Problems #9, Math 325, Dr. M. Bohner. Nov 4, 98. Due Nov 11, 11:30 am.
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Show that the Dirichlet, Neumann, Robin, and periodic boundary conditions are symmetric. For which condi-

tions on «, 3,7, € R are the conditions f(b) = af(a) + Bf'(a), f'(b) =vf(a) + §f'(a) symmetric?

Consider an eigenvalue problem f” + Af = 0 with symmetric boundary conditions.

(a) Show that if f(b)f'(b) — f(a)f'(a) <0 for all f: [a,b] — R satisfying the boundary conditions, then there
is no negative eigenvalue.

(b) Show that the condition in (a) is satisfied for Dirichlet, Neumann, and periodic boundary conditions. In
which cases is it satisfied for Robin conditions?

Let V be a complex vector space. An inner product on V is a mapping (-,-) : V x V' — C such that for all

z,y,z€Vandall A € C: (z,y) = (y,2), A\z,y) = XNz,7), (x+v,2) = (z,2) + (y,2), and (z,z) > 0 if z # 0.

(a) Prove (z,y + 2) = (z,y) + (z,2) and (z,\y) = Az, 9).

(b) Prove ||z|| > 0 and ||z|| =0 iff z = 0 and ||[Az| = |A]||z]|.

(¢) Show that (z,y) = xTﬂ is an inner product on C™.

(d) Show that (f,g) f f(z dx is an inner product on the vector space of all continuous complex-valued
functions on [a, b].

Let V be a real vector space with inner product (,-). We call z,y € V orthogonal (write z L y) if (z,y) = 0.

Also, we put ||| = \/(z,z). Prove the following statements. Also draw a picture for the case V = R

() (& —y) L (2 +) iff o] = [yl

(b) (x—2) L (y—2)iff lz — 2" + |ly — 2|* = [}z — y]|*.

(© llz+yl* + llz = I =2 (Jl2l* + 1yl

(@ 1@ )| < 2] Iyl

(@) [lz+yll < [lzll +[lyll-

Let V be a real vector space with inner product (-,-). Let {e; : ¢ € N} C V be orthonormal, i.e., (e;, e;) is zero

ifi#jandisoneifi=j. Let n € N,z € V, and \; € R for ¢ € N. Prove the following:
n

(a) =2 [l
i=1
2

(b)

n n
= Nl + 35 1 = il = X feaf? with i = (@ e0);
(c) hm Z (2, ¢;)|? exists and is less than or equal to ||z]|>.

xr — Z )\iei

For thls problem use the inner products defined earlier for the various cases, respectively.

(a) Find a set of three orthonormal vectors in R3.

(b) Find « such that e, (t) = ae™, n € Z are orthonormal on [, 7].

(c¢) For the set of real-valued polynomials on [—1,1], show that p(x) = z is orthogonal to every constant
function. Next, find a quadratic polynomial that is orthogonal to both p and the constant functions.
Finally, find a cubic polynomial that is orthogonal to all quadratic polynomials. Hence construct an

orthonormal set with three vectors.



