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ABSTRACT. In this article we define the inverse limit of an inverse sequence
(X1, f1), (X2, f2), (X3, f3), ... where each X, is a compact Hausdorf space
and each f; is an upper semi-continuous function from X;; into 2Xi. Con-
ditions are given under which the inverse limit is a Hausdorff continuum and
examples are given to illustrate the nature of these inverse limits.

1. INTRODUCTION

Inverse limits on closed subsets M of the unit square [0,1] x [0, 1] were intro-
duced in [4]. In this article we generalize this definition to inverse limit sequences
(X1, f1), (X2, f2), (X3, f3),... where each X; is a compact Hausdorff space and
each f; is an upper semi-continuous function from X;,; into 2Xi. Most of the
theorems from [4] extend directly to this case with minor modifications and these
extensions were announced in [4]. We also establish some mapping theorems
between these inverse limits, provide some examples to indicate the variety of
continua that can be produced, and provide some examples to answer some of
the questions raised in [4].

2. DEFINITIONS AND NOTATION.

If Y is a compact Hausdorff space, then 2¥ is the hyperspace of compact
subsets of Y. Let each of X and Y be a compact Hausdorff space and let f
be a function from X into 2. The function f is upper semi-continuous at the
point € X if and only if for each open set V in Y containing f(z), there is an
open set U in X containing x such that if u is in U, then f(u) C V. The graph
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G(f) of f is the set of all points (x,y) such that y is in f(x). A mapping, (or,
for short, a map) is a continuous function. Inverse limits are usually defined for
sequences (X1, f1), (X2, f2), (X3, f3), ... such that for each ¢ X; is a topological
space and f; is a mapping from X;;; into X;. Such a sequence is called an
inverse limit sequence and the mappings f; are called bonding maps. In this
article we consider sequences (X1, f1), (Xs, f2), (X3, f3), ... such that for each &
X is a compact Hausdorff space and f; is an upper semi-continuous function from
X1 into 2%, We again refer to such a sequence as an inverse limit sequence and
the functions as bonding functions. In this case the inverse limit of the sequence
(X1, f1), (X2, f2), (X3, f3),... is a subspace of Il = [];,,X; with the product
topology. The points of the inverse limit are the sequences x = (x1, %2, x3,...) in
IT such that x; is in f;(x;41) for each i. If f;(x) is degenerate for each i and each
point = of X1 then this definition reduces to the usual one. In this article we use
bold characters to denote sequences and roman or italic characters to denote the
terms of the sequence. Thus if (X1, f1), (Xa, f2), (X3, f3),... is an inverse limit
sequence with upper semi-continuous bonding functions, then f = fi, fa, f3...
and we denote the inverse limit by @ f. As usual in inverse limits we use 7;
to denote the projection of a point x in II onto the i** coordinate space X; so
that 7;(x) = x;. In [4] a closed subset of the unit square whose z-projection is
[0,1] was shown to be the graph of upper semi-continuous functions from [0, 1]
into 2[%1. The next theorem shows that this result extends to compact Hausdorff
spaces and that the graph G(f) of an upper semi-continuous function f : X — 2Y
is closed. As a consequence of the following theorem if X is a compact Hausdorff
space and M is a closed subset of X x X, then there is an upper semi-continuous
function f : X — 2% such that G(f) = M so we may define lim M to be lim f
where f = f, f, f,....

Theorem 2.1. Suppose each of X and Y is a compact Hausdorff space and M
is a subset of X XY such that if © is in X then there is a point y in'Y such that
(x,y) is in M. Then M is closed if and only if there is an upper semi-continuous
function f: X — 2Y such that M = G(f).

PROOF. A proof that M is closed if M is the graph G(f) of an upper semi-
continuous function f from X into 2¥ can be found in [3, Theorem 1, p. 175].
Assume that M is closed and for each z in X, define f(x) to be {y € Y |
(z,y) € M}. Since M is closed, f(x) is closed for each x in X. To see that f is
upper semi-continuous, suppose x is in X and V is an open set in Y containing
f(x). If f is not upper semi-continuous at z, then for each open set U containing
x there exist points z of U and (z,y) of M such that y is not in V. For each open
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set U containing x, denote by My the set of all points (p,q) of M such that p
is in U and ¢ is not in V. Since the collection of all the closed sets My has the
finite intersection property and X x Y is compact, there is a point (a,b) common
to all the sets My. Since each My is a subset of M, (a,b) belongs to M. Since z
is the only point common to all the sets U, a = x. Further, b is not in V. This
contradicts the fact that b belongs to f(x). O

3. COMPACT INVERSE LIMITS

In this section we assume that (X1, f1), (Xa, f2), (X3, f3), ... is an inverse limit
sequence with upper semi-continuous bonding functions, and that X; is a compact
Hausdorff space for each i. It will be convenient to introduce the following nota-
tion: if n is a positive integer, G, denotes the set of all points x of IT =[], X;
such that x; € f;(x;41) for i <n.

Theorem 3.1. For each positive integer n, G, is a non-empty compact set.

PROOF. Since II is compact it suffices to show that G,, is closed. Let x be a point
of IT that is not in G,,. There is a positive integer £ < n such that xzj is not in
fe(zps1). But fr(zr41) is compact and closed since X, is a compact Hausdorff
space. Thus there are mutually exclusive open sets O and U in X} that contain
xr and fr(xg41) respectively. As fi is upper semi-continuous, there is an open
set V' containing xj41 such that if ¢ is in V, then fi(¢) C U. From this it follows
that 7, ' (0) N w;il(V) is an open set in II that contains x but no point of G,
so G, is closed and therefore compact. To see that G,, is non-empty, let y be a
point of G,, whose coordinates are defined inductively as follows. Select a point
Yn+1 of X141 and let y, be a point of f,(yn+1). Continue to inductively define
Yn—; to be a point of f,_;(yn—it1) for i < n. For i > n+ 1 let y; be any point of
X;. O

As an immediate consequence of Theorem 3.1 we have the result we sought in
the following theorem.

Theorem 3.2. K = l}@ f is non-empty and compact.

PRrROOF. G1,G2,G3, ... is a nested sequence of non-empty compact sets in the
compact Hausdorff space II, so ;. G is non-empty and compact. Clearly K =

ﬂi>0 Gi. U
If for each ¢ and each point x of X; there is a point y of X,;;; such that

x € fi(y) then for each point z; of X; there is a point x in the inverse limit
with 71 (x) = 1. Thus, in this case, one does not need the preceding theorem to
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see that the inverse limit is non-empty. This is analogous to the case for inverse
limits with surjective mappings.

4. CONNECTED INVERSE LIMITS

We next turn our attention to conditions under which inverse limits are con-
nected. By a Hausdorff continuum we mean a compact, connected subset of a
Hausdorff space while by a continuum we mean a compact, connected subset of
a metric space. We begin by giving conditions under which G(f) is connected
when f is an upper semi-continuous function from the compact Hausdorff space
X into closed subsets of a compact Hausdorff space Y. The fact that G(f) is
connected does not imply that the the inverse limit with such a function as the
only bonding function is connected, even when each of X and Y is the interval
[0,1]. See [4, Example 1] and Example 1 of Section 6 of this article.

Theorem 4.1. Suppose that each of X and Y is a compact Hausdorff space, X
is connected, f is an upper semi-continuous function from X into 2¥, and for
each x in X f(x) is connected. Then the graph G(f) of f is connected.

PROOF. Recall that G(f) = {(x,y) € X xY |y € f(x)} and assume that G(f) is
not connected. There are then two non-empty mutually separated sets H and K
with union G(f). The sets H and K are mutually separated if HNK = KNH = ().
If z is in X, then {z} x f(z) is a connected subset of G(f) and thus a subset
of one of H or K. Let Hy be the set of all points = of X such that {z} x f(z)
lies in H and let K; be the points z of X such that {z} x f(z) lies in K. H;
and K; are non-empty compact sets whose union is the connected set X so they
have a common point z. But this is impossible since {z} x f(z) would then be a
connected subset of both H and K. O

If M is a subset of the product X x Y of compact Hausdorff spaces, then
the inverse of M is the subset of ¥ x X consisting of all points (y,z) € ¥ x
X such that (z,y) is in M. We denote this inverse by M. The preceding
theorem for Hausdorff continuum-valued, upper semi-continuous functions has a
counterpart for upper semi-continuous functions whose graphs have inverses that
are the graphs of upper semi-continuous Hausdorff continuum-valued functions.

Theorem 4.2. Suppose that X and Y are compact Hausdorff spaces, Y is con-
nected, f is an upper semi-continuous function from X into 2¥ such that for
eachy inY {x € X |y € f(x)} is a non-empty, connected set. Then G(f) is
connected.
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PROOF. Let M = G(f)~!. Observe that M is closed if and only if M~ is closed.

Since by Theorem 2.1 M~! is the graph of an upper semi-continuous, Hausdorff

—! is connected by Theorem 4.1.

O

continuum-valued function from Y into 2%, M

For the next theorem it will be convenient to generalize the definition of the
graph G(f) of an upper semi-continuous function. If Y1,Ys,...,Y,,11 is a finite
collection of compact Hausdorff spaces and g; : Y;y; — 2% is an upper semi-
continuous function for 1 < i < m, let G(g1,92,-..,9m) = {z € H:’:{l Y| €

9i(xit1),1 <i<m}. If m =1, then G(g¢1) is the graph of ¢g;.

Theorem 4.3. Suppose X1, Xo,..., X411 is a finite collection of Hausdorff con-
tinua and f1, fo,..., fn is a finite collection of upper semi-continuous functions
such that f; : X;11 — 2% for 1 <i < n. If fi(x) is connected for each x in X;y1
and each i,1 <i <mn, then G(f1, fa,..., fn) is connected.

PROOF. We proceed by induction on the number of arguments for G. The case
that there is only one argument is Theorem 4.1. Suppose the theorem holds for
n arguments and let fi, fo,..., fnr1 be n 4+ 1 arguments for G. By the inductive
hypothesis, G(fa, ..., fnt+1) is connected. If H and K are closed sets whose union
is G(f1,-- .y far1) and b : G(f1,..., fax1) — G(f2,..., far1) is the continuous
transformation defined by h(z1,...,%nt1) = (T2,...,Zn4+1), then h(H U K) =
G(f2y- .., fnt1). Thus, there is a point p belonging to h(H) and h(K). Then, {x €
G(f1,-+s fnt1) | 1 € fi(p2) and z; = p; for 2 < i < n+ 1} is a connected set
intersecting both H and K. Consequently, H and K are not mutually separated.

O

The next theorem is an immediate consequence of Theorem 4.3.

Theorem 4.4. Assume that for each i X; is a Hausdorff continuum and for each
x € X;41 fi(x) is connected. Then for each positive integer n, G, is connected.

PROOF. Since G,, = G(f1, f2y- -+ fn) X Xnt2 X Xpnt3 X --- this follows immedi-
ately from Theorem 4.3. |

Recall that Theorem 4.1 and Theorem 4.2 were closely related, one being for
Hausdorff continuum-valued upper semi-continuous functions and the other for
functions whose graphs had inverses that were the graphs of Hausdorff continuum-
valued upper semi-continuous functions. The next two theorems bear a similar
relation to Theorem 4.3 and Theorem 4.4.
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Theorem 4.5. Suppose X1, Xo, ..., Xnq1 @s a finite collection of Hausdorff con-
tinua and f1, fa,..., fn 18 a finite collection of upper semi-continuous functions
such that f; : X;41 — 2% for 1 < i < n. If for each i,1 < i < n and each y of
Xi,{x € Xiy1 |y € fi(x)} is a non-empty, connected set, then G(f1, fa,-- ., fn)
is connected.

ProOOF. We proceed by induction. The case n = 1 is Theorem 4.2. Assume
the theorem holds for n, and let fi,..., f,4+1 be a collection of n 4+ 1 argu-
ments for G. If H and K are closed sets whose union is G(f1,..., fnt1) and
h:G(f1,. ., fa+1) = G(f1,..., fn) is the continuous transformation defined by
h(z1,. .. Zpy1) = (1,...,2Tp), then h(H) Uh(K) = G(f1,..., fn), so there is a
point p belonging to h(H) and h(K). Then, {z € G(f1,--., fut1) | i = pi, 1 <
i <n, and x, € fr(xn41)} is a connected set intersecting both H and K. Thus
H and K are not mutually separated. [

As an immediate corollary we have the following theorem.

Theorem 4.6. Assume that for each i X; is a Hausdorff continuum, f; : Xit1 —
2X" is an upper semi-continuous function, and for each x; € X; {y € X;41 | w; €
fi(y)} is a non-empty, connected set. Then for each positive integer n, G, is

connected.

As a consequence of the preceding theorems, in the next two theorems we have
the results we sought in this section.
Theorem 4.7. Suppose that for each i, X; is a Hausdorff continuum, f; : Xi11 —
2X" is an upper semi-continuous function, and for each  in Xiv1, fi(z) is con-
nected. Then l}@ f is a Hausdorff continuum.

PrOOF. For each i, we have from Theorem 3.1 that G; is compact and from
Theorem 4.4 that G; is connected. So Z}ﬂm f = ;>0 G is a Hausdorff continuum.
O

Theorem 4.8. Suppose that for each i X; is a Hausdorff continuum, f; : Xi11 —
2X" is an upper semi-continuous function, and for each x € X; {ye Xip1 |z e

fi(y)} is a non-empty, connected set. Then lJLn f is a Hausdorff continuum.

5. MAPPING THEOREMS

Suppose X1, Xo, X3,... is a sequence of compact Hausdorff spaces and
ni, N2, N3, ... 1S an increasing sequence of positive integers. The function F' :
[Liso Xi — IlisoXn, given by F(z1,72,23,...) = (Tn,,Tnys Tny,--.) is con-

tinuous. If, in addition, for each i, f; : X;41 — X, is a mapping and
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Gi = fni© fni41 020 fn, -1, then it is well known that the restriction of
this map to l}@ f is a homeomorphism onto L@ g.

For inverse limits of the type considered in this paper, the situation is sim-
ilar but F | L@ f need not be a homeomorphism. If X, Y, and Z are com-
pact Hausdorff spaces and f : X — 2¥ and g : Y — 2% are upper semi-
continuous functions, we define go f : X — 2% by (go f)(z) = {z € Z |
there is a point y of Y such that y € f(x) and z € f(y)}. We include the fol-
lowing theorem for the sake of completeness.

Theorem 5.1. Suppose X1, X3, X3, ... is a sequence of compact Hausdorff spaces
and f; : Xiy1 — 2% is an upper semi-continuous function for each positive integer
i. If n1,n9,ng, ... is an increasing sequence of positive integers let g1, g, g3, ... be
the sequence such that g; = fn, 0 fn410--0 fuii—1. IfF i [Liso Xi — [1is0 Xn,
given by F(z1,22,23,...) = (Tny,Tny, Tny,...) then F|lim f is a continuous
transformation from lim £ onto lim g.

Example 3 of the next section shows that the mapping of inverse limits from
Theorem 5.1 need not be a homeomorphism, even in the special case where each
fi=fandeach g; = fof.

Suppose X1, Xo, X3,... and Y7, Y5,Y3,... are sequences of compact Hausdorff
spaces and, for each positive integer i, f; : X;11 — 2% and g; : ;41 — 2% are
upper semi-continuous functions. Suppose further that, for each positive integer
i, ¢; + X; — Y; is a mapping. The function ® : [[.. o X; — [],5Yi given by
D(x) = (p1(x1), p2(x2), p3(x3),...) is continuous and P is one-to-one if each ¢;
is one-to-one. These observations lead to the following theorem.

Theorem 5.2. Suppose X1, Xo, X3,... and Y1,Y3,Ys, ... are sequences of com-
pact Hausdorff spaces and, for each positive integer i, f; : X;y1 — 2% and
gi : Yie1 — 2Yi are upper semi-continuous functions. Suppose further that, for
each positive integer i, v; : X; — Y; is a mapping such that p; o f; = g; 0 Yiy1.
The function ¢ : lim £ — lim g given by p(x) = (¢1(21), p2(z2), p3(z3),...) is
continuous. Furthermore, ¢ is one-to-one (and surjective) if each @; is one-to-one
(and surjective).

PROOF. In light of the observations preceding the statement of this theorem,
since ¢ = P | lim f there are only a couple of things to check. First, we need
to show that if x is in [im f then ¢(x) is in lim g. This involves checking
that @;(z;) € gi(pir1(zir1)) for each positive integer i. However, this fol-
lows from the fact that <p1(f,($1+1)) = gz‘(%‘+1(%+1))~ SO, (p(ljﬁl f) is a sub-
set of lim g. The only other thing to check is that ¢ is surjective whenever
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each ¢; is one-to-one and surjective. Suppose that y is in L@ g. The point
x = (1" (1), 95 ' (42): 03" (y3), - ..) belongs to [],-, X; and ¢(x) = y. Thus,
we only need to see that x is in l}Ln f. To this end, let i be a positive inte-
ger and consider fi(z;41). Since yit1 = @it1(wit1) and y; € gi(yi+1), we have
Yi € gi(it1(xit1)) = ©i(fi(xi+1)). Therefore, there is a point ¢ of f;(x;11) so
that ¢;(t) = y;. Since ¢; is one-to-one, t = x;. O

Suppose X is a compact Hausdorff space. If f : X — 2% and g : X — 2%
are upper semi-continuous functions, f and g are topologically conjugate provided
there is a homeomorphism h such that h(X) = X and ho f = goh. We have the
following corollary to Theorem 5.2.

Theorem 5.3. Suppose X is a compact Hausdorff space. If f : X — 2% and
g : X — 2% are topologically conjugate upper semi-continuous functions, then
ljﬂ@ f is homeomorphic to limg.

6. THE SPECIAL CASE WHERE EACH X, = [0,1].

In this section we provide some examples in the special case where each X is
I = [0,1] and we have a single bonding function. If f is an upper semi-continuous
function from I into 27, then lim £ will denote the inverse limit of the inverse
sequence (I, f), (I, f),(I, f),.... In view of Theorem 2.1 we can consider closed
subsets of I x I whose projection on the z-axis is I since each such set is the graph
of an upper semi-continuous function. If M is a closed subset of I x I whose
projection on the z-axis is I and f is the corresponding upper semi-continuous
function, then M = G(f). In the following examples we follow the convention
used in [4], and define lim M to be lim f. In this case [im M is a subset of the
Hilbert cube Q.

In [4] an example was given of a closed subset M of I x I such that M is
connected but @ M is not connected. In that example the projection of M on
the y-axis was not I. The following provides an example where the projection on
the y-axis is I.

Example 1. Let M be the union of the four straight line intervals, I x {0},
{1} x I, the interval from (0,0) to (1/4,1/4), and the interval from (3/4,1/4) to
(1,1).

Let N be the set of all points p of K = L@ M such that py = ps = 1/4 and

ps = 3/4. Let x be a point of N. Let R = Ry X Ry X R3 x Q be the region in
Q where Ry = Ry = (1/8,3/8) and R3 = (5/8,7/8), and note that R contains x.



INVERSE LIMITS OF UPPER SEMI-CONTINUOUS SET VALUED FUNCTIONS 127

Assume that the point y is in RN K. Then y; and ys are in (1/8,3/8). It follows
that yo < 1/4. But if yo < 1/4, then y3 =1 and y is not in R. We conclude that
R contains no point not in /N and that N and K — N are mutually separated and
K is not connected.

To illustrate the variety of continua one can obtain we include a simple example
whose inverse limit is a fan.

Example 2. Let M be the union of the graph of the identity function and the
interval I x {0}.

Note that if p € K = lim M and for some n, p, > 0, then p; = p, for all
4 > n. For each positive integer n, let K, be the set of all points p € Lan M such
that p; = 0 for j < n and p; = p, > 0 for j > n. The closure of K,, is an arc
of length 1/2"~! having one endpoint at (0,0,0,...). Moreover no two of these
arcs intersect except at their common endpoint and L@EL M= Ui>0 K;.

It follows from Theorem 5.1 of Section 5 that for an upper semi-continuous
function f : I — 27, there is a map from Lz@ f onto Z}Ln £2. Tt is well known that
if f is a map from [ into I, then l}@ f is homeomorphic to Lan £2. The following
example shows that this fact does not generalize.

Example 3. Let M be the union of the three straight line intervals I x {1/2},
{1} x [0,1/2] and the interval with endpoints (0,1) and (1/2,1/2).

If f is the upper semi-continuous function determined by M, then K = lim f
contains a triod which is the union of the three arcs which are described below. Let
Aj be the set of all points of K whose first coordinate is in the half open interval
(1/2,1]. The closure of A; is an arc from (1,0,1,0,...) to (1/2,1/2,1,0,1,0,...).
Let Ay be the set of all points of K whose first two coordinates are 1/2 and
whose third coordinate is in the half open interval (1/2,1]. The closure of Az is
an arc from (1/2,1/2,1/2,1/2,1,0,1,0,...) to (1/2,1/2,1,0,1,0,...). Finally let
Ajs be the set of all points of K whose first coordinate is 1/2 and whose second
coordinate is in the half open interval [0,1/2). The closure of A3 is an arc from
(1/2,0,1,0,1,0,...) to (1/2,1/2,1,0,1,0,...). The union of the closures of Aj,
Ay, and Az is a simple triod contained in K.

On the other hand, f o f is the union of the three straight line intervals,
{0} x [0,1/2], I x {1/2} and {1} x [1/2,1]. K = limfof is a continuum by
Theorem 4.7. We will show that K is an arc with endpoints a = (0,0,0,...) and
b=(1,1,1,...). Let p be a point of K different from a and b. There is an n such
that p,, is neither 0 nor 1. If p, # 1/2 then KN, ! (p,) is degenerate and separates
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K into the two mutually separated sets K N 7, 1([0,p,)) and K N7, ((pn, 1]).
If p, = 1/2 and p,41 € {0,1} then K N7, ' (p,) is degenerate and a separating
point (i.e., cut point) of K. Thus we may assume that p,; is neither 0 nor 1
and again conclude that K N W;il(pn+1) is a separating point unless p,1 = 1/2.
Continuing this process, the only point remaining to consider is the constant
sequence (1/2,1/2,1/2,...). But this point also is clearly a separating point of
K. Thus K is a continuum having at most two non-separating points and is an
arc. See [1, Theorem 1-18, p. 49] and [1, Theorem 2-27, p. 54].

We next provide an example of a closed set M in I? such that if f is the
upper semi-continuous function determined by M, then not only is L@ f not
homeomorphic to lim fof but it also is a well known example of a universal
continuum. That is, it is a continuum with the property that if K is a continuum,
then K is the image of a subcontinuum of M under a continuous mapping.

Example 4. Let M be the union of the four straight line intervals joining the
point (0,1/2) to (1/2,1), (1/2,1) to (1,1/2), (1,1/2) to (1/2,0), and (1/2,0) to
(0,1/2).

Note that the four arcs whose union is M form a diamond in I2. Label these
arcs A; for i € {1,2,3,4} in a clockwise direction so that A; C [0,1/2]x[1/2,1] and
Ay C[0,1/2] x [0/1/2]. Let f be the upper semi-continuous function determined
by M and let K = @ f. The set K contains a simple closed curve which is the
union of the four arcs B; for i € {1,2,3,4} determined as follows. If i = 2 or
i = 4, B; is the set of all points p € K such that for each n, (pny1,pn) € 4;.
If i = 1 or 3, then B; is the set of all points p € K such that for each odd n,
(Pn+1,Pn) € A; and for each even n (pny1,0n) € Aito(moda)-

On the other hand, the graph of f o f is the union of the two arcs, one from
(0,0) to (1,1) and the other from (0,1) to (1,0) and lim f o f is homeomorphic
to the cone over a Cantor set as was shown in [4].

Perhaps of more interest as indicated above is the continuum K = l}@ f. K
contains two mutually exclusive Cantor sets, Cj consisting of all points p of K
such that p, = 1/2 if n is even and Cj consisting of all points p of K such that
pn = 1/2 if n is odd. If a is a point of Cy and b is a point of Cy, then for each
n (apt1,6n) and (bny1,b,) are endpoints of the arc A;, where i, € {1,2,3,4}.
The set of all points x of K such that (z,41,%,) is in A4; is an arc joining a
and b. K is the union of all these arcs, no two of which have a point in common
that is not an endpoint. This is the example of a universal continuum given by
Hurewicz in [2]. In fact, Hurewicz showed that if C' is a continuum then there
exist a subcontinuum H of K and a monotone map of H onto C.
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In [4] it was conjectured that for closed subsets of I x I the inverse limit would
be either 1-dimensional or infinite dimensional. This is not only wrong, but for
every positive integer n there is a closed subset of I x I such that the corresponding
inverse limit is n-dimensional. The next example provides a closed subset of I?
whose inverse limit is 2-dimensional. We have been unable to find an example of
a closed subset M of I? such that ZJLn M is a 2-cell.

Example 5. Let M consist of the union of the four straight line intervals,
[0,1/2] x {0}, {1/2} x [0,1/2], [1/2,1] x {1/2} and {1} x [1/2,1].

As usual, let f be the upper semi-continuous function determined by M and
K = l]ﬂ f. Here K is the union of a 2-cell D and an arc A. To identify D, let
i,j be positive integers with 7 > i 4+ 1 and let D; ; be the 2-cell {p € K | p; €
[0,1/2], p; € [1/2,1], pr = 0ifk < i, p, = 1/2ifi < k < j, pxr = 1ifk > j}.
Let D be the 2-cell that is the closure of the union of all the 2-cells D; ; where
i>1landj >i+1. Let A= {pe€ K |p €[1/2,1],p, = 1ifk > 1} U
{pe K |p=1/2,ps € [1/2,1], pr = 1ifk > 2}. Then, K = DU A and
DnNnA={(1/2,1/2,1,1,..)}.

One can alter the previous example to produce an inverse limit of dimension
n for any choice of n. For example, to produce an inverse limit of dimension 3
add a second stairstep between 1/4 and 1/2. That is, let M be the union of the
intervals [0,1/4] x {0}, {1/4} x [1/4,1/2], [1/4,1/2] x {1/4}, {1/2} x [1/4,1/2],
[1/2,1] x {1/2} and {1} x [1/2,1]. Additional stairsteps can be added to produce
higher dimensional inverse limits. We understand from private correspondence
that Mr. Antonio Peldez has independently produced different examples of closed
subsets of I x I with n-dimensional inverse limits.
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