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1. Introduction and preliminaries
Stability analysis of dynamical systems using differential and difference inequalities attracted a prominent attention in
the existing literature (see [1-12] and references therein). For stability analysis of the delay differential equation
X (t) = —px(t) + qx(t — 1), T >0,

Halanay proved the following result.

Lemma 1 (Halanay [2]). If
fl() < —af(®)+p sup f(s) fort >t

se[t—r1,t]
anda > B > 0, then there exist y > 0 and K > 0 such that

f(t) <Ke 70 fort > t,.

In 2000, Mohamad and Gopalsamy gave the next theorem:
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Theorem 1 ([12]). Let x be a nonnegative function satisfying

x’(t)f—a(t)x(t)+b(t)< sup x(s)), t >t

se[t—1(t),t]
x(s) = lo(s)| fors € [to— 7, to],

where T (t) denotes a nonnegative continuous and bounded function defined for t € R and t* = sup,cg T (t); ¢(S) is continuous
and defined on [to — T*, tp]; a(t) and b(t), t € R, denote nonnegative, continuous and bounded functions. Suppose

a(t) —b(t) =L, teR,

where L = inf,cp (a(t) — b(t)) > 0. Then there exists a positive number A such that

x(t) < ( sup x(s)) e M) for t > t,.
se[tg—1*,tp]

Afterwards, numerous variants of Halanay’s inequality have been treated in the literature. Stability analysis of differential
equations using Halanay type inequalities has been studied in [2,4,5]. For stability analysis of difference equations using
Halanay inequality one may consult with [6-9]. A comprehensive review on the recent developments in discrete and
continuous Halanay type inequalities can be found in [10,11]. A time scale is an arbitrary nonempty closed subset of reals.
Stability analysis of dynamics equations on time scales using Lyapunov functionals has been studied in [13-20]. To the best
of our knowledge, Halanay type inequalities on time scales and stability analysis using them have not been investigated
elsewhere before this study. One of the aims of this paper is to fill this gap and show how Halanay inequalities on time
scales can be used for the stability analysis of dynamic equations.

In this paper, we employ the shift operators 61 to construct delay dynamic inequalities on time scales. Using these
dynamic inequalities we derive Halanay type inequalities for dynamic equations on time scales. By means of Halanay
inequalities and the properties of exponential function on time scales (see Lemma 3) we propose new conditions that lead
to stability for nonlinear dynamic equations on time scales. Main contribution of this paper can be outlined as follows:

e Construction of Halanay type inequalities on time scales,

e Investigation of global stability of delay dynamic equations on time scales using Halanay inequality,

e Improvement of the existing results for differential and difference equations which are the most important particular
cases of our problem (we highlight this improvement by Remarks 2-4).

In [21], Halanay inequalities are used to derive sufficient conditions for the existence of periodic solutions of delayed
cellular neural networks with impulsive effects. Motivated by the study [21], we note that the results obtained in this paper
can also be employed in another research regarding the derivation of sufficient conditions for the existence of (uniformly
asymptotically stable) periodic solutions of some nonlinear scalar systems on time scales.

We organize the paper as follows: First and second sections are devoted to preliminary results of theory of time scales
and shift operators on time scales, respectively. In the third section, we use the shift operators on time scales to construct
delay functions and a general form of delay dynamic equations, and obtain some dynamic inequalities. We finalize our study
by providing sufficient conditions for stability of nonlinear dynamic equations on time scales.

Hereafter, we give some basic results that will be used in our further analysis.

To indicate a time scale (a nonempty closed subset of reals) we use the notation T. We classify the points of a time scale
T by using the forward jump and backward jump operators defined by

o(t) =inf{seT:s > t} (1.1)
and

p(t) =sup{seT:s <t},
respectively. A point ¢t in T is said to be right-scattered (right-dense) if o (t) > t (o(t) = t). We say t € T is left-scattered
(left-dense) if p(t) < t (p(t) = t).If p(t) <t < o(t),thent € T is called isolated point. The set T* is derived from the
time scale T as follows: If T has a left-scattered maximum m, then T = T — {m}. Otherwise T = T. The delta derivative
of afunctionf : T — R, defined at a pointt € T by

o(t)) —f(s
fﬂ(t) — lin? M’ (1.2)
e o(t)—s

was first introduced by Hilger [22] to unify discrete and continuous analyses. It follows from the definition of the operator
o that
t fT=R
t+1 ifT=7%
qt if T = g7
t+h ifT=hz,

o(t) =
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whereq_Z ={¢*: ke Zandq > 1} U{0}and hZ = {hn : n € Zand h > 0}. Hence, the delta derivative f%(t) turns into
ordinary derivative f'(t) if T = R and it becomes the forward h-difference operator A,f (t) := %[f(t + h) — f(t)] whenever

T = hZ (i.e.fA(t) = f(t + 1) — f(t) = Af(¢) if h = 1). For the time scale T = qZ we have f2(t) = D,f (t), where

T Uk (0] (14
(@g— Dt

It follows from (1.2) and (1.3) that dynamic equations on time scales turn into difference equations when the time scale
is chosen as the set of integers, and they become differential equations when the time scale coincides with the set of reals.
Moreover, g-difference, h-difference equations, used in the discretization of differential equations, are all particular cases
of dynamic equations on time scales. Since there are many time scales other than the sets of reals and integers, analysis on
time scales provides a more general theory which enables us to see similarities and differences between the analyses on
discrete and continuous time domains.

Throughout the paper, we denote by [a, b]y the closed time scale interval [a, b] N T. The other time scale intervals
[a, b)t, (a, b, and (a, b)7 are defined similarly. A function f : T — R is called rd-continuous if it is continuous at right
dense points and its left sided limits exists (finite) at left dense points. The set of rd-continuous functions f : T — R
is denoted by Ciq = Cq(T). It is known by [23, Theorem 1.60] that the forward jump operator defined by (1.1) is an rd-
continuous. By [23, Theorem 1.65] it is concluded that every rd-continuous function is bounded on a compact interval. Note
that continuity implies rd-continuity. Every rd-continuous function f : T — R has an anti-derivative

t
F(t):/ f@)At.
to

Thatis, FA(t) = f(t) forallt € T* (see [24, Theorem 1.74]). For an excellent review on A-derivative and A-Riemann integral
we refer the reader to [23].
Hereafter, we give some basic definitions and theorems that will be used in further sections.

Definition 1. A function h : T — R is said to be regressive provided 1 + u(t)h(t) # 0 for all ¢ € T, where
u(t) = o(t) — t. The set of all regressive rd-continuous functions ¢ : T — R is denoted by R while the set RT is
givenby R ={he R : 1+ u(t)e(t) > 0forallt € T}.

Let ¢ € R.The exponential function on T is defined by

t
ey (t,s) = exp ([ §u(r>(<0(r))Ar) (1.5)
where ¢,,(5) is the cylinder transformation given by
1
——Log(1 + if 0
G (1)) = | ey B OO @ = (16
(1) if u(r) = 0.

It is well known that (see [25, Theorem 14]) if p € R, then ey(t,s) > 0 forall t € T. Also, the exponential function
y(t) = ep(t,s) is the solution to the initial value problem y4 = p(t)y, y(s) = 1. Other properties of the exponential
function are given in the following results:

Lemma 2 ([23, Theorem 2.36]). Let p, q € R. Then
L. eo(t,s) =landey(t,t) = 1;

ii. ep(o(t),s) = (1+ u()p(t))ey(t,s);

iii. —~ = eg,(t,s) where Op(t) =

ep(t,s)
. 1 .
iv. ey(t,s) = 6D = ecp(s, t);
V. ep(t, s)ey(s, 1) = ep(t, 1);

A
vi 1 — __p@®
* \ep(-s) ep (-9)"

Lemma 3 ([26]). For a nonnegative ¢ with —¢ € K™, we have the inequalities

__p® .
I4+u(®)p(t)’

t t
1 —/ pu) < e_,(t,s) <exp {—/ (p(u)} forallt >s.

If ¢ is rd-continuous and nonnegative, then

t t
1+/ p(u) <ey(t,s) <exp {/ go(u)} forallt > s.
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Remark 1 ([27, Remark 2.12]).1f . € KT and A(r) < Oforallt € [s, t)r, then

0 <e(t,s) <exp (/ A(r)Ar) < 1.

2. Shift operators and delay functions

2.1. Shift operators

First, we give a generalized version of shift operators (see [16,28]). A limited version of shift operators can be found
in [29].

Definition 2 (Shift Operators [16]). Let T* be a non-empty subset of the time scale T including a fixed number t, € T* such
that there exist operators 8. : [tg, 00)r x T* — T* satisfying the following properties:
P.1 The functions §.. are strictly increasing with respect to their second arguments, i.e., if
(To, t), (To, u) € Dy == {(s, t) € [to, 00)p x T* : §4(s, t) € T*},
then
To <t <u implies §.(Ty, t) < 6+ (Ty, u),
P.2 If (T1, u), (To, u) € H_ with T; < T,, then
8_(T1,u) > 6_(Ta, u),
and if (Ty, u), (T, u) € Dy with T; < Ty, then
04 (Th, u) < 8,(Tz, u),

P.3 Ift € [ty, 00)r, then (t, ty) € D4 and §,.(t, tp) = t. Moreover, if t € T*, then (tp, t) € Dy and 5, (¢, t) = t holds,
P4 If (s, t) € Dy, then (s, 64(s, 1)) € Dx and 5:(s, 6+(s, 1)) = ¢,
P.5 If (s, t) € D4 and (u, 84+(s, t)) € D, then (s, 65 (u, t)) € D+ and

85 (U, 84(s, ) = 84(s, 85 (u, t)).
Then the operators §_ and &, associated with ty € T* (called the initial point) are said to be backward and forward shift
operators on the set T*, respectively. The variable s € [ty, oo)r in §+(s, t) is called the shift size. The values §, (s, t) and

8_(s, t) in T* indicate s units translation of the term t € T* to the right and left, respectively. The sets £, are the domains
of the shift operators §.., respectively.

Example 1 ([16]). Let T = R and ty = 1. The operators

_Jt/s ift>0
S_(s, t) = {st ift <0, fors € [1, 00) (2.1)
and
st ift>0
S4(s,t) = {t/s ift <0, fors € [1, 00) (2.2)

are backward and forward shift operators (on the set T* = R — {0}) associated with the initial point t; = 1. In the table
below, we state different time scales with their corresponding shift operators.

T to | T* 8_(s,t) | 84(s,0)
R 0| R t—s t+s

Z 0| Z t—s t+s
qgui{o} | 1| q* : st

N1/2 0| N2 | /2 —-s2| J/t2+ 52

The proof of the next lemma is a direct consequence of Definition 2.

Lemma 4 ([16]). Let §_ and 5. be the shift operators associated with the initial point to. We have

i. 5_(t,t) =tgforallt € [tg, 0O)T,
ii. 5_(to,t) =t forallt € T,
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iii. If (s,t) € Dy, then 5, (s, t) = uimplies 5_(s, u) = t. Conversely, if (s, u) € D_, then §_(s, u) = t implies §,(s, t) = u.
iv. 84(t,8-(s,tg)) =8_(s,t) forall (s,t) € D(64+) witht > to,
v. 84 (u, t) = 8, (t,u) forall (u, t) € ([ty, 00)T X [tg, 00)1) N Dy,

Vi. 64(S,t) € [tg, 0o)r forall (s, t) € Dy witht > t,

vii. §_(s, t) € [tg, o0)r forall (s, t) € ([ty, 00)T X [S, 0)T) N D_,

viii. If 64(s, .) is A-differentiable in its second variable, then &ff (s,.) >0,

ix. 6,(6_(u,s),d8_(s,v)) =3d_(u,v) forall (s, v) € ([tg, o0)T X [s, 00)1) N D_ and (u, s) € ([tg, 00)r X [uU, c0)T) N D_,
X. If (s,t) € D_and §_(s,t) = to, thens = t.

2.2. Delay functions generated by shift operators

Next, we define the delay function by means of shift operators on time scales. Delay functions generated by shift operators
were first introduced in [16] to construct delay equations on time scales.

Definition 3 (Delay Functions [16]). Let T be a time scale that is unbounded above and T* an unbounded subset of T including
a fixed number ty € T* such that there exist shift operators 8+ : [ty, o0)r X T* — T* associated with to. Suppose that
h € (ty, co)t is a constant such that (h,t) € D4 forall t € [ty, 00)r, the function §_(h, t) is differentiable with an rd-

continuous derivative 8 (h, t), and &_(h, t) maps [ty, co) onto [6_(h, tg), oo)r. Then the function 5_(h, t) is called the
delay function generated by the shift §_ on the time scale T.

It is obvious from P.2 in Definition 3 and (ii) of Lemma 4 that
8_(h,t) <b_(tg,t) =t forallt € [tg, 00). (2.3)
Notice that §_(h, .) is strictly increasing and it is invertible. Hence, by P. 4-5
8- (h, t) = 8. (h, t).

Hereafter, we shall suppose that T is a time scale with the delay function §_(h, .) : [ty, c0)r — [6_(h, tg), 00), Where
to € T is fixed. Denote by T and T, the sets

T, = [fo, OO)']I* and T, = 3_(h, Tl) (24)

Evidently, T is closed in R. By definition we have T, = [§_(h, tp), 00)t. Hence, T and T, are both time scales. Let o7 and
o, denote the forward jumps on the time scales T; and T, respectively. By ((2.3)-(2.4))

T, CT, CT.
Thus,
o(t) =oy(t) forallt € T,
and
o(t) = oq(t) = op(t) forallt € Ty.
That is, o1 and o, are the restrictions of forward jump operator o : T — T to the time scales T; and T, respectively, i.e.,

o1=0ly, and oy = olq,.

Lemma 5 ([16]). The delay function 5_(h, t) preserves the structure of the points in T1. That is,
o1(t) =T implies o5, (5_(h, 1)) = 6_(h,T)
o1(t) >t implies o, (5_(h,t)) > 5_(h, ).

Using the preceding lemma and applying the fact that o, (1) = o (u) for all u € T, we arrive at the following result.

Corollary 1 ([16]). We have
8_(h,01(t)) = 02(6_(h,t)) forallt € T;.
Thus,
8_(h,o(t)) =o(5_(h,t)) forallt € T,. (2.5)

By (2.5) we have
6_(h,o(s)) =o0(6_(h,s)) foralls € [ty, 00)7.
Substituting s = §, (h, t) we obtain
§_(h, 0 (8+(h, ) = 0 (5_(h, 84(h, 1)) = o (0).
This and (iv) of Lemma 4 imply
o(8.(h,t)) =8,(h,o(t)) forallt e [§_(h,ty), o0)rT.
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Example 2. In the following, we give some time scales with their shift operators:

T h 5_(h. t) 5. (h, ©)
R €R, t—h t+h

z €z, t—h t+h

q? U {0} | €q** i ht

N1/2 €7, V2 —h?2 | 2+ h?

Example 3. There is no delay function §_(h, .) : [0, c0)57 — [§_(h, 0), co)T on the time scale T = (—00, 0] U1, 00).

Suppose contrary that there exists a such delay function on T. Then since O is right scattered in T, = [0, co)7 the
point §_(h, 0) must be right scattered in T, = [6_(h, 0), c0)r, i.e., 02(6_(h, 0)) > &_(h, 0). Since o,(t) = o (t) for all
t € [6_(h, 0), 0), we have

o (8_(h, 0)) = 65(5_(h, 0)) > 5_(h, 0).

That is, 6_ (h, 0) must be right scattered in T. However, in T we have §_ (h, 0) < 0, thatis, §_(h, 0) is right dense. This leads
to a contradiction.

3. Halanay type inequalities on time scales

Let T be a time scale that is unbounded above and t; € T* an element such that there exist the shift operators
84 : [tg, 00) x T* — T* associated with ty. Suppose that hy, hy, ..., h, € (ty, 00)r are the constants with

t0=h0<h1<h2<~--<hr

and that there exist delay functions 6_(h;, t), i=1,2,...,r,onT.
We define lower A-derivative ¢~ (t) of a function ¢ : T — R on time scales as follows:

o4 (t) = liminf £& 90 O). (3.1)
s>t~ s—o(t)

Notice that
P2 (1) = (1)

provided that ¢ is A-differentiable at t € T*.
Let f (t, u, v) be a continuous function for all (u, v) and t € [ty, o). Hereafter, we suppose that f is monotone increasing
with respect to v and non-decreasing with respect to u.

Proposition 1. Let g(uq, uy, ..., u,) be a continuous function that is monotone increasing with respect to each of its arguments.
If @ and i are continuous functions satisfying

@A (t) < f (t, (1), g (98- (h1, 1)), 9(8_(h2, 1)), ..., 9(8_(hs, 1)))) ,
YA () = F (6 (), 8 WO (1, ), Y(3-(h2, ), ..., ¥ (8- (hr, ),

forallt € [ty, @)t and ¢(s) < ¥ (s) foralls € [6_(h;, tg), tolr, then

) <y () forallt € (to, o)1, (3.2)
where a € (tg, 0O)T.
Proof. Suppose that (3.2) does not hold for some t € (to, &)r. Then the set

M = {t € (to, )7 : (t) = ¥ ()}

is non-empty. Since M is bounded below we can let £ := inf M. If £ is left scattered (i.e. 0 (p(&)) = &), then it follows from
the definition of & that

P(p&) < ¥ (p(&)),
P&) = ¥ ().
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Since p (&) is right scattered, the function ¢ is A-differentiable at p(£) (see [23, Theorem 1.16, (ii)]), and hence, 92~ (p(£)) =
@ (p(§)). Similarly we obtain 4~ (p(&)) = ¥*(p(&)). Thus,
@(&) = @(o(p()))

= 9(p(&) + n(pENe? (p(§))

= 9(0(©) + u(pE)Ne?~ (p(&))

< @(p&) + n(p@ENf (p(€), 9(p(§)), & (96— (h1, p(§))), (6 (hz, p(§))), ..., @(B-(hr, p(§)))))

< Y (p@) + np@ENf (p&), ¥ (p(§)), g (Y- (h1, p(§))), ¥ (6-(ha, p(§))), ..., V(8- (hr, p(6)))))

< Y (p©) + npENY-(p(§))

= Y (p©) + npENY2(p)

= Y (o (p(§)))
= ¥ ().
This leads to a contradiction. If & is left dense, then we have & > tg and
@) =¥ ().
Since
6_(h,&) <& foralli=1,2,...,r
and
@(s) < y(s) foralls e [5_(hr, &), 8)r,
we obtain

glpB-_(h, %)), ..., @(8-(h, §))) =g (6-(h1, §)), ..., v (8-(hr, §))),

and therefore,

@) < F (& 0). g (@OB_(h1,£)), p(8_(hy, &), ..., 06— (hr, §))))
<fFE ¥E),gW@-(h,8), ¥(-(hy, §)), ..., Y (6-(hr, §))))
< ¥4 (8).
On the other hand, since
¢ —¢@®) _ ¥~y @)
s—o() — s—o(§)
foralls € [6_(h;, &), &)7 we get by (3.1) that
P (&) = ¥ (§).

This also leads to a contradiction and so this completes the proof. O

Proposition 2. If

w?(t) < f (t, o(t), g (@@B_(hy, 1), w(S_(hy, 1)), ..., (8- (h, 1))))
for t € [sg, 84 (a, So))7 and y(t; o, w) is a solution of the equation
yA() = (€, y(t), g Y6 (h1, 1)), y(S_(hy, 1)), ..., y(@é—(hr, 1)),

which coincides with w in [5_(h;, So), So]r, then, supposing that this solution is defined in [Sg, 8+ (e, So))T, it follows that
w(t) < y(t; so, w) for t € [so, §4(at, So))7-

Proof. Let ¢, be a sequence of positive numbers tending monotonically to zero, and y, be a solution of the equation
YA =f (&, y(t), g W (hy, 1), y(B—(hy, 1)), ..., y(5_(hy, 1)) + &,

whichin [6_(h;, Sp), o]t coincides with w + &,. On the basis of the preceding proposition, we have
Yng1(6) < yn()

and
Hm y, () = y(t; S0, @)

forall t € [sg,84(c,Sp))r. On the basis of Proposition 1 we have w(t) < y,(t) for t € [sq, 5, (, So))T, and hence,
w(t) < y(t; sg, ). The proof is complete. O
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Hereafter, we will denote by jt the function defined by

A= sup  u@ 3
se[8— (hr,tg),tlT

fort € [tg, 0o)r. It is obvious that the sets R, Z,q_Z ={q":neZandq > 1} U{0}, hZ = {hn : n € Z and h > 0} are the
examples of time scales on which & = u.

Theorem 2. Let x be a function satisfying the inequality

.
XA(0) < —p(OX() + Y qi(OX (- (hi, 1)), t € [to, 00)p, (3.4)

i=0
where £ € (0, 1] is a constant, pand q;, i = 0, 1, ..., 1, are continuous and bounded functions satisfying 1 — L(t)p(t) > 0;

gi(t) >0,i=0,1,...,r—1;q,(t) > Oforallt € [ty, o0)r. Suppose that

p(t) — Zqi(t) >0 forallt € [ty, o0)r. (3.5)
i=0

Then there exist a positively regressive function X : [ty, 00)r — (—00, 0) and Ky > 1 such that

x(t) < Koey(t, to) fort € [to, 00)r. (3.6)

Proof. Consider the delay dynamic equation

YA = —pO)y() + Y ai®)y" (3 (hi, 1)), t € [to, 00)r. (3.7)
i=0

We look for a solution of Eq. (3.7) in the form e, (t, ty), where A : T — (—o00, 0) is positively regressive (i.e. 14+ (t)A(t) > 0)
and rd-continuous. First note that

e (t, to) = A(Dex(t, to).

Fora given K > 1, the function Ke; (t, tp) is a solution of (3.7) if and only if X is a root of the characteristic polynomial P(t, 1)
defined by

P(t. 3) = (n+ p(0)) e (t. 5_(hr, £))e) ™ (B_(hy. 0). to) — K*™1 )" qi(t)el (5 (hi, 1), 8_(hy. ). (38)
i=0

For each fixed t € [ty, oo)r define the set

S(t) :=={k e (—00,0): 1+ u(t)k > 0}. (3.9)
It follows from Lemma 3 that if k is a scalar in S(t), then 0 < 1+ f(t)k < 1+ p(uk forallu € [6_(h;, o), t]; and

0 < er(t,s) <exp(k(t —5)), (3.10)

forall T € [6_(h;, ty), t]; with T > s. It is obvious from (1.5) and (1.6) that for each fixed t € [y, 00) the function P(t, k)
is continuous with respect to k in S(t). Since eq(t, ty) = 1 we have

P(t,0) =p(t) =K' > " qi(t) > 0. (3.11)
i=0

Let t € [to, co)r be fixed. If the interval [5_ (h;, to), t]; has no any right scattered points, then fi(t) = 0 and S(t) =
(—00, 0). By (3.10), we get

lim eg(t,s) =0,
k——o00

and hence,

klim P(t, k) = —K“"1g.(t) < 0.

If the interval [8_(h,, ty), t]; has some right scattered points (i.e. if zZ(t) > 0), then we have S(t) = (—% 0). For all
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k e (—lﬁ 0) we have ey (t,s) > 0.Since 1 — (t)p(t) > Oforall t € [tg, 00)r, we obtain

1
lim P(t, k) = <—~— +p(t)> im  [ex(t, 8_(hy, 0)ey (5 (hy, 1), to)]
k%—ﬁzt—)_*— /’L(t) ]cﬁ_,‘%'*'

r—1

—KT Y a©  lim e (h 0. 8- (hr. 1) =K g, (0

i=0 k=—=5
< —K*1g.(t) < 0.
Therefore, for each fixed t € [ty, o0), we obtain
lim +P(t, ky ifp(t) >0

0> —K'lg,(t) > {770
klim P(t, k) if (t) = 0.
— —00

7527

(3.12)

It follows from the continuity of P in k and ((3.11)-(3.12)) that for each fixed t € [ty, c0)T, there eXists a largest element kg

of the set S(t) such that
P(t, ko) = 0.

Using all these largest elements we can construct a positively regressive function A : [§_(h,, ty), o0)T — (—00, 0) by

A(t) := max{k € S(t) : P(t, k) = 0}
so that for a given K > 1, y(t) = Ke, (t, to) is a solution to (3.7).

(3.13)

If y(t) be a solution of (3.7), x(t) satisfies (3.4), and x(t) < y(t) forallt € [6_(h;, to), tolr, then by Proposition 2 the

inequality x(t) < y(t) holds for all t € [ty, o0). For a given K > 1, we have

inf I(eA(t, to) =K,
tel6—(hr,to).tolT

hence, by choosing a Ko > 1 with

Ko > sup x(t),
te[d—(hr,to),tolT

we get
x(t) < Kope; (t,tp) forallt € [6_(h,, tp), to]r.

It follows on the basis of Proposition 2 that the inequality
x(t) < Koe,.(t, to)

holds for all t € [tg, co)t. This completes the proof. O

In next two examples, we apply Theorem 2 to the time scales T = Z and T = q" to derive some results for difference

and g-difference inequalities.

Exampled4. Let T = Z; to = 0; 6_(hj,t) =t —h;, h € N, i=1,2,...,r—1;h, € Z*,and0 = hy < hy < - --

Assume thatpandgq; >0, i=0,1, 2, ..., r,are the scalars satisfying g, > 0 and

.
ZQi <p=<1l
i=0

Then the Eq. (3.7) becomes

Ay(t) = —py(®) + ) _aqy‘(t —hy), t€{0,1,..}.
i=0

The characteristic polynomial and the set S(t) given by (3.8) and (3.9) turn into

P(t,3) = (A +p)(1+2)" (1 4+ 070 — KT 7gi(1 4 2y Ot
i=0

and
S(t) =(—1,0) forallte{0,1,...},

< h;.

(3.14)
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respectively. Let {x(t)}, t € [—h,, 00)z be a sequence satisfying the inequality

Ax(t) < —px(t) + Zq,»xf(t —h), tefo,1,...}.
i=0

Then by Theorem 2, we conclude that there exists a constant K, > 1 such that

t—1

x(t) <Ko [J(+2o(). te{0.1,..),
s=0

where Ag : Z — (—1, 0) is a positively regressive function defined by

.
Lo(t) = max {v €(=1,0): W+p) (1 +v)r@ +v)d-0h) _ -1 Z qi(1 + v)ttr=hd — o
i=0

Remark 2. Example 4 shows that the result in [8, Theorem 2.1] and [6, Theorem 2.1] are the particular cases of Theorem 2
when T = Z. Moreover, unlike the ones in [8, Theorem 2.1] and [6, Theorem 2.1], the coefficientspandq;, i =0, 1,...,r,
of the dynamic inequality considered in Theorem 2 are allowed to depend on the parameter t. Hence, even for the particular
case T = Z we have a more general result.

Example5. Let T =¢" :={¢":neNandq> 1},to = 1,5_(h;, t) = t/h;, where h; € ¢°, 1 = hg < hy < --- < h,. Letx
be a function satisfying the inequality

! t
Dgx(t) < —p(t)x(t) + ; Gt (h—) , teq",

where Dgx(t) is defined as in (1.4). Let

¢“={¢":neZandq > 1}.

Suppose thatpand ¢;, i =0, 1, ..., r, are continuous and bounded functions satisfying 1 —p(t)(q— 1)t > 0; ;(t) > 0, i =
1,...,r—1;¢(t) > 0,and

.
p(t) — Y _&i(t) >0
i=0
forall t € [1, 0o) N g”. Then there exists a constant Ky > 1 such that
xt) <K [[ (+nrsg—1s) forallteq",
se[1,6)NgN
in which A denotes the function defined by
A(t) :=max{k e (—=1/(q— 1t,0) : P(t,k) =0}, teq",

where

Ptk = (k+p®) [] (1+k(q—1)s)A(t,I<)—I<[_1i§i(t) [[ «+k@g-19".
[ < g
where
[[ G+k@—n9" ifr>h,
se[],#)ﬁqz
[[ +k@-0s)" ift <h,.

t 7
se[hr ,1)ﬁq

A(t, k) =

Theorem 3. Let T € [ty, 00)7 be a constant such that there exists a delay function 5_(t, t) on T. Let x be a function satisfying
the inequality

X2(t) < —p(Ox(t) +q(t)  sup  x°(s), t € [to, 00)r,
se[s_(z,0),t]

where ¢ € (0, 1] is a constant. Suppose that p and q are the continuous and bounded functions satisfying p(t) > q(t) > 0 and
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1—u(t)p(t) > 0forallt € [ty, oo)t. Then there exists a constant My > 0 such that every solution x to Eq. (4.1) satisfies
x(t) < Moes(t, to),
where . is a positively regressive function chosen as in (3.16).

Proof. We proceed as we did in the proof of Theorem 2. Consider the dynamic equation

yA®) = —py() +q sup y(s), t €[k, co)r. (3.15)

se[d—(7,t),t]

For a given M > 1, Me, (t, tp) is a solution of (3.7) if and only if X is a root of the characteristic polynomial F(t, A) defined
by

P(t, 1) == (A +p(D) ex(t, to) —M'q(t) sup el(s, to).
se[d—(z,t),t]

For each fixed t € [ty, 0o)t define the set

S(t) :=1{k € (—00,0): 1+ m(t)k > 0}.
It is obvious that for each fixed t € [ty, co)t and for all k € S(t) we have

P(t. k) = (k+ p(D)) ex(t, to) — M'q()ef(5_ (. 1), to).
As we did in the proof of Theorem 2, one may easily show that for each t € [to, 00)r, there exists a largest element of S(t)
such that P(t, k) = 0. Using these largest elements we can define a positively regressive function A : [5_(h,, ty), 00)T —
(—00, 0) by

X(t) = max [k € S(t) : P(t, k) = 0} (3.16)
so that for a given M > 1y(t) = Mej(t, tp) is a solution to (3.15). The rest of the proof can be done similar to that of
Theorem2. O

Remark 3. Notice that Theorem 3 gives Lemma 1 in the particular case when T = R and £ = 1. Moreover, since there is no
nonnegativity condition on the function x, Theorem 3 provides not only a generalization but also a relaxation of Theorem 1.
Similar, relaxation is valid also for the discrete case (see [9, Theorem 2.1]).

We finalize this section by giving a result for functions satisfying the dynamic inequality

XA (1) < —pOx(©) + [ ] BiOX (5 (hi, 1)), (3.17)

i=0

where «; € (0,00), i=0,1,...,r,are the scalars with Z{:o o; = 1. Let the characteristic polynomial Q (t, k) and the set
S(t) be defined by

.
Q(t, k) = (h+p) ex(t, to) — [ | A€l (5—(hi, ), to)
i=0
and (3.9), respectively. Applying the similar procedure to that used in the proof of Theorem 2 we arrive at the next result.
Theorem 4. Let x be a A-differentiable function satisfying (3.17), where o; € (0,00), i = 0, 1,...,r, are the scalars with

Y o = 1;pand B, i = 0,1,...,r, are continuous functions with the property that 1 — f(t)p(t) > 0; Bi(t) > 0, i =
0,1,...,r forallt € [ty, 00)T. Suppose that

,
pt) - ]8>0
i=0
forallt € [ty, o0)t. Then there exists a constant Ly > 0 such that
x(t) < Loe, (t, tp) fort € [to, 00)T,
where y : [ty, 00)r — (—00, 0) is a positively regressive function given by
y(t) .= max{k € S(t) : Q(t, k) = 0}. (3.18)

Note that Theorem 4 gives [8, Theorem 2.2] in the particular case when T = Z,t, = 0,5_(h;,t) = t — h;, i =
0,1,2,...,r.
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4. Global stability of nonlinear dynamic equations

In this section, by means of Halanay type inequalities we gave in the previous section, we propose some sufficient
conditions guaranteeing global stability of nonlinear dynamic equations in the form

x2(t) = —p(O)x(t) + F(t, x(t), X(6_(hy, 1)), ..., x(8_(hy, 1))) (4.1)
fort € [tg, 0O)T.

Theorem 5. Let pand q;, i = 0, 1, ..., r, be continuous and bounded functions satisfying 1 — (t)p(t) > 0; q;(t) > 0, i =
0,1,...,r;q.(t) > 0and

p(t) — Y _qit) > 0

i=0

forallt € [ty, 00)t. Let £ € (0, 1] be a constant. Assume that there exist scalars h; € [ty, c0)r, i = 0,1, ..., r, such that
hg = tg, 6_(h;, t), i=1,...,r, aredelay functions on T, and

IF(t, x(8), x(8—(h1, 1)), ..., x(6—(hr, D)))| = Z qi(t) X3 (hi, )" (4.2)

i=0

forall (t, x(t), x(6_(hy, t)), ..., x(8_(h;, t))) € [to, 00)r x R" 1. Then there exists a constant My > 1 such that every solution
x to Eq. (4.1) satisfies

[X(£)| < Moey(t, to),
where A is a positively regressive function chosen as in (3.13).
Proof. Let

§:=0(-p) =

1—up
Multiplying both sides of Eq. (4.1) by e (¢, tp) and integrating the resulting equation from ¢, to t we get that

t
x(t) = xpege (¢, to) + / F(s,x(s), (8- (hy,9)), ..., x(6—(h;, 5)))ece (t, 0 (5)) As. (4.3)

fo

It is straightforward to show that a solution x(t) to Eq. (4.3) satisfies (4.1). This means every solution of Eq. (4.1) can be
rewritten in the form of (4.3). By using (4.2) we obtain

KO < ol eae 6t + [ ) 1X(G_(hi DI eci ¢, 0 5)) s,

o i=0

Let the function y be defined as follows:

y() = [x(t)| fort e [§_(h, to), tolr

and
y(6) = [xo| eci (¢, to) + / Zq,(S) X(8—(hi, )| ece (¢, 0 (5))As  for [to, 00)r.

Then we have |x(t)| < y(t) forallt € [§_(h,, tp), o0)7. By [23, Theorem 1.117] we get that

yA(6) = —p(t) (IXolees(t to) + Z%(S) IX(8(hi, 5))|" ece (t, G(S))M) +ZQz(t) IX(8— (hy, )]

o =

= —p(t)y(t) + Z qi(t) x(3_(hi, )|

i=0
r
< —p(Oy(®) + Y ait)y (- (hi, 1)
i=0
for all [ty, oo)t. Therefore, it follows from Theorem 2 that there exists a constant My > 1 such that
[X(t)| < Moey(t, tp) fort € [to, 00)T,

where X : [ty, o0)r — (—00, 0) is a positively regressive function defined by (3.13). The proof is complete. O
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Corollary 2. Let x be a function satisfying the inequality

x4(0) < =p(Ox(©) +q(t) _max {x'@-(h, )}, t &lto, o), (4.4)

where £ € (0, 1] is a constant. Suppose that p and q are continuous and bounded functions satisfying 1 — (t)p(t) > 0 and
p(t) > q(t) > 0 forallt € [ty, oo)r. Then, there exists a constant My > 1 such that every solution x to Eq. (4.1) satisfies

[x(t)| < Moe,(t, to),

where A is a positively regressive function chosen as in (3.13).

Similar to that of Theorem 5 one may give a proof of the following result by using Theorem 4 instead of Theorem 2.

Theorem 6. Let pand B;, i = 0, 1, ..., r, are continuous functions satisfying 1 — u(t)p(t) > 0, Bi(t) >0, i=0,1,...,r,
forallt € [ty, 00)T. Assume that «; € (0, 00), h; € [ty, 00)r, i = 0, 1, ..., r, are the scalars such that Z::o o = 1,hy =
to, 5_(h;, t), i=1,...,r, are the delay functions on T. If

pt) - []8®) >0

i=0

forallt € [ty, oo)T and

[F(t, x(t), X(5—(h1, 1)), ..., x(6—(hr, )] =< l_[ Bi 1x(6—(hi, £)|*

i=0

forall (t, x(t), x(6_(hy, 1)), ..., x(6_(hs, £))) € [to, 00)r x R™+1. Then there exists a constant Ny > 1 such that

x(t) < Noe, (t, to) fort € [to, 00)T,

where y : [tyg, 00)r — (—00, 0) is a positively regressive function given by (3.18).

Remark 4. In the case when T = Z, p(t) = p and q(t) = q, Theorems 5 and 6 gives [8, Theorem 3.1] and [8, Theorem 3.2],
respectively.

References

R.P. Agarwal, Difference Equations and Inequalities: Theory, Methods and Applications, Marcel Dekker Inc., New York, 1992.

A. Halanay, Differential Equations: Stability, Oscillations, Time Lags, Academic Press, New York, NY USA, 1966.

S. Mohamad, K. Gopalsamy, Continuous and discrete Halanay-type inequalities, Bull. Aust. Math. Soc. 61 (2000) 371-385.

A. Ivanov, E. Liz, S. Trofimchuk, Halanay inequality, Yorke 3/2 stability criterion, and differential equations with maxima, Tokohu Math. J. 54 (2002)
277-295.

W.Wang, A generalized Halanay inequality for stability of nonlinear neutral functional differential equations, J. Inequal. Appl. (2010) Article ID 475019.
R.P. Agarwal, Y.H. Kim, S.K. Sen, New discrete Halanay inequalities: stability of difference equations, Commun. Appl. Anal. 12 (2008) 83-90.

R.P. Agarwal, Y.H. Kim, S.K. Sen, Advanced discrete Halanay type inequalities: stability of difference equations, J. Inequal. Appl. (2009) Article ID
535849.

S. Udpin, P. Niamsup, New discrete type inequalities and global stability of nonlinear difference equations, Appl. Math. Lett. 22 (2009) 856-859.

E. Liz, ].B. Ferreiro, A note on the global stability of generalized difference equations, Appl. Math. Lett. 15 (2002) 655-659.

C.T.H. Baker, Development and application of Halanay-type theory: evolutionary differential and difference equations with time lag, J. Comput. Appl.
Math. 234 (2010) 2663-2682.

[11] C.T.H. Baker, A. Tang, Generalized Halanay inequalities for Volterra functional differential equations and discretised versions, Numerical Analysis

Report 229, Manchester Center for Computational Mathematics, University of Manchester, England, 1996.

[12] K. Gopalsamy, Stability and Oscillations in Delay Differential Equations of Population Dynamics, Kluwer Academic Publishers, Dordrecht, The

Netherlands, 1992.

[13] M. Adivar, Y.N. Raffoul, Stability and Periodicity in dynamic delay equations, Comput. Math. Appl. 58 (2009) 264-272.
[14] D.R. Anderson, R.J. Krueger, A. Peterson, Delay dynamic equations with stability, Adv. Difference Equ. 2006 (2006) doi:10.1155/ADE/2006/94051. 19

15
16
17

18
19
20

21
22
23
24
25

26
27
28
29

p. Article ID 94051.

J. Hoffacker, C. Tisdell, Stability and instability for dynamic equations on time scales, Comput. Math. Appl. 49 (2005) 1327-1334.

M. Adivar, Y.N. Raffoul, Shift operators and stability in delayed dynamic equations, Rend. Semin. Mat. Univ. Politec. Torino 68 (2010) 369-397.
E.Kaufmann, Y.N. Raffoul, Periodicity and stability in neutral nonlinear dynamic equations with functional delay on a time scale, Electron. J. Differential
Equations 27 (2007) 1-12.

E. Kaufmann, Y.N. Raffoul, Periodic solutions for a neutral nonlinear dynamical equations on time scale, ]. Math. Anal. Appl. 319 (1) (2006) 315-325.
E. Akin, Y.N. Raffoul, C. Tisdell, Exponential stability in functional dynamic equations on time scales, Commun. Math. Anal. 9 (2010) 93-108.

E. Akin, Y.N. Raffoul, Boundedness in functional dynamic equations on time scales, Adv. Difference Equ., vol. 2006, pp. 1-18, Article ID 79689.
doi:10.1155/ADE/2006/79689.

Y. Yang, ]. Cao, Stability and periodicity in delayed cellular neural networks with impulsive effects, Nonlinear Anal. RWA 8 (2007) 362-374.

S. Hilger, Analysis on measure chains—a unified approach to continuous and discrete calculus, Results Math. 18 (1990) 18-56.

M. Bohner, Allan C. Peterson, Dynamic Equations on Time Scales, An Introduction with Applications, Birkhduser Boston Inc., Boston, MA, 2001.

M. Bohner, Allan C. Peterson, Advances in Dynamic Equations on Time Scales, Birkhduser Boston Inc., Boston, MA, 2003.

E. Akin, L. Erbe, B. Kaymakgcalan, A. Peterson, Oscillation results for a dynamic equation on a time scale, on the occasion of the 60th birthday of Calvin
Ahlbrandyt, J. Difference Equ. Appl. 6 (2001) 793-810.

M. Bohner, Some oscillation criteria for first order delay dynamic equations, Far East J. Appl. Math. 18 (2005) 289-304.

E. Akin Bohner, M. Bohner, Faysal Akin, Pachpatte inequalites on time scales, JIPAM J. Inequal. Pure Appl. Math. 6 (1) (2005) Article 6.

M. Adivar, Y.N. Raffoul, Existence of resolvent for Volterra integral equations on time scales, Bull. Aust. Math. Soc. 82 (2010) 139-155.

M. Advar, Function bounds for solutions of Volterra integro dynamic equations on time scales, Electron. J. Qual. Theory Differ. Equ. 7 (2010) 1-22.



