MTH 204

~ Name:__fp Y
Fall 2005 .
Exam 3 \ Section:_A / C |
——\

Read the directions carefully.

Wnte neatly in pencil and show all your work

ill only get credit for what vou ut o r).

Please do not share calculators during the test.

DO NOT USE Decimals in any intermediate step.

If you have trouble during the test, feel free to ask me for help.




Score:
1. Consider the differential equation Xy"—Xy'+y = 2x (20 points)

a. Classify the differential equation by order, linearity, type of coefficients, and state

whether or not the equation is homogeneous.

2nd ordec linear, Variable coe-CQ‘cienfs) ne nhoMOjeneous

b. What method(s) can you use to solve this equation?
Iyt Assume y(0) =X

e~ Variakon of Parameters.

c. Solvetheequationforthe interval X > 0. < ( e(e-t) - ¢ +I\ .
Y - xy vy=o
(X\:)&r‘ \’L-r—r‘-\'\':o
3 ! R X A
Yix)=v ) ] rel=
YK = r(.r \) - (c-0)%=
e (o) 2) 7 R (Y Xm0 c=,1
¥ =
Yol) = xlnx
xlnx | _ _ -
\/\f(\(,,\{,_\ = T o ot \ = Xnxax = xlax = %
.RQ»AV-\‘\'QRBG in stendacd foem ‘j % "'% Z"{ Lox)
41 °  xlax | __ lw o o
W= 2x"! lmu—l‘ = ~2lne W?" Vot | T L
( -
q,‘(x)'- W = ~2nx Uy ()= W, = Z
X UO(Y \Yz_\ %
w(y'ﬁ'z} )
= =7 (Inx =-2vi_ _ = 1{dx =
u, (x) Zj L c(f _22_:/ = ~(Inx)? U, (x) j.;(- 2inx
\I={nx c(\/l..‘i

(g, () = ~x (I +2x ([nx)* = KQ“X)L

~—

Jo ) = (w) < (%

40 =y, (x) Y00 = Xt xlng + x(lax)®



2. An object weighing 4 Ibs stretches a spring 1.5 in. The object is displaced 2 in. below the
equilibrium position and is released with no initial velocity. Assuming that there is no damping
force and that the object is acted on by an external force of 2cos(3t) 1b. Set up but do net solve

the initial value problem describing this motion. Use & = 321t/ s® a5 the acceleration for gravity.

m= -4

‘%" & - ,< (20 points)
s=3, [\ )\ AT %52{“----

z " (\z:n)-z‘ I'{IL 3(6)12;.(,({1{‘\%):2}“
KS“-mf)——-s%k:u, y'lo) =

=>k=%2
My“+ky = #Ct‘:) So Ha WP s
1w -

_gj_gu +3l‘f: 2 ces(3€) zY +323 2ces(3t)

% yle) = <
S‘(o) 0o

3. Use the definition of the Laplace transform (£{f(t)} = J:e—St f(t)dt) to find £{f(t)} for

those values of s for the improper integral converges when f(t)= e 25, (20 points)
-2t-5 :_f"o ~st -t-s
oT ?e j LS et
_ -5 (R ~(sv)t
= e fo e ) dt
=e*5(_ e—(s+z)é 0
stz N
=¢> ( 0=~ |
St
= e )

—_— Fr-cv.‘a(.e:! 54250
S+2 S5 -2




4. Consider the differential equation y"+y = 4 c0s(X) (20 points)

a. Classify the differential equation by order, linearity, type of coefficients, and state

whether or not the equation is homogeneous.

2nd crcﬂo.r \naar, constont coefficients nonWoj%qs

b. What method(s) can you use to solve this equation?

Yo (k) Assume Yix)=ef¥
. jP(K’ P MUC ee [OP.
c. Find a particular solution, y, .
yry=o rre™re™ =0
50‘)-‘-6“ rt+l=o
3'(7\)—r€ i =4

3"(&) e’
Y\(" ) = Cos(x)

Yo X) =Sinlx)
Method | MUC.
(31-\-()("(&50& ) =o

(B"‘-\-\)\j * 4eostn)
Oz ) O +)[4eesV] 20

Agsume yCvJ =¥
=> (rrpi)(rzsl) =0

C= +L +L
S“K SP(J‘\)

3?("\ = A&cos&)ﬁ-Bxsir\(x)
Jo'(x) = Acosx) = Axsin(x) + B sin(x) + Bx cos(x)

Yo (0 = - Asin ) - Asinli) = Ak cos ) +Beoste) + Beosix) - Brsinle)
= ~2Asin(x) = Brcos (W + 2B cos(x) ~Brsin(x).
Yo '*‘\j? 2 ~2Asin(x) w&/*‘zbws(x Mtx) +M+M
= Heosix)
-2A=0 = A=o _ ,
2Bad =5 By S0 Gpte) =2xsinx).




v

AMethed 22 VOTP.

u)ﬂn‘iz) = | cos(x)  sial) [ cos™ (W +oint(n) 2.
-sin(K)  cos(n)
W, =[ o 3in(x =4sin(k) tosth) = =2sin(2x)
‘teoslh)  eoslx)
Wm’ Cos(x) 0 - "{‘(o_&(x) = l\(‘( l&ﬁﬁ"y 2 L4 Zeos(2r)
S Heosn) -
a
a0 =-_L£‘__. = ~2sin(2x)
LD(Y:‘YZ-) t
Y, ()= W, = 2+ Zeos(ax)

W(YQ )yL) )

u, (k)= "lfsin(?_x)c\x =-2 (‘.Cﬁ%(i’q) = cos(on)

W, (1) =J<?_ +Z_La5(zyg)>dx = S‘g_dﬁ +2_§c.4>5(zx)c£7( 22% * 7 (é%%&)) = 2%+ Sin (ZK)

Yplx) = ‘*\b‘)tjl(x\ —\-\47,(*)32_04)
= cos(ax)cos(x) + (n so'n(Zx)) sin(x)
= Co5(2x) Cos (k) 4 24 Sinlx) + Sin(2x9inlx) |
Coslu-vy = Coscastv) + sintu)sin(y)
= Cos(x) +2x$fn(xj

> “&“PNA '\Mjk
= 2x 8in(x) .



dx

—= 2x-y
5. Solve the system of differential equations g)t, by elimination.
— X
dx. dt
=L -2x+y ~
dt i=e ,:50)'2.}&4»310
j'-#- ~-X =0 - X‘fbj 20
X=b~'3
| (D“Z)bj +>/ o)
(d*-2) +l)\j =0
(Bﬂ)"Y =0
ASSume. 3(&):ert
:5 (\"-\)z:Q
=),

Jlt)=¢ ot G tet
x(t) =y ‘(t) = Q.ef+ <, cé—#cz{‘e,f.

? X(¢) = (c,+cl)ef+cz‘€ef
Y@ = Cetic, tet,

(20 points)



Bonus. Find the eigenvalues and eigenfunctions of the boundary value problem

y'+Ay =0, y(0)=0 y(n)=0. Show all three cases. (10 points)
Yy =e™
—=> ¢4 A =0

=N

Cosel. A=o =00
YW =g, + X
3(°)=Q\+ o —O => C\:b
S(Tr) = C,. =0 => . =0

On \Y Py iaJ So( u;"fOn
54”‘:'6’6'65(3&.

Cﬂ&z‘»*‘o. L"'Q{’A:‘oll w hine ¥do => r=tqy
= + (V\‘r\ x)
H(X) ¢ cosh(ax) +¢z3 (= ooy vl el

3[0) =C+0=0 =>¢=o SK““S‘RQ& E)C,
. S
Y(T) = ¢y sin(am) =0 => 2 =0 |

@&3:)00, Let Aza> whame >0 =S F2+q
E_Od_;c‘ cos(otx) 1~c7_5[n(vx)

y(o):cl +to =0 =>¢=0

4@ = ¢ sinlam) =0

sinlaw)y =0 =>en=n n=23..,
=>A=q, = n*, A=02,3... ac the pesiha eigenvalugs.

=D Y (x) = sin(nx), n=2(2,3 .., ase The cnmesPam(ir\f, eiqen funcfions |




