized regime. Our simulations demonstrate449

that a change in T/E indeed signi�es the modi�cation450

of the �eld distribution inside the random medium. In-451

terestingly, we �nd that such modi�cations can be very452

dramatic in the localization regime.453

To illustrate the e�ect of linear gain on the spatial454

pro�le of the EM �eld, we employed the deterministic455

(non-random) model of the periodic stack of alternating456

dielectric layers with a defect (see Sec. IV A,IV D). The457

gain was simulated by adding a spatially constant imag-458

inary part to the dielectric constant of the medium as459

ǫ(x) → ǫ(x) + iα. As previously discussed in Sec. I, such460

modeling of true stimulated ampli�cation is justi�ed for461

values of gain up to the threshold for random lasing.462

The results of our simulations are plotted on Fig. 7.463

One can see the strong enhancement of the electric �eld464

in the vicinity of the center of localization for the de-465

fect located in the farther half of the sample. Such en-466

hancement is accompanied by the shift of the turnaround467

point xT , where the negative exponential crosses over to468

the positive exponential behavior, towards the sample469

boundary. At certain value of gain parameter, the nega-470

tive exponential segment of theE(x) disappears and the471

�eld pro�le assumes the limiting shape which coincides472

with that under excitation from the opposite boundary473

of the system. The above observations also hold in the474

random medium model of Sec. IV B.475

At �rst glance, the modi�cation of the �eld pro�le476

due to gain seems to disagree with the conclusions in477

Refs.46{48 where (in localized regime) little or no change478

in the �eld pattern was found with an increase of ampli-479

�cation. The apparent discrepancy can be explained if480

one compares the methods used to excite the system. In481

our work, we consider the transmission experiment setup,482

whereas in the previous works46{48 the system was ex-483

cited throughout its entire volume or relatively close to484

the center of localization. Under such excitation condi-485

tions, the situation shown in Fig. 7a is always realized49.486

We also note that the mode distribution in Fig. 7b was487

observed to converge to that in Fig. 7a when the gain ap-488

proached its critical value, when the �eld distribution is489

maintained by the gain with little reliance on the incident490

energy.491

F. Physical mechanism of the electric field492

modifications493

In this section we provide a simple physical picture for494

the modi�cation of the electric �eld with an increase of495

optical gain.496

We start by considering the passive system. We recall497

that our sample is an open system where a plane wave is498

incident onto the system and one observes the scattered499

(re
ected and transmitted) signals. Under these condi-500

tions a continuous wave (CW) solution of the Maxwell501

equations with the given frequency is a complex func-502

tion. The complex conjugate of such a solution is also503

a (linearly independent) solution for the same frequency.504

In general, any two (because Maxwell's equation is the505
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FIG. 8: Panel (a) plots EL;R (x, ωc) ≡ E( L;R ) (x, ωc , α = 0) de�ned by the boundary conditions in Eq. (17), see text fo r notations.
For non-zero gain, α > 0, the electric �eld distributions E( L;R ) (x, ωc , α) are found to be qualitatively similar to those in Fig. 7.
We decompose them in terms of the functions shown in (a), and the resulting coe�cients C ( L )

L;R (α) and C ( R )
L;R (α), de�ned in

Eq. (19), are plotted in (b) and (c) respectively. We �nd that the close resemblance betweenEL (x, ωc) and E( c) (x, ωc) (the
solution in the closed system) makes it the dominant limitin g pro�le in the vicinity of threshold for random lasing, rega rdless
of the direction of excitation. In all three panels, thick / t hin curve and large / small symbols refer to EL (x, ωc) / ER (x, ωc).

second order di�erential equation) linearly independent506

solutions can be used as a basis for expressing any other507

solution at the same frequencyω.508

Now we would like to consider two particularly impor-509

tant solutions of the Maxwell equation in the random 1D510

sample with the following boundary conditions:511

EL (x < 0, ω) = exp[ iωx/c] + rL (ω) exp[−iωx/c]

EL (x > L, ω) = tL (ω) exp[iωx/c]

ER (x < 0, ω) = tR (ω) exp[−iωx/c] (17)

ER (x > L, ω) = exp[ −iωx/c] + rR (ω) exp[iωx/c]

which correspond to the left- and right-incident cases512

(the �rst and the second pair of equation respectively)513

considered in Sec. IV B,IV C. Here, rL;R (ω), tL;R (ω)514

are the corresponding re
ection and transmission coef-515

�cients. To check the linear independence of these two516

solutions it su�ces to verify that their Wronskian (it is in-517

dependent ofx in our model of disorderǫ(x)) is non-zero518

for one particular value of x. At x = 0 the Wronskian can519

be computed from the boundary conditions Eq. (17) as520

−2itR (ω)ω/c 6= 0. We note that the solutions EL;R (x, ω)521

should not be confused with the quasi-modeE(x, ω0 + iε)522

obtained at the complex frequency ω0 + iε where e.g.523

transmission becomes singular. Such quasi-modes often524

invoked in discussion of modes involved in random lasing.525

At some special frequenciesωc, a linear combina-526

tion E(c) (x, ωc) = C(c)
L EL (x, ωc) + C(c)

R ER (x, ωc) can be527

formed such that conditions E(c) (x = 0 , ωc) = 0 and528

E(c) (x = L, ωc) = 0 can be satis�ed simultaneously. Such529

ωc's correspond to the true eigen-modes of the closed530

system { the system de�ned by ǫ(0 ≤ x ≤ L) with the531

zero (re
ecting) boundary conditions at x = 0 , L. We532

numerically obtained such solutions in our 1D random533

model and found that the single cusp solution (similar to534

EL (x, ωc) depicted with thick lines in Figs. (3,4)) makes535

the dominant contribution to E(c) (x, ωc). This may ex-536

plain why the other pro�le with the negative exponential537

tunneling segment (similar to ER (x, ωc) depicted with538

thin lines in Figs. (3,4)) is not seen under uniform exci-539

tation as in Refs.46{48 .540

We now turn to the case of random medium with gain,
α > 0 and consider the spatial �eld distribution obtained
when system is illuminated from the left, E(L ) (x, ωc, α),
and from the right E(R ) (x, ωc, α), c.f. Fig. 7. In this
case, the distributions can no longer, strictly speaking, be
expressed in terms ofEL;R (x, ωc) ≡ E(L;R ) (x, ωc, α = 0).
However, in the regime of localized transport considered
here, α < αcr ≪ ωc, the deviation from completeness
of the basisEL;R (x, ωc) are to remain small so that the
dependence ofE(x, ωc, α) on gain can be still reliably
approximated by α-dependentCL;R (α):

E(x, ωc, α) ≃ CL (α)EL (x, ωc) + CR (α)ER (x, ωc). (18)

We veri�ed the applicability of the approximation in
Eq. (18) numerically by computing

C(L;R )
L;R (α) =

Z L

0
E(L;R ) (x, ωc, α)E �

L;R (x, ωc)dx. (19)

Figs. 8b,c showC(L )
L;R (α) and C(R )

L;R (α) respectively. Here541

we selected a random realization with a localization542

center at x0 ∼ L/4 where passive pro�les depicted in543

Fig. 8a, showed two characteristic shapes considered in544

Figs. 3,4,7. When gain was added to the system, we545

observed that E(L ) (x, ωc, α) ∝ EL (x, ωc) for all values546

of gain, c.f. 8b. In contrast, E(R ) (x, ωc, α) exhibited a547

crossover behavior fromE(R ) (x, ωc, α) ∝ ER (x, ωc) for548

small α, to E(R ) (x, ωc, α) ∝ EL (x, ωc) in the vicinity of549

lasing threshold. This result corroborates the �ndings of550

the previous Sec. IV E, c.f. Fig. 7, that the modi�ca-551

tion of the electric �eld distribution with an increase of552

ampli�cation strength is possible in the localized regime.553

Here we showed that it occurs due to the existence of two554

possible mode pro�les (at the same frequency), of which555

only one strongly resembles the solution of the system556

with closed-boundaries. It is the latter function that de-557

�nes the lasing mode in the vicinity the threshold for558

random lasing.559
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V. DISCUSSION AND OUTLOOK560

In this work we studied the relationship between trans-561

mission of light through passive and active random562

medium and the amount of the electromagnetic energy563

stored in it. The ratio of these two quantities does not564

show a tendency to diverge with an increase of the gain565

strength and, thus, is a good candidate for a parameter566

which can quantify the enhancement of the mesoscopic567

phenomena random medium with ampli�cation14{16 .568

In Sec. II we established a connection between the ra-569

tio of the ensemble-averaged quantities〈T 〉/〈E〉 and the570

spatially dependent di�usion coe�cient, Eq. (4). This571

relationship implied that a deviation (decrease) of the572

〈T 〉/〈E〉 from the value given by that expression with573

the classical un-renormalized di�usion coe�cient D(z) ≡574

D0 = cℓ/3 should be attributed to the localization e�ects.575

In Sec. III we obtained the expressions for〈T 〉 and576

〈E〉 in the di�usive random medium with ampli�cation.577

Drawing an analogy with the passive systems, we con-578

jecture that the decrease in〈T 〉/〈E〉 below the level es-579

tablished in this section may be interpreted as a mani-580

festation of an enhancement of mesoscopic correction in581

transport in systems with gain. We plan to examine the582

validity of this conjecture in future work.583

We argued that in random media with strong sample-584

to-sample 
uctuations, such as the systems with large585

gain or strongly scattering media, the ratio betweenT586

and E from the same disorder realization need to be587

formed before performing statistical averages. This led588

us to investigate the relationship between these two pa-589

rameters in in system in localized regime, c.f. Sec. IV.590

Although the ratio T/E does not tend to diverge when591

gain was added, it exhibits additional 
uctuations due to592

the sample orientation or, alternatively, due to the direc-593

tion of the incident wave, even in the passive system, c.f.594

Sec. IV B. In Sec. IV C,IV D we attributed the 
uctua-595

tions to the dependence on the position of the localization596

center inside the system. This is unlike the transmission597

T , which in passive medium is independent of direction598

of illumination (because of reciprocity), e.g. it is the599

same for both �eld distributions depicted in Fig. 3. One600

possibility to generalize the transmission in the active601

random media while retaining the desired cancellation of602

the divergence in the vicinity of the threshold for random603

lasing, is to consider the modi�ed parameter similar to604

the one studied in this work: TG (α) = T (α)/E(α) × E0.605

Here E0 ≡ E(α = 0) is the energy stored in the ran-606

dom medium with no gain. All quantities entering the607

expression forTG should be evaluated for each disorder608

realization prior to any statistical analysis. By construc-609

tion, TG (α) reduces to the transmission in a 1D sys-610

tem without gain ( α → 0) and can be generalized in611

the higher dimensional systems conventional systems as612

(average) dimensionless conductance upon statistical av-613

eraging. Hence, one can refer toTG as generalized trans-614

mission (conductance).615

In future, we plan to investigate both theoretically and616

experimentally the statistical properties of TG (α) in ran-617

dom medium with gain. Experimentally, all quantities618

entering the de�nition of TG can be determined from619

near-�eld scanning measurements in two-dimensional620

random media { structurally disordered semiconductor621

�lms. This opens up a possibility to corroborate and622

extend the results of this study.623
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