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Abstract

In this paper, we derive analytically the dynamical laws of the coupled Gross-
Pitaevskii equations (CGPEs) without/with an angular momentum rotation term and
an external magnetic field for modelling nonrotating /rotating spin-1 Bose-Eintein con-
densates. We prove the conservation of the angular momentum expectation when the
external trapping potential is radially symmetric in two dimensions and cylindrically
symmetric in three dimensions; obtain a system of first order ordinary differential
equations (ODEs) governing the dynamics of the density of each component and solve
the ODEs analytically in a few cases; derive a second order ODE for the dynamics of
the condensate width and show that it is a periodic function without/with a perturba-
tion; construct the analytical solution of the CGPEs when the initial data is chosen as
a stationary state with its center-of-mass shifted away from the external trap center.
Finally, these dynamical laws are confirmed by the direct numerical simulation results
of the CGPEs.

Key Words: rotating spin-1 Bose-Einstein condensate, coupled Gross-Pitaevskii equa-
tions, angular momentum rotation, condensate width, angular momentum expectation.

1 Introduction

The experimental realization of Bose-Einstein condensates (BECs) in magnetically trapped
atomic gases at ultra-low temperatures [1, 12, 16] has spurred great excitement in the
atomic physics community and renewed the interest in studying the macroscopic quantum
behavior of atoms. In earlier BEC experiments, the atoms were confined in a magnetic
trap, in which the spin degree of freedom is frozen. The particles are described by a scalar
model and the wave function of the particles is governed by the Gross-Pitaevskii equation
(GPE) within the mean-field approximation [30, 18, 29]. One of the most important
recent developments in BEC was the study of spin-1 and spin-2 condensates. In contrast
to a single component BEC, a spin-F BEC is described by the coupled Gross-Pitaevskii
equations (CGPEs) which consist of 2F + 1 equations, each governing one of the 2F + 1
hyperfine states (mp = —F,—F 4+ 1,...,F — 1, F) within the mean-field approximation
[19, 28]. The spin-1 BEC was realized in experiments recently by using both ?*Na and
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8TRb [23, 31]. In fact, the emergence of spin-1 BEC has created great opportunities for
understanding degenerate gases with internal degrees of freedom [19, 5, 6, 13, 15, 20].

In this paper, we consider a rotating spin-1 BEC confined in an external trapping
potential Ve (z,y,2) = 5(w2z? + wiy® + wiz?) with my the mass of BEC atoms,
Wy, wy and w, the trapping frequencies in z-, y- and z-direction, respectively. We as-
sume that the interactions within the spin-1 BEC include the mean-field interaction with
co = 4nh*(ag + 2a3)/3my (positive for repulsive interaction and negative for attractive
interaction) and the spin-exchange interaction with co = 47h%(as — ag)/3ms (positive for
anti-ferromagnetic interaction and negative for ferromagnetic interaction) where # is the
Planck constant, ag and ao are the s-wave scattering lengths for scattering channel of
total hyperfine spin 0 (anti-parallel spin collision) and spin 2 (parallel spin collision), re-
spectively. For temperatures below the critical temperature, the dynamics of the rotating
spin-1 BEC is well described by the dimensionless Gross-Pitaevskii equation (GPE) with
an angular momentum rotational term in the d-dimension [19, 6, 5]

O (x,t) = -—%Vz +V(x) + E1 — QL. + By p+ Bs(p1 + po — ,0—1)} 1
095198 + Bio, (1.1
Orto(xt) = | =5 V2 + V) + By — QL.+ B o+ Blor +p-1)| o
+200- 195t + B (1 +4-1),  xeRY >0, (1.2)
D-1(66) =[5 V24 VOO + Boy = QL G o+ Blpt + po — )| 01
+Bs105 + B, (13)

¥i(x,0) = ¥)(x), xeRY  j=-1,0,1.

Here, U = W(x,t) := (¢1(x,1),%0(x,1t),%_1(x,t))T is the dimensionless wave function of
the rotating spin-1 BEC, p; = p;(x,t) := |1;(x,t)|? is the density of the hyperfine spin
component mp = j (j = —1,0,1) and p = p1 + po + p—1 is the total density. Q is the
dimensionless angular momentum rotation speed, E; € R is the dimensionless Zeeman
energy of spin component mp = j (j = —1,0,1) in the uniform external magnetic field,
B € R is the dimensionless external Ioffe-Pitchard magnetic field, and 3, and s are the
dimensionless mean-field and spin-exchange interaction constants, respectively. f* denotes
the conjugate of the function f and L, is the z-component of the dimensionless angular
momentum rotation defined as

L, = —i(x0y —y0y) = —i Op := —i L. with L,= (x0y — y0Oy) = O, (1.5)

where (r,0,z) is the cylindrical coordinates when d = 3, and resp. (r,0) is the polar
coordinates when d = 2. The above dimensionless quantities in three dimensions (3D) are
obtained by scaling the length by the harmonic oscillator length as = \/h/mpw, the time
by w™! and the energy by hiw with w = min{w,,w,,w.}. If @ =0, the CGPEs (1.1)-(1.3)
describes a BEC in the nonrotating frame and d can be chosen as d = 3, 2 or 1; on the
contrary, if Q # 0, it is for a BEC in the rotating frame and d can be chosen as d = 3 or 2.
In fact, the two-dimensional (2D) CGPEs can be viewed as a quasi-3D experimental setup
with a strong confinement in the z-direction, i.e. wy ~ w, and w, > w, [9, 6, 8, 7]; and
the one-dimensional (1D) CGPEs when Q = 0 can be viewed as a quasi-3D experimental



setup with strong confinement in both y- and z-directions, i.e. wy, > w, and w, > w,
[9, 6, 8, 7]. The dimensionless potential V' (x) takes the form

, [ e, d

V(X) = 5 Yz ¥ +/7yy ) d

Vox® +v,y° + 7227, d

Il
W N

Z (1.6)

with v, = #2 v, = —£ v, = 2=, The parameters

By, = de, B, = Cd—_7 (1.7)

as as

d=1,
Cq=1< =~ /7:/2m, d=2, (1.8)
1 d=3.

Two important invariants of the CGPEs (1.1)-(1.4) are the normalization of the wave
function [19, 5]

1
Nu(®) = )2 = [ weeax= [ ST o)
j=—1

1
= /Rd > WYx)Pdx = Ng(0) =1, t>0 (1.9)

j=—1

and the energy per particle
L1
5> (G176 + (V60 + B s — @ Re(w; Lovy)

Ey(t) = /Rd[_:_l

Brn o Bn+Bs
Tt T

(6 + P21+ 200(p1 + p-1)) + (Bu = Bo)pr1p1

+28,Re(v* 1 ¥5yT) + 2BRe (¢ (11 + ¢—1))] dx = Ey(0), t>0, (1.10)

where Re(f) denotes the real part of the function f. In addition, when B = 0, another
important invariant is the total magnetization [19, 5, 6]

1
Mu(t) = [ 3 dlsxnPx = [ [ = o] dx

j=1

L 8608 = 162, 60 dx = My (0), 20 (L.11)

with —1 < My (0) < 1.

In the effort of exploring the rich properties of spinor dynamics, various numerical
and theoretical studies have been carried out in the last few years. From a numerical
point of view, different efficient and accurate numerical methods have been proposed for



computing the ground state and dynamics of spin-1 BEC (cf. [38, 39, 9, 6, 5, 34] and
references therein). From a theoretical point of view, different properties of spin-1 BEC
have been investigated, e.g. the coreless vortices [24, 13], the quantum tunneling phenom-
ena in double well potential [27], the interaction of soliton solutions [33, 14], single mode
approximation (SMA) and coherent dynamics [22, 25], the effect of finite temperature in
the context of Bogoliubov-de-Gennes framework [26] and so on. To our knowledge, there
are very few rigorous mathematical results for the CGPEs (1.1)-(1.3) of the dynamics of
spin-1 BEC. The aim of this paper is to study mathematically the dynamical properties
of spin-1 BEC based on the CGPEs (1.1)-(1.3) including time evolution of the density of
each component, expected value of angular momentum (or angular momentum expecta-
tion) and condensate width as well as the construction of an analytical solution when the
initial data is chosen as the stationary state with its center-of-mass shifted from the trap
center. We remark that similar mathematical results have been carried out recently for
GPE of single-component BEC [10, 3] and CGPEs of two-component BEC [37, 2].

The paper is organized as follows. In Section 2, we derive a system of first-order
ordinary differential equations (ODEs) for the dynamics of the density of each component
and other related quantities. The ODE system is analytically solved for a few cases. In
Section 3, we prove the conservation of the angular momentum expectation when the
external trap is radially symmetric in 2D and cylindrically symmetric in 3D. In Section 4,
we obtain a second-order ODE for the dynamics of the condensate width and show that
the condensate width is a periodic function in 1D without nonlinearity and in 2D when
the trap is radially symmetric. An analytical solution is constructed for the CGPEs when
the initial data is chosen as a stationary state with its center-of-mass shifted from the
trap center in Section 5. In Section 6, some numerical results on the dynamics of spin-1
BEC are reported to confirm the analytical results. Some concluding remarks are drawn
in Section 7.

2 Dynamics of the mass of each component

Define the mass (or density) of the spin component mp = j as
Nyt)i= [ liGe ol dx,  £20, j=-10,1, (2.1)
R

It is easy to see that, when §; = 0 and B = 0 in the CGPEs (1.1)-(1.3), the mass of each
spin component is conserved, i.e.

Nj(t):/Rd|1/)j(x,t)|2 dxz/Rd W2 dx =N, t>0, j=-1,01 (22

In order to get a closed system for the above quantities, we also define the following
quantities which may have physical meaning but we will not discuss it here for brevity:

Palt) = [ 107 (0 (x,) = a(x, O (x, 1) . (23)
Ql,k(t) = /Rd W)l*(x’t)wk(xvt) + ¢l(xvt)¢lt(x’t)] dX, -1< I<k < 1, (2'4)
P(t)=P-10() + Poa(t), Q) =Q-10(t)+Qoa(t), t=0, (25)



and denote

Ei—F 4 B+ E 4 —2F
2 ) qo = 2 .
For the dynamics of the mass (or density) of each component, we have the following
lemmas:

po = (2.6)

Lemma 2.1 Suppose V(x,t) is the solution of the CGPEs (1.1)-(1.4), then we have

Ni(t) — BPy.(t) = Fl(t)7 (2.7)
No(t) 4+ B[Po(t) — P_1o(t)] = —2F1(2), (2.8)
N’ ,(t)+ BP_; 0(75) Fi(t), (2.9)
Py (t) — 2B [No(t) — Ni(t)] + BQ_1,1(t) — (E1 — E)Qo,1(t) = Fa(t), (2.10)
Py o(t) 4+ 2B [No(t) — N_1(t)] = BQ_11(t) + (E_1 — Eo)Q-1,0(t) = —F(t),  (2.11)
Py4(t) = BlQ-1,0(t) — Qoa(t)] — (B — E_1)Q_1:1(t) = F3(t), (2.12)
Q0.1(t) — BP_11(t) + (E1 — Eg)Po1(t) = Fu(t), (2.13)
Q1 0(t) + BP_11(t) — (E-1 — Eo)P-10(t) = —Fa(t), (2.14)
QL1,1(t) = B[Poa(t) = P-10(t)] + (E1 — E-1)P-11(t) = F5(t),  t>0, (2.15)
with initial conditions
/ W(x)Pdx =N, j=-1,0,1, (2.16)
P0) =i [ @) o0 — o ()] dx = B (2.17)
Q1x(0) = /Rd [(w?(x))*w2<x) + 4] (x) (VR (x))* } dx := sza -1<i<k<1, (2.18)
and
F(t) = o Im 1¢0¢1 dx t >0, (2.19)
F(t) = - Re [povo (V] + ¥21) — 2 (p—1vo¥] + pribov™y)] dx, (2.20)
F3(t) = Re 2 — p1) Yty + (¥5) (1?31 - 1/’%)} dx, (2.21)
Rd
Fy(t) = - Im [potpg (Y1 — ¥—1) — 2 (p—19591 — prepge—1)] dx, (2.22)
Fi(t) = /R Im [2(p1 — p1) 0" yths — ()2 (4% + 42, dx, (2.23)

where Im(f) denotes the imaginary part of the function f.

Proof: Differentiating (2.1) with respect to ¢ for j = 1, integrating by parts and noticing
(1.1)-(1.3), we obtain

Nt = [ a0+ vion) dx =i [ [(=i0m) — vi o) dx

z/ l(%’vdnlz + (V(x) + B[y |* — Q1 Loap} + Brplen [
Rd
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85 (o1 + po — p—1) || + Bsibr (W) 1 + Biﬁﬂ/ﬁ)

~ (3190 + (V) + Bl + 8201 L + Brplin
+0s (p1+ po — p—1) [ * + Bsivgvt, + Bl/ﬁl/}o)] dx

— i [ (e — oie) dx + i, [ (1 05 eo — et dx (220
Rd Rd
Thus (2.7) is a combination of (2.24), (2.3) and (2.19); we can get (2.8) and (2.9) in a

similar manner. Differentiating (2.3) with respect to ¢ for [ = 0 and k = 1, integrating by
parts and noticing (1.1)-(1.3), we have

Post) = i [ (0501 + 1055 — vodhi — i) dx
= /Rd {wa (—%W + V(%) + E1 = QL, + Bn p+ Bs(p1 + po — p—1)> 0
—n (~3 V2 + V) + By~ OLL+ 5o p+ Bulor + o) ) ¥
4y (~3 V4V + By = QL+ B+ Buor + o — po0) ) 0

-7 (—%W +V(x)+ Ey— QL. + Bn p+ Bs(p1 + p-l)) Yo
+Bs |02 130 + Blibo|? — 28|41 2 10 — By (¥ +974)
FBulolP—195 + Blo[? — 2841 P-4 — B (1 + w_lﬂ dx

- /Rd [23 (ywo\z — \zpl‘z) + (B1 — Eo) (Wgab1 + totb}) — B (™ 131 + _197)
+Bs (po — 2p—1) (Yol + Yg1) + Bs (po — 2p1) (Y15 + wilwo)]dx. (2.25)

Thus (2.10) is a combination of (2.25), (2.3), (2.4) and (2.20); we can get (2.11) and (2.12)
in a similar manner. Differentiating (2.4) with respect to t for [ = 0 and k = 1, integrating
by parts and noticing (1.1)-(1.3), we have

Qoi(t) = /Rd (V501 + 10ppg + Yoy + Y1 Oitho) dx
=i [ [ (A VOO B L4 B B o))
+aby <—%V2 + V(x)+ Eg— QL% + By p+ Bs(p1 + P—1)> Yo
+1 <_%V2 + V(X) + E — QL; + Bn p+ ﬁs(pl +po — P—1)> ¢T

07 (—5 V2 V) + By~ L. + B p+ Bl + 1) ) v
—Bs|ho| 2 1300 — Blpo|? + 285w |29 110 + By (v + 9% 4)
1Byl P+ Bltol® — 285l P14 — BT (41 + %)}dx
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— i [ (B~ Bo) (o — ) + B (8191 — 1)
2891 7 (92190 — P115) + 28sp—1 (Y51 — Yoi)
—Bspo (V51 — Yol — Yv—1 + dovl,y) dx. (2.26)

Thus (2.13) is a combination of (2.26), (2.3), (2.4) and (2.22), and we can get (2.14) and
(2.15) in a similar manner. O

Lemma 2.2 Suppose that V(x,t) is the solution of the CGPFEs (1.1)-(1.4) and qo =
(Er + E_1 — 2Ey)/2 = 0; then we have

My (t) = MY + Mﬁ [P sin(uit) + C1(1 = cos(ut))] (2.27)
1
P(t) = PO cos(uyt) + Cy sin(prt), t>0, (2.28)
Q) =@V — % [P sin(ut) + C1(1 = cos(urt))] (2.29)
1

where ©
O —92BM
= eBrip o =09 v
H1 Py 1 "

The above analytical solution immediately implies that: (i) the total magnetization My (t)
is conserved if B = 0; otherwise, it is a periodic function with period T = 2

NeZzErr

\/8B2+(4§ > if B # 0; (i) P(t) and Q(t) are conserved if B = 0 and py = (E1 —
1—L£-1

E_1)/2 = 0; otherwise, they are periodic functions with the period T if either B # 0 or
Po = (El - E_l)/2 75 0.

Proof: Subtracting (2.9) from (2.7) and noticing (1.11) and (2.5), we obtain

My (t) — BP(t) =0, t>0. (2.30)
Summing (2.10) and (2.11), noticing (1.11), (2.6) and (2.5), we have
P'(t) + 2B My(t) —po Q(t) = 0, t > 0. (2.31)
Similarly, summing (2.13) and (2.14), noticing (2.5) and (2.6), we get
Q'(t) + po P(t) = 0, t>0. (2.32)

Solving the above ODEs (2.30), (2.31) and (2.32) with the initial conditions (2.16), (2.17)
and (2.18) immediately gives the analytical solution (2.27)-(2.29). O

Lemma 2.3 Suppose that V(x,t) is the solution of the CGPEs (1.1)-(1.4) and 35 = 0,
then there are
(i) If B = 0, we have

M =N2 N =N, N@#t)=NT

Py (t) = Py cos((Er — Eo)t) + Q) sin((Ey — Eo)t), (2.34)
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Qo1 (t) = QY cos((Er — Eo)t) — PYY sin((Ey — Eo)t), (2.35)

P_yo(t) = POy cos((E_y — Eo)t) — QU) ysin((E_; — Eo)t), (2.36)

—1o(t) = Q) g cos(Ey — Eo)t) + Py sin(B-1 — Eo)o). (2.37)

P_i1(t) = P£01)71 cos(2pot) + Q(_Oil sin(2pot), (2.38)

—11(t) = Q(_Oil cos(2pot) — PEOI)J sin(2pot), t>0. (2.39)

The analytical solutions suggest that: (a) the mass (or density) of each component N;(t)

(j = —1,0,1) is conserved; (b) for —1 <1 < k < 1, the quantities Py (t) and Qx(t) are
conserved if B = Ey; otherwise, they are periodic functions with period T' = 27 /|Ey — Ek|
if B} % Ej.

(ii) If By = Ey = E_1 (i.e., po = qo = 0), we have

(0)
Ni(t) = C1 + Cycos(Mit) + % sin(A\1t) + % sin(Aat) + 4C752(1 —cos(Aat)), (2.40)
No(t) = 1 — 20, — 2% sin(Aot) — 2%55(1 — cos(hat)), (2.41)
(0)
N_A(t) = C) — Cycos(Mt) — 5—\/5 sin(\t) + f\—% sin(Aat) + 4%(1 ~ cos(at)), (2.42)
(0)
Poi(t) = % cos(Aat) + % cos(Aat) — V2Cy sin(\it) + PT cos(A1t), (2.43)
(0)
P_i(t) = —% cos(Aat) — % cos(Aat) — V2Cs sin(At) + PT cos(Ait), (2.44)
P_y(t) = P9 cos(Mt) — v2Cy sin(At), (2.45)
(0) 5p0)
Qo(t) = QT + Cycos(Mit) + % sin(\1t), (2.46)
) @

—10(t) = QT —Cy cos()\lt) ver- 5 Sln(/\lt) (2.47)
Q_1.1(t) = Q(O1 L+ 2\/_ [C3sin(Aat) + C5(1 — cos(Aat))] , (2.48)
Qt)=Q,  P(t) = —2v2Cysin(\t) + PO cos(\t),  t>0 (2.49)

with
1 1
= V2B, N=2V2B, Cia=g (MUENY), 0= (R - PY,).

Ci=5 (@0 - Q). o= -3 (M7 +NT) - Y],

These analytical solutions imply that: (a) Q(t) is conserved; (b) if B = 0, all the other
quantities are also conserved; (c)if B # 0, they are pem’odic functions. The period of Ny(t),
N_l(t), P071(t), P_170, P_171(t), QOl( ) Q 10( ) ( ) and P( ) s = \/57‘(/‘3’, while
No(t) and Q_11(t) have the same period T = 7/(v/2|B]).

Proof: If §; = 0, noticing (2.19)-(2.23), the ODE system (2.7)-(2.15) collapses to
Ni(t) = BPya(t) =0, (2.50)



Ny(t) + B[Po1(t) — P-10(t)] = 0, (2.51)
N’ (t) + BP_1(t) =0, (2.52)
Py1(t) = 2B [No(t) — Ni(t)] + BQ-1.1(t) — (E1 — Ep)Qo(t) = 0, (2.53)
PLyo(t) + 2B [No(t) — N_1(t)] — BQ—Ll( )+ (B — Eo)Q-1,0(t) = (2.54)
PLis(t) = BlQ-1,0(t) — Qoa(t)] — (B1 — BE_1)Q-1,1(t) =0, (2.55)
Q0,1 (t) — BP_1,1(t) + (E1 — Eo)Poa(t) = 0, (2.56)
QL10(t) + BP_11(t) — (E—1 — Eg)P_10(t) = 0, (2.57)
Q—1,1( ) = B[Po(t) — Po1o()] + (B1 — E_1) Py (t) =0, t>0. (2.58)
(i) If B =0, the above ODE system reduces to

Ni(t) =0, N{(t) =0, N’ ,(t) =0, t>0, (2.59)
Pya(t) = (B1 = Eo)Qoa(t) =0, Qp(t) + (E1 — Eo)Poa(t) =0, (2.60)
PLyo(t) + (E-1 — Eo)Q 10(t) =0, QLyo(t) — (E—1 — Eo)P-1,0(t) =0, (2.61)
PLis(t) = (B1— E_1)Q-11(t) =0, QLy1(t) + (Ex — E_1)P_11(t) = 0. (2.62)

Thus (2.33) is the solution of the ODEs in (2.59) with initial data (2.16). With the initial
condition (2.17) and (2.18), (2.34) and (2.35) is the solution of the ODEs in (2.60); (2.36)
and (2.37) is the solution of the ODEs in (2.61), and (2.38) and (2.39) is the solution of
the ODEs in (2.62).

(ii) If By = Ey = E_1, the ODE system (2.50)-(2.58) becomes
Ni(t) = BPya(t) =0, (2.63)
No(t) + B[Poa(t) — P-1,0(t)] = 0, (2.64)
Ny (t) + BP_14(t) =0, (2.65)
P61( ) = 2B[No(t) — Ni(t)] + BQ-1,1(t) =0, (2.66)
" 10(t) + 2B [No(t) = No1(t)] = BQ-1,1(t) =0, (2.67)
" 11(t) = BlQ-10(t) — Qoa(t)] =0, (2.68)
Q01(’5) BP_1,1(t) =0, (2.69)
“10(t) + BP_14(t) =0, (2.70)
Q 11(t) = B[Poa(t) = Po1p(t)] =0, ¢ =0. (2.71)

Summing (2.69) and (2.70), we get

Q'(t) = Qoa(t) + QL p(t) =0,  t=0. (2.72)

This immediately implies that Q(t) is conserved, i.e. the first part in (2.49). Subtracting
(2.65) from (2.63), summing (2.66) and (2.67), we obtain

Ni(t) = N ((t) = B[Po(t) + P-1o(t)] =0, (2.73)
Py (t) + PLyo(t) + 2B [Ny (t) — N_1(t)] = 0. (2.74)

Solving the above linear ODE system and noticing the initial conditions (2.16) and (2.17),
we have

Ni(t) — N_1(t) = 2Cy cos(Ait) + %P(O) sin(\it), (2.75)
P(t) = Po1(t) + P_10(t) = PO cos(A\it) — 2v2Cs sin(At). (2.76)



Summing (2.65) and (2.63), subtracting (2.67) from (2.66), noting (1.9), we have

Ni(t) + Ny (t) — B[Py, (t) — P-10(t)] =0, (2.77)
Py (t) — PLyo(t) + 6B [N1(t) + N_1(t)] + 2BQ_1,1(t) = 4B. (2.78)

Solving the linear ODE system of (2.77), (2.78) and (2.71), noticing the initial conditions
(2.16), (2.17) and (2.18), we get

Nl(t) + N_l(t) =2C1 + % [03 Sin(/\Qt) + 05(1 — COS()\Qt))] , (279)
P()J(Zf) — P_170(t) =C3 COS()\Qt) + Ch Sin()\gt), (280)
Q_11(t) = Q)| + % [C5 sin(Aat) + Cs(1 — cos(Aat))] - (2.81)
Subtracting (2.70) from (2.69) leads to
Qo (t) — QLyo(t) = 2BP-11(2). (2.82)

Solving (2.82) and (2.68) with the initial conditions (2.17) and (2.18), we get
_ _ NG (O
QoJ(f) Q—I,O(t) 204 COS()\lt) + 2P_171 Sln(/\lt), (283)
P_y (1) = P, cos(Ait) — V2Cysin(Ait). (2.84)
Thus we obtain the solution (2.40)-(2.49) from (2.75), (2.76), (2.79)-(2.81), (2.83), (2.84)
and (1.9) immediately. 0
3 Conservation of the angular momentum expectation

As a measure of vortex flux, we define the total angular momentum expectation
1
<Lz>(t) = Z <Lz>j(t)a t >0, (3'1)
j=—1

where

(Lay(t) = [ viLayix =i [ 0i(w0s—ad,)uy dx= =i [ wilasdx, (32
(L

7 2)5(t) :
(L) (t) := —==—=, t>0, j=-1,0,1. (3.3)
’ N;(t)
In fact, <lz>j(t) is the angular momentum expectation of the jth (j = —1,0,1) component.

As shown in Lemma 2.3, when 6, = B = 0, the density of each component is conserved;

thus in this case we have (fz>] (t) = <L]\Zf>(g)(t).
j

For the dynamics of the angular momentum expectation in rotating spin-1 BEC, we
have the following lemmas:

10



Lemma 3.1 Suppose V(x,t) is the solution of the CGPEs (1.1)-(1.4), then we have

1
d<Lc;t>(t) =0y =) 2. /Rd zyly;Pdx, >0 (3.4)

j=1

This suggests that, for any given initial data U°(x), the total angular momentum expecta-
tion is conserved, i.e.

1
L0 = L)) = 3 [ (4960) Lfx)ax, =0, (3.5)

j=—1
if the external trapping potential V (x) is radially symmetric in 2D, and resp. cylindrically
symmetric in 3D, i.e. vy =y, in (1.6).

Proof: Differentiating (3.2) with respect to ¢ for j = 1, noticing (1.5) and (1.1), integrating
by parts, we obtain

(L2)1(t)

dt - /Rd (00} Loy + 91 L (Opyh1)] dx

= L[0T + 0w Loy ax
- /R _%(fzwlvwﬁizﬁvzw)—z‘Q(imizﬁ_izﬁAzwl)

+ (V(x) + E1 + Bap + Bs(p1 + po — p-1)) (¢szw1 + wlfzw’f)

+8, (V-1 (v5)° Latbr + 05103 Lot ) + B (v Lathr + o Lo )

dx

= /Rd {(75 —2)aylr]* + (B + B)poLzlvr [* + (B — Bo)p-1 Lzl

+85 (01 (85)” Lot + v 3Lty ) + B (65 Lot + oLy} ) |dx
= (=) /]R zylpu(x,)[* dx + Gi(t), 20, (3.6)
where

Git) = [ 1B+ Belpo + (B — B)p-) Lol dx

2Re [ B (W) Loty + BUG Lo dx,  t20. (37)
R
Similarly, we have
L,
(L0 — (7= 2) [ ol O dx+ o), (3.5
L,)_
Ll _ ) [ e P dxr Ga, 120, (9)

11



with

Golt) = (Bu+ ) /R (1 + p1) Do dx

d

G—l(t) = ~/Rd [(ﬂn + 55),00 + (ﬂn - 55),01] f/z‘w—1’2 dx
+2Re [ [Bar (5 Lot + BUs Lo ] dx, tz0. (31)

Summing (3.6), (3.8) and (3.9), noticing (3.7), (3.10) and (3.11), we get (3.4) immediately.
O

Lemma 3.2 Suppose that the external trapping potential V(x) is radially symmetric in
2D, and resp. cylindrically symmetric in 3D, i.e., v, = vy in (1.6). The initial data ¢?(x)
(j =—-1,0,1) is chosen as

ng(x) = fi(r)e™i® with m; € Z and f;(0) =0 when m; # 0, (3.12)
wn 2D, and resp. in 3D
ng(x) = fi(r,2)e™i® with m; € Z and £;(0,2) =0 when mj # 0. (3.13)

If B¢ = B = 0, for any B, and m; (j = —1,0,1), the angular momentum expectation
(L.)j(t) and (L.);(t) are conserved, i.e.

(L.);(8) = (L.);(0) = /R (B) L dx, t>0, (3.14)

— — 1

T NO /Rd (V0) Lf(x) dx,  £20, j=-1,0,1. (3.15)
J

If m_1 = mg = my :=m, for any B,, Bs and B, (fz>](t) s conserved, i.e.

(L);()=m,  t>0, j=-1,0,1. (3.16)

Proof: If the initial data ¥9(x) satisfies (3.12) in 2D, and resp. (3.13) in 3D, when
Bs = B =0o0r m; = mg=m_; := m, due to the symmetry, the solution ¥(x,t) of the
CGPEs (1.1)-(1.4) satisfies

W;(x,t) = gj(r,t)e™, with g;(r,0) = f;(r), j=-1,0,1, (3.17)
in 2D, and resp. in 3D
pi(x,t) = gj(r,z,t)eimje, with  g;(r,2,0) = f;(r, 2), j=-1,0,1. (3.18)

When s = B = 0, plugging (3.17) for 2D, or resp. (3.18) for 3D, into (3.7), (3.10) and
(3.11), we obtain

G1(t)

11l
=
Q
o
—
~
~
11l
=
h
—_
—
~
~
11l
=
~
V
o

(3.19)



Substituting (3.19) into (3.6), (3.8) and (3.9), noticing v, = 7y, we get

(Lo1(t) _ 0 (Lz2)o(t)

a7 dt

_ (L2)-1(t)
=0, oEe =0, 120, (3.20)

which implies the conservation of (3.14). The conservation in (3.15) is a combination of
(3.14) and (2.2). When m_; = my = m; := m, plugging (3.17) for 2D, or resp. (3.18) for
3D, into (3.3), noticing (3.2) and (2.1), for j = —1,0,1, we obtain

- (La)j(t) _ —iJpa ¥y Loty dx

(L2);(t) = =
’ Nj(t)  Jgalthi(x,0)? dx
—i Jpa g5 e~ (im) gj et dx B
= o P dx =m, t>0. (3.21)
This immediately implies (3.16). 0

4 Dynamics of condensate widths

Another important quantity characterizing the dynamics of the spin-1 BEC is the conden-
sate width defined as

0a(t) = \/0a(t) = \f0u1(t) + 0a0(t) + da1(t),  a=zy, orz, (4.1)

where

oglt) = (2,0 = [ a®y(x)fdx,  t20, j=-101 (4.2)
For the dynamics of condensate widths, we have the following lemmas.
Lemma 4.1 Suppose V(x,t) is the solution of the CGPEs (1.1)-(1.4), then we have

d%5,(t)
dt2

1
= /Rd [ _Zl 2<(aya — 0, Q) (2m¢j (20y + Y0, )¢5 + QP (2® — y2)|¢j|2)
=
+|8a¢j|2 - Oé|1/)j|2aa(V(X))) + ﬁnp%) + (ﬁn + ﬁs)(p% + P2_1 + 200(01 + p_1))

+2(ﬁn - ﬁs)plp—l + 2ﬁsRe (?ﬁ*_w(%?/)ik) ] dX, t 2 07 (4'3)

=%
5]
—~
o
~—
I
=2
"2
I

Lo (0872 + b2 + 12, ) dx, o= oy, (4.4)
Rd

1
5(0) =00 =2 /R La [~ Q) P(adya — ydea) + T ((49)"0a0)) | dx. (4.5)
j=-1

Proof: Differentiating (4.2) with respect to ¢ for j = 1, noticing (1.1)-(1.3) and integrating
by parts, we get
ddn,1(t) d

dt T dt /Rd o[ (x,1)|*dx = /Rd o (Y10} + Y o) dx
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= /]R , Bcﬂ (1V201 = V201 ) +iBsa® (Yo ()2 — 21 v30))
+Qa? (2, — y0,) [ |* +iBa? (v — i) ] dx

= /]R , lz‘a (1020} — $10at) + iBs0® (Vo1 (85)*1 — ¥ 10501 )
—2Qal |2 (20, — y0y) o + iBa? (10 — Witbo) ] dx. (4.6)

Differentiating the above equation with respect to t, we obtain

d?64,1(t)
dt2

= [, [2ie @ur0ut — 0ptonin) — 200 (010001 + viown) L
+i (Y01 — 10w} + iBa” (Y501 + Y10kl — Podibt — ¥idibo)
+if0? (w_lwa‘)?atwl o1 (48)2Bb—1 + 2611 By — T30

TRt | — 2wi1wowfatwo)]dx
= I+ II+IIT+1V +V. (4.7)

Plugging (1.1)-(1.3) into each parts of (4.7) and applying the integration by parts, we
obtain

I o= /R 20 [(i0n) Bathf + (—i0457) Bathr] dx

= /R , [ — @ (020} V21 + 0at1 V2T ) — 200 (Bath Loths + Oath L))
+20 (V (%) + By + Bap + Bs(p1 + po = p-1)) Oaltr1 |
+4aRe (B,0" 1 030ati + Bthodats;) ]dx

= 2 [ =3IV + 0+ QL + 90,0 — D, (20, + 0.0
— (V) + By + (B + B0l + (B0 = Bo) o1 [?) [t
a1 200 (V(%) + (Bu + Bl + (B — Ba)[6-1[?)
20 Re (B (R0 + Brlodats ) ]dx. (4.8)
11 = =20 [ aL.alui(@0) - i (~ioi) dx
— 20 [ aL.a| - 3 (¢IVP - 1 V%07) - QWL — h1Liv)
48 (9710861 — a0 ) + B (i — a5) |

— 20 /Rdwya — 0p00) [iwi‘(xay + Y0 )1 + Ua? = yP) e[
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+2zyTm (8,07 0301 + Buiun) |ax. (4.9)
11 = / [1(i01) + hr (—i01T)] dx
Rd
=[] 5 (R ) 2V ) + Bl - 6L + rL200)
+2(0p + (o1 + o — p-)lir P + 2 Re (9,07 0BuT + Buiun) |ax
1
= 2 [ [5IV6 + (VG0 + Bl - Qi Lt
+(Bup+ Bolp1 + po — p-1))|t1[* + Re (84214807 + Busivio) }dx. (4.10)
IV = B [0 (0hn + 005 — bodb — vi0w) dx. (411)
Vo= i [0 (0m (050 (650 + 20O
U0 — TR0 — 20 O ). (4.12)

Substituting (4.8)-(4.12) into (4.7), we obtain

d?6,.1(t)
dt2

- /R ) [2(aya — 0,0) (2|1 (2? — y?) + 20205 (20, + yda )t )
+2/00n 2 + (B + Bs) 1] — 2001 200 (V())
=2fu1? (B + Be)aldol? + (8 — Bo)Oalia?) |
+2Re [ (28,007 1030001 + B 0T + 2Bavndutsi + B dx
+2TIm /Rd {QQxy(ayoz — 0, 0) (ﬁs¢i1¢g¢T + BT,/)TT/)O)
+8,0% (U7 UFOT + UTvg0nsTy + 247 Yot dro )
+Ba® ($odhu] + i) | dx. (413)

Similarly, we get

d?64,0(t)
dt2

- /]R ) {2@,@ — 0,0) (2|0 (2? = y?) + 205 (20, + yde)¥o)
+2{0atho|® + Baltho| " — 2altp0[*0a (V (%))
~20(8h -+ B)lol? (Bl + 0ufui ) | ax

+2Re /Rd 23, (2a¢_1¢8¢10a¢8 + 1/1—1(%)21/11)

B (1 + ¥-1) (05 + 200,00) | dx

+21Im /Rd _2Qxy(6ya — dya) (Zﬁs¢—1(¢5)2¢1 + By (Y1 + 7/1—1))
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+26850% ()2 D1 + 01 (85) 0tor + 26 1051 D )

+B2 (11 + 1) D + % (Brtbr + aﬂp_l))] dx. (4.14)

d?6 —1(t)

s [ 200 - de) (@7 Pa? — o) + 20207 (00, + 400} )

2000t 12+ (B + B -] — 20l 200 (V (X))

~2afy1 2 (B + B)0altbol? + (5, — Bu)alin ) |
+2Re [ (2800U30,0" ) + B + 2Bavodny’y + Bu i) dx
+21m [ [200y(0,0 - 0,0) (Bsivdet, + BU* )

+850% (VY30 ) + T U0 + 207 Yot drndo )

+Ba? (004 + 07O x. (4.15)

Summing (4.13), (4.14) and (4.15), we obtain (4.3) immediately. In addition, the initial
conditions (4.4) and (4.5) can be obtained from (4.1), (4.2) and (4.6) by setting ¢t = 0 and
noticing (1.4). O

Lemma 4.2 Suppose ¥(x,t) is the solution of the CGPEs (1.1)-(1.4) with B = 0 and
E1=FEy=FE_1:=E, then we have

(i) In 1D without nonlinear term, i.e. d =1, B, = Bs =0 and Q =0 in (1.1)-(1.3),
for any initial data W° = W°(x) in (1.4), we have

_ (1)
5,(t) = %)QE [1— cos(27.t)] + 012 cos(2yxt) + ng sin(2v,t),  t>0. (4.16)

(i1) In 2D with a radially symmetric trap, i.e. d =2 and v, = vy =y in (1.1)-(1.3),
for any initial data W° = WO (x,y) in (1.4), we have, for time t > 0,

By (0) + QL) 0) — E © 5
32 [1 — cos(2y,t)] + 0,” cos(2v,t) + 2

or(t) = sin(2v,t),  (4.17)

where 8,(t) = 6, (t) + 8,(t), v := 6,(0) + 6,(0) and 8" := &,,(0) + 8,(0).

Proof: (i) When 6, = 6, =0, B=0,Q=0and E; = Ey = E_; := F in (1.1)-(1.3),
from (4.3) with d = 1, noticing (1.10), we have

4>, (t 2 : 2
e = —2’yx5x(t)+/Rd D 20

Jj=-1

~—

1
L Lo, ) -
= i [, 3 (Gl + V@ + Bll) -4

= —4y20,(t) + 4By (0) —4E,  t>0. (4.18)
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Thus, (4.16) is the unique solution of the second-order ODE (4.18) with the initial data
(4.4) and (4.5).

(ii) Define
g(wy =gy Bt B 2 apg(or t po) + (B — Budprpr + BuRe (vt

When B =0, v, = vy =7 and By = Ey = E_; := E in (1.1)-(1.3), from (4.3) with
d = 2, we have

A5, (t) !
dt? - /Rz [

3 2<|amj|2 — 2% (28, + YD )5 — Q2 (a? — )|y 2
j=—1

—fyga;?ywj\?) + 2K(\I/)] dx, (4.19)

a5, (t) !
d?tJ2 N /Rz [

5 2105+ 2205 (w0, + 402}y + 0¥(a® — )

j=—1
—7§y2|¢j|2) + 2K(\If)] dx. (4.20)

Summing (4.19) and (4.20), we obtain

D~ s+ (erw%u« ))dx

j=—1
_ _475() AE + AQ(L)(¢)

[ _Z [SIV0P 4 (V00 + Bl — 0 Relw L) + K (W) dx

= —4925,(t) + 4By (0) — 4F + 49Q(L.)(0), t>0. (4.21)
Thus, (4.16) is the unique solution of the second-order ODE (4.21) with the initial data
(4.4) and (4.5). O

5 Dynamics of a stationary state with its center shifted

In this section, we assume that B = 0in (1.1)-(1.3). Let ® := ®(x) = (¢1(x), ¢o(x), p_1(x))"
be a stationary state of the CGPEs (1.1)-(1.3), i.e.

ndi(x) = (—%v? V) + By — QL. + B p+ Bslp1 + po — p—1)> b1+ Bod™ 182,
poto() = (=5 V24 V) + By~ QLo+ 6y p+ Gulor + po) ) do -+ 280-10561
Hodoi(x) = (—%v2+V<x>+E_1—QLZ+5np+ﬁs<p_1+po—m>) b1+ Bl dR,

where 1, o and p_q are chemical potentials and they satisfy

pa + p—1 = 2pp. (5.1)
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If the initial data U°(x) in (1.4) is chosen as a stationary state with its center-of-mass
shifted from the trap center, one can construct an exact solution of the CGPEs (1.1)-(1.3)
with a harmonic oscillator potential (1.6). This kind of analytical construction can be
used, in particular, in the benchmark and validation of numerical algorithms for CGPEs.
In [17, 11, 3, 36], similar kind of solutions have been constructed for the Gross-Pitaevskii
equation of single-component BEC and CGPEs of two-component BEC. Here we extend
this study to the spin-1 BEC.

Lemma 5.1 If the initial data V°(x) in (1.4) is chosen as

PO(x) = (x — x0)e!@ >+ x e Re (5.2)
where x° = (29,...,29)7T € R? is a given point, a° = (af,...,a))" € R is a vector and
b0 € R is a constant, then the exact solution of (1.1)-(1.3) with the initial data (5.2)
satisfies:

Pi(x,t) = ¢j(x — x(t)) et @) xHb(1) - w e R ¢ >0, j=-10,1, (5.3)
where for any time t > 0, x(t) satisfies the following second-order ODE system:

t) —2Qy/(t) + (72 — Q)a(t) =
2 y(t) =
z(0) =2, y(0)=a5,  2/(0)

Moreover, if in 8D, another ODE needs to be added:

0,
0, t>0,
QY+ a2 (0)=—-Qa) +aJ. (5.6)

() 4+ ~22(t) = 0, 2(0) = 29, 2 (0) = 0. (5.7)

In addition, a(t) = (a1(t),...,aq(t))” and b(t) satisfy

a'(t) = —Ax(t) + QJa(t), (5.8)
b (t) = —g\a(tw - %x(t)T Ax(t) +Ox(t) Jalt),  t>0, (5.9)

with initial data
a(0)=a"  b(0) =0 (5.10)

where for d =1,

ford =2,
2
(v O _( 0 1
A‘(O v) ! (—1 0)’
ford =3,
20 0 0 10
A= 0 ~ 0 |, J=| -1 0 0
0 0 42 0 0 0

Proof: The proof follows the line of the analogous result in [3] for GPE with an angular
momentum rotation term for the single component BEC. O
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6 Numerical method and results

In this section, we present an efficient and accurate numerical method to discretize the
CGPEs (1.1)-(1.3) for the dynamics of rotating spin-1 BEC and report some numerical
results to validate our analytical results in previous sections.

6.1 Numerical method

In the literature, different spectrally accurate numerical methods were proposed to dis-
cretize GPE or CGPEs for studying the dynamics of BECs (cf. [7, 2, 3, 4] and references
therein). The key ideas of these methods are: (i) using a time-splitting technique to decou-
ple the nonlinearity; (ii) adopting the spectral method to discretize the free Schrodinger
equation without/with the angular rotation term; (iii) constructing the proper spectral
basis functions such that the reduced ODE system is decoupled and thus can be integrated
in time exactly.

Here we will present a spectrally accurate method for the CGPEs (1.1)-(1.3) based on
the above ideas. To do this, we first rewrite (1.1)-(1.3) into the form

10U (x,t) = CV + DV + GV, (6.1)
where the matrices
C =diag{H, H, H}, D =diag{di, do, ds}, (6.2)
0 Bs¥* 1o + B 0
G=G\)=| Bsb1y;+ B 0 Bsg1 +B |, (6.3)
0 ﬁs¢0 ¢I + B 0

with
1
H = _§v2_QLza dl :V(X)+E1+ﬁnp+ﬁs(m+ﬂo—p—1),
do =V (x)+ Eo+ Bup+ Bs(p1 + p—1), d3=V(x)+E_1+ Bup+ Bs(p—1 + po — p1)-

Then the CGPEs (1.1)-(1.3) can be splitted into the following three subproblems:

i0,0(x, ) = CU(x, ) — (—%W - QLZ) U(x, t), (6.4)
iV (x,t) = DY(x,1), (6.5)
10V (x,t) = GU(x,1). (6.6)

For a given time step At > 0, we denote the time sequence t, = nAt for n = 0,1,2,...
Let U™ := U™ (x) = (¢7(x), Y5 (x), 9", (x))T be the approximation of ¥(x,t,). Then from
time t = t,, to t = t,41, a second-order symplectic time integrator for (6.1) can be given
as follows [32, 4, §]

gl — e—iC’At/Z\I,n, v — e—iDAt/2\Ij(l), g3 — e—iGAt\Ij(2),

T _ —iDAY2g(3) gl _ g—iCAL/2q(4) (6.7)

The key for an efficient implementation of (6.7) is to solve (6.4)-(6.6) efficiently on the
time interval [t,,t,+1]. Different techniques were proposed in the literature for efficiently
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discretizing the subproblem (6.4) (cf. [3, 7, 37] and references therein). Here we adopt the
technique proposed in [3, 37] for rotating BEC. The nonlinear ODE system (6.5) leaves
[Y(x,t)| (j = —1,0,1) invariant in time ¢, i.e., [¢;(x,t)] = [j(x,t,)| for t € [t,, tni].
Thus, the ODEs in (6.5) can be integrated exactly. For the nonlinear ODE system (6.6),
we can not solve it exactly. Here, we use the approach applied in [8], which integrates (6.6)
over the time interval [t,,t,+1] and then approximates the integral by the second-order
Runge-Kutta approximation [8]. The detailed scheme for (6.6) is

tn
W s ) = e (<[ GQU 7)) dr) W)
tn

n TIAUGEMFEWN) /2 gn AR gn (6.8)
where
T =" — i At GU™)I™ = (P, o, ¥_1)7 |
1 _ 0 T12 0
RU") =5 (GO +G®)) = | rfy 0
0 7";3 0
with
_ﬁs n o \x_ n Tx  Tn _ﬁs n\*_ |mn Tk n
M2 =5 ((7/’—1) Yo ‘1'7/)—17%) + 5, "B =y ((%) ¥i +¢0¢1) +B.

Since G(V) is a Hermitian matrix, R(¥") is also a Hermitian matrix. Following [8], we
can explicitly compute the approximation in (6.8) as

\II""H _ e—z’AtR(\I/") g — (P e—iAtA (P*)T) \I/n7 (69)
where
0 0 0 1 \/57"23 T2 —Ti2
A=lox 0 |, P=—]| 0 A2
0 0 —)\ 2A —V2rip T35 —T33
with

A =/|r12)? + |res|?.

For more details, see [8, 4] and references therein.

6.2 Numerical results

In the following, we report some 2D numerical results to verify our analytical results about
the dynamics of spin-1 BEC. The CGPEs (1.1)-(1.3) is solved in the polar coordinate (r, )
within a truncated domain Qr = {x | [x| < R}, where R = 20 is large enough to neglect
the truncation effect. We choose the mesh size Ar = 0.005 and Af = 7/128 and the time
step At = 0.0001.

Example 1. Dynamics of the density of each component, we choose d = 2, 2 = 0.6,
Yo =Yy = 1.0, B, =100 in (1.1)-(1.3). The initial data in (1.4) is chosen as

Wx) = (@ +iy)o(x),  Gx)=20(x),  ¥2i(x) = (z + 2iy) $(x) (6.10)
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with

d(x) = < exp <_a;2 ;_ y2> , x € R? (6.11)

where the constant C' is chosen such that the initial data satisfies the normalization (1.9).
Figure 1 shows time evolution of the density of each component and related quantities for
four sets of parameters:

(i) Bs=0,B=0,FE, =1, Ey=2, E_| = 4;

(i) Bs=0,B=2 E1=FEy=FE_1=1;

(111) ﬁs — 50, B = 2, E1 = 1, EO = 2, E_1 = 3;

(iv) Bs=50,B=2 E1=1,Ey=2, E_; = 4.

From Fig. 1, we can draw the following conclusions: (i) the total density N (¢) is always
conserved. (ii) When 5 = 0, if furthermore B = 0, then the density of each component is
also conserved (cf. Fig. 1 for case (i)); otherwise, it evolves periodically if B # 0 (cf. Fig.
1 for case (ii)). In addition, if either B = 0 or By = Ey = E_1, the quantities P, ;(t) and
Qi x(t) are periodic functions (cf. Fig. 1 for cases (i)&(ii)). The above results agree with
those in Lemma 2.3. (iii) If 5 # 0 but Ey + E_; = 2Ey, only My(t), P(t) and Q(t) are
periodic functions (cf. Fig. 1 for case (iii)), which confirms the results in Lemma 2.2.

Example 2. Dynamics of the angular momentum expectation, we choose 2 = 0.6,
Bn =100, E1 =1, Ey = 2, and F_; =4 in (1.1)-(1.3). The initial data in (1.4) is taken as

7‘2 .
Pl(x) =Cre” ™’ j=-1,0,1, (6.12)

where the constant C' is chosen such that the initial data satisfies the normalization in
(1.9). Figure 2 shows time evolution of the angular momentum expectation for four sets
of parameters:

(i) Va=vw=108=B=0,m =1, myg=0,and m_; = —1;

(i) v2=v=106,=50,B=2m; =1, my=0,and m_; = —1;

(i) =7 = 1, Bs =50, B =2, m; =1 (j = —1,0,1);

(iv) va =1,7 =2, 8, =50, B=2,m; =1 (j = —1,0,1).

Fig. 2 suggests that: (i) if 7, = ~,, the total angular momentum expectation (L.)(t)
is conserved for any time ¢ > 0 (cf. Fig. 2a,bd&c). Furthermore, if 3, = B =0o0r m_; =
mgy = mq := m, the angular momentum expectation for j-th component, i.e. (L,);(t), is
also conserved for j = —1,0,1 (cf. Fig. 2a&c). In addition, if 8, = B =0, (L.);(t) is also
conserved for j = —1,0,1 (cf. Fig. 2a). (ii) If v, # -y, the angular momentum expectation
(L.)(t) and related quantities (L.);(t) (j = —1,0,1) are, in general, not conserved (cf. Fig.
2d). These numerical results confirm the analytical results in Lemmas 3.1-3.2.

Example 3. Dynamics of the condensate widths, we choose d = 2, 2 = 0.6, 3, = 100,
Bs =50, B=0and Ey = Ey = E_; = 0 in the CGPEs (1.1)-(1.3). The initial data is
chosen as

N

T

r2 r2 .
P(x) =Cre~7e?, YJ(x)=2Cre” 7, % (x)=Cre ze ¥ (6.13)

with C a constant ensuring that the initial data in (6.13) satisfy the normalization condi-
tion (1.9). Figure 3 shows time evolution of the condensate widths d,(t), d,(t) and 0,(t)
for two sets of parameters: (i) v, =7y = 1; (ii) 7, =1 and v, = 2.
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Figure 1: Dynamics of N;(t), P x(t) and Q;x(t) in Example 1 for case (i) (left) and case
(ii) (right).
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Figure 2: Dynamics of the angular momentum expectation in Example 2 for a). case (i);
b). case (ii).

Figure 3 shows that the condensate width 6,(t) is a periodic function when v, = 7,.
In addition, 0,(t) = d,(t) = 0,(t)/2 is also a periodic function (cf. Fig. 3a). While in
general, they are not periodic when v, # v, (cf. Fig. 3b).

In fact, the numerical results in the above three Examples not only confirm our an-
alytically results obtained in previous sections but also demonstrate the accuracy of our
numerical method for simulating the dynamics of spin-1 BEC.

Example 4. Interaction of vortices in rotating spin-1 BEC, i.e., we take d = 2,
Ye =7 =1, B=0and E} = Ey = E_; = 0in (1.1)-(1.3). The initial data in (1.4) are
chosen as follows:

Case L. Interaction of vortices with the same winding number, i.e.
¢?(£L’,y) = ¢+(x+a;0,y), ¢8($,y) = 2¢+(‘Tvy)7 ¢91(x,y) = ¢+(x—xo,y); (6’14)
Case II. Interaction of vortices with opposite winding numbers, i.e.

w&)(xvy) = ¢+(.’L’ + xOvy)v w(())(xvy) = 2¢_(x,y), wo—l(‘rvy) = ¢+(.’L’ - x07y); (615)

where

C

Nl iy)e" @I (2y) € R?,

¢:|:($ay) =
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Figure 3: Dynamics of the condensate widths in Example 3 for: a). case (i); b). case (ii).

represents a vortex state located at the origin with winding number 41, and zg is the
initial position of the vortex. In our simulations, we choose zy = 0.6 in (6.14) and (6.15).

Figure 4 depicts time evolution of the vortex centers when the interaction parameters
are small, i.e. 8, = 10 and (s = 5, for different rotation speed 2. In fact, when (3, and [
are small, the dynamics of the vortices in cases I and II are quite similar. On the other
hand, the situation becomes more complicated when the interaction parameters 3, and
S35 are large, especially in case II. Figures 5 and 6 show the densities p;(x,t) = [1;(x,t)[?
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Figure 4: Trajectories of vortex centers in Example 4 with G, = 10 and 85 = 5, i.e. weak
interaction, for different Q2 (left) and time evolution of x;(t) and y;(t) (for j = —1,0,1)
when ©Q = 0.6 (right): a) for case I; and b) for case II.

(j = 1,0,—1) and p = p1 + po + p—1, and the phase S; (¥; = \/p;je'i,j = —1,0,1) at
different times, respectively, with = 0.6, 6, = 100 and Ss = 90, i.e. strong interaction,
for case I. Figures 7 and 8 show similar results for case II. Figure 9 displays the dynamics
of the angular momentum expectation with €2 = 0.6, 5, = 100 and G; = 90 for cases I
and II. In Fig. 4, the symbols ‘4’ and ‘—’ represent the initial location of a vortex with
winding number +1 and —1, respectively. While in Fig. 5-8, they represent the positions
of vortices at a given time t.

From Fig. 4 and additional numerical results not shown here for brevity, we have
the following observation for the vortex interaction in spin-1 BEC when the interaction
parameters 3, and (s are small: in both cases I and II, the vortex initially located at
the origin of mp = 0 component does not move during the dynamics; for different €2,
the trajectories of the other two vortices located in mpr = +1 components could be very
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Figure 5: Contour plots of the density p_1(t), po(t), p1(t) and p(t) (from left column to
right column) over the dimensionless domain [—8, 8] x [—8, 8] in Example 4 with 2 = 0.6,
B = 100 and G5 = 90 for case I.

different (cf. Fig.4(left)). In addition, we find that the dynamics of the vortices in cases
I and II are quite similar. For both cases, the number of vortices is always conserved
during our computational time, i.e. ¢ € [0,10]. On the other hand, from Figs. 5-9 and
additional numerical results, we can draw the following conclusions when the interaction
parameters (3, and s are large: (i) in case I, the vortex initially located at the origin
in mp = 0 component does not move during the dynamics, while the other two vortices
initially located at (£0.6,0) in spin component mp = =+1 rotate counter clockwise (cf.
Fig. 5). During the dynamics, these three vortices never collide and annihilate. (ii) In
case I, the vortex initially located at the origin in spin component mpr = 0 will disappear
and then re-generate after some time (cf. Fig. 8); the other two vortices initially located
at (£0.6,0) in spin component mp = +1 start to rotate clockwise at time ¢t = 0 (cf. Fig.
7). (iii) In case II, the number of the vortices is not conserved. During the dynamics, new
vortices are generated near the boundary of each spin component and they propagate into

2
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Figure 6: Contour plots of the phase S_1(t), So(t) and Sy(t) (from left column to right
column) over the dimensionless domain [—6,6] [ 6,6] in Example 4 with Q = 0.6,
G = 100 and G5 = 90 for case I.

Z

the condensate and interact with other vortices in the same spin-component and different
spin-components. (iv) In addition, our extensive numerical results show that the dynamics
and interaction patterns highly depend on z( in (6.14) and (6.15). Similar to the single
component case [21, 35], the above results show that the interaction of vortices in rotating
spin-1 BEC might be very interesting and complicated, and more systematic study will
be carried out in our future study.

7 Concluding remarks

We have studied analytically and numerically the dynamical properties of the coupled
Gross-Pitaevskii equations (CGPEs) without/with an angular momentum rotation term
and an external magnetic field for the dynamics of nonrotating/rotating spin-1 Bose-
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Figure 7: Contour plots of the density p_1(t), po(t), p1(t) and p(t) (from left column to
right column) over the dimensionless domain [—8, 8] x [—8, 8] in Example 4 with 2 = 0.6,
G = 100 and G5 = 90 for case II.

Einstein condensates (BECs). Along the analytical front, we obtained a system of first
order ordinary differential equations (ODEs) governing the dynamics of the density of
each component and related quantities and solved the ODEs analytically in a few cases;
proved the conservation of the angular momentum expectation when the external trap-
ping potential is radially symmetric in two dimensions or cylindrically symmetric in three
dimensions; derived a second order ODE for the dynamics of the condensate width and
showed that it is a periodic function without/with a perturbation; and constructed the
analytical solution of the CGPEs when the initial data is chosen as a stationary state
with its center-of-mass shifted away from the external trap center. Along the numerical
front, we discussed numerical methods for solving the CGPEs and applied them to study
numerically the dynamics of spin-1 BEC. Our numerical results confirm the analytical
results of CGPEs for the dynamics of spin-1 BEC.
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Figure 8: Contour plots of the phase S_1(t), So(t) and Sy(t) (from left column to right
column) over the dimensionless domain [—6,6] x [—6,6] in Example 4 with = 0.6,
G = 100 and G5 = 90 for case II.
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