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ABSTRACT

In this work we derive a linear second-order dynamic equation which describes multiplier-
accelerator models on time scales. After we provide the general form of the dynamic equa-
tion, which considers both taxes and foreign trade, i.e., imports and exports, we give four
special cases of this general multiplier-accelerator model: (1) Samuelson’s basic multiplier-
accelerator model. (2) We extend this model with the assumption that taxes are raised by
the government and that these taxes are immediately reinvested by the government. (3)
We give Hicks’ extension of the basic multiplier-accelerator model as an example and (4)
extend this model by allowing foreign trade in the next step. For each of these models we
present the dynamic equation in both expanded and self-adjoint form and give examples

for particular time scales.
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1 Introduction

In 1939, Samuelson combined in (Samuelson, 1939) the multiplier model with the acceleration
principle. The acceleration principle is a theory which states that small changes in the demand
for consume goods can generate large changes in the demand for investment (capital) goods
needed for their production. In (Samuelson, 1939), he derived a second-order difference equa-
tion which describes the model of the combination of those two principles. In his interaction
model, he assumes that the national income Y is dependent on the following three expendi-
ture streams: Induced investment I, autonomous investment G (government expenditure), and
consumption C. Autonomous investment is the part of investment that is totally independent of
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the current state of the economy, whereas the induced investment does depend on the present
state of the economy. The consumption is supposed to be strictly proportional to the national
income with a one period lag, i.e., (1) C; = bY;_1, where b is the propensity to spend money.
If now one of the components G or I, i.e., autonomous or induced investment, is increased,
then the multiplier doctrine states that the national income will also increase, but this increase
is higher than the initial increase of investment. In (Samuelson, 1970), the author defined:
“The multiplier is the number by which the change in investment must be multiplied in order
to present us with the resulting change in income.” The model also assumes that the induced
investment is in a constant ratio with the increase of the consumption from the previous period
to the current period, i.e., (2) I; = BAC;—1 = B(Cy — Cy—1). In this formula § denotes the
accelerator coefficient. This is how the accelerator principle comes into the model. The ac-
celeration effect is the impact of change in consumption on the investment. We also see from
(2) that consumption has to continue increasing to make the investment stand still. Finally the
equilibrium condition (3) Y; = C; + I + G closes the model. Using (1) and (2), Samuelson
derived from (3) the linear second-order difference equation

Y —b(1 + B)Yi—1 + 082 = G. (1.1)

Of course this model can be made more complex for instance by assuming that the government
raises taxes. In this work we assume that the government reinvests the taxes completely in the
same period plus a constant rate G. Later Hicks extended this model, by making further as-
sumptions. This model differs from Samuelson’s basic multiplier-accelerator model according

to (Gandolfo, 1980, Chapter 6), in the following three main points:

1. The autonomous investment G is supposed to be of the form G; = A (1 + g)t, where 4y
is the initial value of the autonomous investment and g the growth rate of the autonomous
investment.

2. The accelerator-induced investment I does now not depend anymore only on the change
in the consumption demand, but on the change of the total demand, i.e., on the change
of the national income.

3. The induced investment is directly proportional to the increase of the national income
from two periods before to the previous period, i.e., AY; 5 =Y; 1—Y; s,andnot AY; | =
Y, - Y.

Another way to make the models more realistic is to assume that we are in an open economy.
With open economy we always mean that trade between countries takes place, i.e., we have
two new streams, imports and exports. If we say closed economy, we always mean that the
country does neither import goods from other countries nor does it export goods to other coun-
tries. The Hicksian model can be extended in a way that allows foreign trade, i.e., we suppose
that the nation imports and exports goods. We assume that the imports of the current period
M, are directly proportional to the national income with a one period lag, i.e., My = mY;_;.
Moreover we presume that exports X; grow with initial value X, and a constant growth rate z,
i.e., X; = Xo(1+ z)t. A summary of all important variables with explanations is provided in
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Table 1. Our goal is to derive a model which generalizes several multiplier-accelerator models
(the four which are mentioned in the abstract and explained above) on time scales where the
forward jump operator is delta-differentiable. This means that we want to unify and extend the
real and discrete cases of these models. The setup of this paper is as follows. In Section 2, we
establish a general multiplier-accelerator model on time scales. Next, in Section 3, we apply
our result to four different models and also show how the classical versions of these models
follow from our general results as special cases. Examples for specific time scales are offered.
Finally, in Section 4, we provide a short conclusion to summarize what has been done in the
paper.

Time scales theory was originally introduced by Stefan Hilger in 1988 in his PhD thesis (Hilger,
1988), supervised by Bernd Aulbach. In his work, he started to unify the theory of differential
equations and difference equations. In former times mathematicians always thought that a
dynamical process is either of a continuous or a discrete nature. But there are examples where
a unifying approach makes more sense. Applications in the fast growing time scales field can
be found for example in biological, physical-, life- and social sciences, and economics. Atici
et al. already examined some economic issues on time scales in (Atici, Biles and Lebedinsky,
2006) and (Atici and Uysal, 2008). In this work we omit a detailed introduction to time scales
and recommend the interested reader to consult (Bohner and Peterson, 2001) and (Bohner
and Peterson, 2003).

Table 1: Explanation of variables

stream or variable H explanation

Y national income

1 induced investment

G autonomous investment

C consumption

b propensity to spend money

Ié] accelerator coefficient

M imports

X exports

m import rate
Xo initial value of exports

x growth rate of exports

Ag initial value of autonomous investment (in Hicks’ model)
g growth rate of autonomous investment

A sum of autonomous investment G and exports X
T tax rate

5y either 8 or 3/b depending on the model
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2 The General Multiplier-accelerator Model on Time Scales

Let T be a time scale. For ¢ € T, the forward jump operator o : T — T is defined by
o(t):=inf{s € T:s>t}.

In this definition we set inf() = supT (i.e., o(t) = t if T has maximum ¢). If f : T — R is
a function, then the function f° : T — R is defined by f° = f o 0. The graininess function
u: T — [0,00) is defined by
w(t) :==o(t) —t.

We will also need the set T* which is defined in the following way: If T has a left-scattered
maximum m, then T* = T — {m}. Else, T* = T. Suppose f : T — R is a function and let
t € T%. Then f2(t) is defined as the number (provided that it exists) such that for every ¢ > 0,
there exists a neighborhood U of ¢ (i.e., U = (t — 4, + &) N T for some § > 0) such that

lf(@(®) = f()] = FADo(t) = s]| < elo(t) —s|  forall  sel.

We call this number f2(t) the delta-derivative of f at t. A function f : T — R is called rd-
continuous provided it is continuous at right-dense points in T and its left sided limits exist
(finite) at left-dense points in T. We will write the set of rd-continuous functions f : T — R as
Crq = Cia(T) = Cq(T,R). Afunction p: T — R is said to be regressive given that

14 u(t)p(t) #0 for all teT”

holds. The set of all regressive and rd-continuous functions f : T — R is denoted by R =
R(T) = R(T,R). Let p,q € R. Define the “circle minus” subtraction © on R by

(poq)t) = % forall te T~

The time scale exponential function e,(-,%) is defined for p € R and t, € T as the unique
solution of the initial value problem

v =p(tly, ylt))y=1 onT.
In our calculations we will also need the two useful formulas
Z° =7+ puZ”, 2.1)
and (see (Bohner and Tisdell, 2005, Lemma 1))
278 = gh 75, (2.2)

Throughout this whole work we require that the forward jump operator ¢ is delta-differentiable
andthatY . T-R, I:T—-R,C:T >R, A:T - Rand M : T — R. Furthermore we
require that I, C, A, and M are delta-differentiable on T*.
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21 Expanded form of the general multiplier-accelerator model

Let us consider an economy where the national income depends on consumption, induced
and autonomous investment, and import and exports. Furthermore suppose the consumption
is strictly proportional to the national income with a one-period lag and the induced investment
is in a constant ratio with the increase of the consumption from the previous period to the
current period. Moreover we assume that the autonomous investment consists of a constant
component G and an exponentially growing component Agegy (-, to) with growth rate g and initial
autonomous investment Ay, that the exports grow exponentially with growth rate = and initial
export Xy, that the imports of the current period M, are directly proportional to the national
income with a one-period lag, and finally that the tax rate is currently 7.

Definition 2.1. We define the general multiplier-accelerator model on time scales with the
following four axioms:

Y=C+I+A—-M+7Y, (2.3)
where A := G+ X, with G = G + Apey(-, to) and X = Xoe, (-, to),
17 =0, (2.4)
Co=b(1—7)Y + (u—1)Y2, (2.5)
M =mY. (2.6)
Lemma 2.1. In the general multiplier-accelerator model we have
1
IA=(1-7)Y2= 21— A® + M2 (2.7)
Y
and
YA=1"4+A°—(1+m—0b(1—-7)Y +7Y°. (2.8)
Proof. From equations (2.3) and (2.4) we have
@ ya_caga s ya @ ya e ga
Y

and using additionally equations (2.5), (2.6) and (2.1) we can derive
I+ A —(14+m—b1—7)Y +7Y7 Y5
@D oL AT Y —mY 01— )Y + 7Y — (b(1 = 7)Y — C7 + p¥2)

N

(26)

= I+ AT+ C7 =M+ 7Y% — (Y +pY?)

@Y CcrTrA-Myry) —ye @,
which concludes the proof. |
Theorem 2.2. Suppose that ¢® exists and let
ci=c" <% —-1- aéu%r) ER and d:=b(1-71)—1 (2.9)
ThenY satisfies
o c+0A%,u(mefd) 7dYA+ JA%(TN,*T* d)Y _ UA% s 2.10)
1+ pc 1+ pe 1+ pc
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Proof. Using Lemma 2.1 and equations (2.2), (2.1) and (2.6), we can derive that

yas @8 poa 4 goa _ (14+m—>b1—-7)Y247y78

e A Ly B e S St
1
(2:7) O’A (1 _ T)YAO- Iy L AAo' + ]\{[Aa 4 Ao‘A
Y
+(d—m)YD + 027y A°
. 1
B A1 YA oA (YA - AT £ (L b m - b(1 - 7)Y7 —TY)
Y
7O'AAAU + O_AA[AJ + AUA + (d _ m)YA + O'ATYAU
@1 A( 1> A AA Al oo al A
= oo (1——) (Y2 +puYy +0°=A%7 + 0 —(d—m)(Y +pY
o S ) gy as) 4ot ~(d=m)(Y £y
1
+O’A;T(Y + pY D+ po® (YA 4 pY22) + M2 4 (d — m)Y2
. 1 1 1
@0 5 (1 - 7> (YA 4+ pY 22 4 62 =A% 4 g2 —(d — m)(Y + puY?)
Y Y Y
1
-‘rO’A;T(Y +uY 2 4 po® (Y2 4+ pY22) +dy?
1 1
= —pcY?P 4 et pud—m+7)+d| Y2 +02Z(d—m+ 7)Y
v Y
1
+O,A_AUU7
Y
which completes the proof. O

Remark 2.1. If we assume Y = Y to be constant, we obtain a particular solution of (2.10)

Y = L, (2.11)
m—71—d
which is the equilibrium value of the national income. The deviations from this equilibrium value
will be given by the general solution of the corresponding homogeneous equation. The factor
1/[m — 7 —d] in (2.11) is called the multiplier coefficient. We know that o(t) = p(t) + ¢, i.e.,
if u is constant, then o2 (t) = p2(t) + 1 = 1. We can solve the homogeneous part of (2.10)
by finding the roots of the corresponding characteristic equation, provided that the homoge-
neous equation is regressive. Once we find the two solutions A\; and A\ of the corresponding
characteristic equation of (2.10), we know that the general solution of (2.10) is of the form
A(T(T

. (2.12)

Y = (116)\1('7150) + (126)\2('7 to) +

2.2 Self-adjoint form of the general multiplier-accelerator model

Since the expanded form of the second-order linear dynamic equation (2.10) seems rather
complicated, we derive now the self-adjoint form of (2.10). The next theorem tells us under
which conditions a dynamic equation in expanded form can be transformed into an equation of
the form

(pz®)2(t) + q(t)27(t) = 0, (2.13)

and more importantly it tells us how to transform it into form (2.13).
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Theorem 2.3. ((Bohner and Peterson, 2001, Theorem 4.12)) If a1, a2 € C,q and pas — a1 € R,
then we can write the second-order dynamic equation

Y22 L a1 ()Y2 4+ aa(t)Y =0
in self-adjoint form (2.13), where (with to € T*)
P = eal-to), a = c(paz — ar), and q = (1+ pa) pas.

Theorem 2.4. Let c and d be as in (2.9). Suppose o2 € Cq and ¢, d € R. Then the corre-
sponding homogeneous equation of (2.10) has the self-adjoint form

(calt0)Y2)2 (1) + UA(t)%[(m — P e d(Bealt, t)Y(t) = 0, (2.14)

where
a=cod.
Proof. By Theorem 2.3 we have

o?lum—-7r-d) c+oPium—-71-d)—d
a=0 Bl _ Bl
1+ pe 1+ pe

d—c
79<1+NC> =0o(doc)=cod,

where we have used (Bohner and Peterson, 2001, Exercise 2.28). Thus we get (using (Bohner
and Peterson, 2001, Theorem 2.36))

p= caleto) = cosal-to) = S0
Furthermore
q= (14 pa)pas = [1 + p(c © d)pag = iii;pag = pUA%ml_JriT/;id
= po®Lm -7 o d.
Y
This completes the proof. |

3 Applications

3.1 The tax-extended version of the basic multiplier-accelerator model
In this section we set m =0, v = 3, A4 =0and X, = 0.

Theorem 3.1 (Expanded Form). Suppose that o2 exists and let

1 1
ci=c" <B_1_0AMET) ER and d:=b1l-7)—-1. (3.1)
ThenY satisfies
yaa C*O‘A%;L(T+d)*d A_UA%(T+d) B O’A% _ (3.2)
1+ pe 1+ pc T 1+ pc ’
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Proof. The proof follows directly from Theorem 2.2. |

Theorem 3.2 (Self-Adjoint Form). Let ¢ and d be as in (3.1). Suppose o2 € C,qandc¢, d € R.
Then the corresponding homogeneous equation of (3.2) has the self-adjoint form

(calt0)Y2) ™ (1) + 0%)%[(*7) © (b(1 = 7) = D]®)ealt; to) Y7 (1) = 0, (3.3)
where
o= <%(1 —oPur) — 1) obl-1)—-1)=cod
Proof. The proof follows immediately from Theorem 2.4. O

Example 3.3. (i) If T =R and to = 0, then equation (3.3) can be written as

!
(e(%fb(lfT))tY’) + %(1 -b)(1-— T)e(%fb(lfT))tY =0.
Js
(i) If T =Z and ¢y, = 0, we obtain the expanded form
G

1—7

AAY, + (2-b(1+B3)AY; + (1 - b)Y, =

or using the usual substitutions we arrive at (see (Gandolfo, 1980, Exercise 6.1.b))

G
Yipo — b(1 + B)Yiy1 + B0Y; = 1—F

3.2 Samuelson’s basic multiplier-accelerator model

Now we set m = 0, 7 = 0, Ag = 0, Xo = 0 and v = . Looking at the general multiplier-
accelerator model, we can derive the following theorems. Samuelson’s multiplier-accelerator
model can be described on time scales with the following linear second-order dynamic equa-
tion.

Theorem 3.4 (Expanded Form). Suppose that o2 exists and let

1

ci=o? (5 - 1> €eR and d:=b-1. (3.4)

ThenY satisfies

— Al Al Al
AA ¢ d<1+0' ﬂﬂ) Aia Bd _ o B oo
Yoo + = G°. (3.5)
1+ pe 1+ pe 1+ pe

Proof. The proof follows directly from Theorem 3.1 with 7 = 0. |

The next theorem tells us how equation (3.5) can be written in self-adjoint form.

Theorem 3.5 (Self-Adjoint Form). Let c and d be as in (3.4). Suppose o> € C,qandc, d € R.
Then the corresponding homogeneous equation of (3.5) has the self-adjoint form

1
I5)

a:aA<%—1>9(b—1).

(cal-10)Y2)™ (8) + 02 (1) (B0 — 1) (B)ealt, t0)Y7(t) = 0, (3.6)

where
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Proof. The proof follows immediately from Theorem 3.2 with 7 = 0. O

Example 3.6. (i) In the discrete case (T = Z), we have p = 1 and 2 = 1. Thus equation
(3.5) turns into
AAY; + (2 -b(1 4 8))AY; + (1 = 0)Y; = Gy, (38.7)

If we substitute AY; = Y11 — Y; and AAY; = Yo — 2Y;4 + Y2 in (3.7), then equation
(3.7) turns into
Yita = b(1 + B)Yi1 + bBY; = Giy2,

i.e., the homogeneous part of the equation is the same as in the model without taxes. This
is the linear second-order difference equation Samuelson derived in (Samuelson, 1970).
(i) In the continuous case (T = R), we have n. = 0 and 2 = 1. This means that equation
(3.5) has now the form
" 1 ro 1 G
Y +<ffb)Y +-(1-d)Y =—,
B B -0 B
compare (Puu and Sushko, 2006, Chapters 3.8 and 3.9).

(i) If T = ¢", then u = (¢ — 1)t and o> = ¢, i.e., equation (3.5) can be rewritten as

an, GA=D@-Dt—ql—F) +1-b_ g1 —b)

e 1—q(1— )¢ -1t +1—q(1—%)(q—1)t
_ a5 )
ST Do ¢ Y

3.3 The Hicksian extension in open economies

In this section we set 7 = 0, v = % and G = 0. The Hicksian extension assumes the au-
tonomous investment to grow exponentially with initial value A, and constant growth rate g.
Furthermore it is assumed that the induced investment I does not depend anymore only on
the change in consumption demand, it now depends on the change of the total demand. For
more details, the interested reader might consult (Gandolfo, 1980).

Theorem 3.7 (Expanded Form). Suppose that o exists and let

1
ci=oh <7 71> €R and d:=b-1 (38)
~
ThenY satisfies
Al Al Al
yoa  crotqulm—d)—d \ ofim=d) % o (3.9)
14 pe 1+ pe 1+ pe 7

where A%7 = Aped? (-, to) + Xoe3? (- to)-

Proof. The proof follows directly from Theorem 2.2. O
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Theorem 3.8 (Self-Adjoint Form). Let c and d be as in (3.8). Suppose 02 € C.qandc, d € R.
Then the corresponding homogeneous equation of (3.9) has the self-adjoint form

1
(ea(-7to)YA)A (1) + GA(t);[m o (b -1)]t)ealt,to)Y(t) =0, (3.10)
where 1
a=c <7—1>6(b—1):ced.
ol
Proof. The proof follows immediately from Theorem 2.4. O

Example 3.9. (i) If T =Z and ¢, = 0, then equation (3.9) has the following form.

1
52+m—-b)-b

AAY, + AY; 4+ (1 =b+m)Y; = Ag(1 + ¢)"F2 + Xo(1 4 2)t2,

1
5
or applying the usual substitutions we obtain (see (Gandolfo, 1980, Exercise 6.3))
Yirz + (m — (b+ ) + BY: = Apya.

(i) If T =R and ¢y = 0, then equation (3.9) turns into

1 1 1 1
Y+ <7 - b) Y4+ —(1-b+m)Y = — (Aoe? + Xope™') = —A(t).
¥ Y ¥ 2l

3.4 The Hicksian extension in closed economies
In this sectionwe setm =0,7=0,G =0, Xo=0and y = %.

Theorem 3.10 (Expanded Form). Suppose that o2 exists and let

c::aA<1—1>eR and d:=b-1. (3.11)
Y

ThenY satisfies

c—d(l-&-oAl,,u,) oAly oAl

ves TAYA - Sy = T Ages? (- o). 12
’ 1+ pe 14 pe 14 pe 0¢g” (o) (3.12)
Proof. The proof follows directly from Theorem 3.7 with m = 0 and X, = 0. 0

Theorem 3.11 (Self-Adjoint Form). Let c and d be as in (3.11). Suppose
o® € Cq and ¢, d € R. Then the corresponding homogeneous equation of (3.12) has the
self-adjoint form

1
(ea(-t0) YA)A (1) + aA(t);(@(b — 1)) (t)ealt,to)Y(t) = 0, (3.13)
where 1
a=c <7—1>6(b—1):c@d.
Y
Proof. The proof follows directly from Theorem 3.8 with m = 0 and X, = 0. O

10
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Example 3.12. (i) If T = Z and t( = 0, then equation (3.12) turns into
AAY; + (2= b(1 +7)AY; + (1 = b)Y; = Ag(1 + 9)"*2,
or (see (Gandolfo, 1980, Exercise 6.2))
Yira = (b+ B)Yerr + BY; = Ao(1 +9)" .

(i) If T =R and tg = 0, then equation (3.12) can be written as

" 1 ;1 Apedt
% +<7—b>Y Fo1-by = 20
Y Y vy

(i) If T = ¢N, then u = (¢ — 1)t and o> = ¢, i.e., equation (3.12) can be rewritten as

an A=b)@-Dt—ql-2)+1-b_ q5(1-0)
R =g - Dg— o= Dy
.

= Ape?? (t,tg).
T gl D= 0 )

4 Summary

This paper has considered the problem of unification of continuous and discrete multiplier-
accelerator models. To accomplish this goal, the relatively new theory of dynamic equations
on time scales was employed. This theory not only unifies the continuous and the discrete
cases, but also extends those to other cases “in between”. We presented a general multiplier-
accelerator model on a time scale in both the expanded and self-adjoint form and used it to
derive four other multiplier-accelerator models on a time scale: Samuelson’s basic multiplier-
accelerator model, the tax-extended version of the basic multiplier-accelerator, the Hicksian
extension in closed economies, and the Hicksian extension in open economies. For each of
the four models, we gave various examples using different time scales, and we also showed
how they reduce to the classical models when the time scale is chosen to be the set of all
integers.
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