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Abstract

Some oscillatory criteria for fourth order difference and differential equations are gen-
eralized to arbitrary time scales.
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1 Introduction

This paper is concerned with the oscillatory behavior of fourth-order nonlinear dynamic
equations

(p(t) (@) A (1) + q(t) f(a”)(t) =0, t € T (1)
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where « is the ratio of two positive odd integers, p,q € Cra(T,R™), and f € C(R,R) such
that zf(x) > 0 and f/(x) > 0 for = # 0.

A time scale T is a nonempty closed subset of real numbers. The delta-derivative f2
for a function f defined on T turns out to be f» = f’ (the usual derivative) if T = R and
2 = Af (the usual forward difference operator) if T = Z. Here o : T + T is the forward
jump operator which gives the next point in T. The study of dynamic equations on time
scales is a fairly new topic, and work in this area is rapidly growing. It is introduced well
in the fundamental texts by M. Bohner and A. Peterson in [8, 9]. For recent contributions
concerning the oscillation of differential, difference and dynamic equations, see the books
(2, 3,4, 5, 8, 9] and the papers [1, 10, 11, 12, 13, 15, 16].

The main purpose of this paper is to pursue a systematic study for the oscillation of
equation (1). For that reason, we assume that

/ TR (AL = o (2)

and there exists a strictly increasing function 8 : T — T such that 8?(T) := B(3(T)) is a
time scale, t < 3(t) for all t € T and 3? is delta-differentiable. In Section 2, we prove a crucial
lemma and give some preliminary results. In Section 3, we obtain the oscillation criteria for
(1) as well as for special cases of (1) depending on o > 1 and a < 1. Finally, we establish the
oscillation criteria for some delay equations in the last section.

Throughout we assume that T is an unbounded time scale. For convenience of notation,
we let [to, 00) = [to,00) N T, to € T, and z2” = 222, By C(M, N) (Cra(M, N)) we mean
the set of all continuous (right-dense continuous) functions defined on the set M to the set
N. We denote 7 = 2. We introduce the operators L;,i = 0,1,2, 3,4, as follows:

Lox =z, Lix = (Lox)A, Loz = p{(le)A}o‘, Lazx = (LQ:C)A, Lz = (LgI)A. (3)

We recall that a solution of equation (1) is said to be oscillatory on [tg, c0)qm in case it is
neither eventually positive nor eventually negative. Otherwise, it is said to be nonoscillatory.
Equation (1) is said to be oscillatory in case all of its solutions are oscillatory.

2 Preliminaries

In this section, we first discuss possible sign conditions for the operators defined in (3) in
case a solution of (1) is eventually positive. Then we obtain a crucial lemma. We finish this
section with some preliminary results.

If x is an eventually positive solution of (1), then Lyz(t) < 0 eventually. Since (2) holds,
it follows that L;x(t), ¢ = 1,2, 3, are eventually of one sign. There are eight different sign
combinations for these functions. It is easy to show that it is not possible that L;z(t) > 0,
Lip12(t) < 0, Liyox(t) < 0 and Lyz(t) < 0, Lip12(t) > 0, Liyox(t) > 0 for i € {0,1,2}, see
[7]. There are only two possibilities left, namely

(I) Loz(t) >0, Liz(t) > 0, Laz(t) > 0, Lax(t) > 0, and Lyx(t) < 0 for ¢ > to;

(II) Lox(t) >0, Liz(t) > 0, Laz(t) < 0, Lax(t) > 0, and Lsz(t) <0 for t > to,
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where ¢ is sufficiently large enough.

Case (I). Suppose Loz(t) > 0, Lix(t) > 0, Lox(t) > 0, Lzz(t) > 0, and Lsz(t) < 0 for t > to.
Since Lgx(t) > 0 is decreasing for ¢ > g, we get

Lox(t) — Laz(to) = /t Lsx(s)As,

hence
p(O{ (L)} (t) = (t — to) Laz(t),
thus )
2 t—1 o 1
22 (t) > (ﬁ) Lsx(t) for t > t. (4)

Integrating (4) from ¢y to ¢, using (I) and the decreasing property of L3z (t), ¢t > o, we obtain

tose =
(S t0> As for t > tg,
p(s)

o(t) 2 Ljalt) [

to

and repeating the same process yields

() > L (t) /t: </t: <sz8§0>é Ag) Au for t >t

Case (II). Suppose Lox(t) > 0, Liz(t) > 0, Lax(t) < 0, Lax(t) > 0, and Lyx(t) < 0 for
t > tg. From sup T = oo, we see that there exists an increasing function 8 : T — T such that
t < B(t) for all t € T. Then note that Lyz(t) > 0 is decreasing and Loz (t) < 0 for ¢t > t.
From

B(t)
Lox(B(t)) — Lox(t) = /t Lsx(s)As,

we get that
—Lox(t) = (B(t) — 1) Lsx(B(t)),

which can be rewritten as

a7 Bty —t\* 2
202 (2920) Ldatoon, 6

Integrating (5) again from ¢ to 8(t), we obtain

20> Lia() [ " (&) "

2(5(1)) / / - (%) Auds.

and so

Lo

z(t) > L
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For t > ty, we set
t e g\ B(t) _ s\ =
h(t,to; p) := min / (S to) As, / <M) As
to p(s) t p(s

H(t,to;p) ::/ h(s,to; p(s))As.

to

and

Combining these inequalities, we obtain the following crucial lemma.

Lemma 2.1 Let 2(t) be a positive solution of (1) for t > tg. Then, for all t > to,

wA () > h(t, to; p)LF 2(r(t))

and
() > H(t, to: p) L3 z(r(1)).

We also need the following lemma.
Lemma 2.2 [14] If X and Y are nonnegative, then

XY= AXYM 4 A —1DYr >0, A > 1,
where equality holds if and only if X =Y.

The following chain rule is extracted from [13] and plays an important role in this paper.

Lemma 2.3 Assume that 7 : T — R~ 1s strictly increasing and T = 7(T) c T is a time
scale such that Too = oor. Let 2 : T — R. If 72(t) and 2 (1(t)) ewist for t € T, then
(z o)A (t) exists, and (x o T)2(t) = 22(7(1))T2 ().

From Remarks 4.1 and 4.2 in [6], we have the following result.

Lemma 2.4 Assume z € C.q([to, oo)T,R).

(i) If z(t) > 0, z2(t) <0 on [to, 00) and A <1, then

* —a8(s)
\/; T(S)AS < 00, te [t0,00)’]T,

(ii) If x(t) > 0, 22(t) > 0 on [to, 00) and A > 1, then

/WMAS<OO t € [to, o)
(@ (s) ’ T
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3 Oscillation Criteria for (1)

Throughout this paper, we assume 700 = ¢ o 7. In what follows we assume that
fé_l(u)g(u,v) >k >0 for u,v#0, (6)
where k is a constant and

1
g(u,v) = /0 f'(hu+ (1 = h)v)dh. (7)

Theorem 3.1 Assume that (2), (6) and (7) hold, and there exists a functionr : [to, 00) —
R such that

H?isoljp /t: [T(S)Q(T(S))TA(S) - (kia (1 +a:)1+a (r(t ((S:((IBSJFQ)) )} As=o

where h(t,to;p) is defined as in Lemma 2.1. Then equation (1) is oscillatory.

Proof: Let z be an eventually positive solution of (1), say x(t) > 0 for all t > tg, to € T. Then
from (1), we see that Lsx(t) < 0 for all ¢ > t¢ and hence L;z(t), i = 1,2, 3, are eventually of
one sign for all ¢ > to. From the earlier argument in Section 2, Lsz(t) > 0 is decreasing and
Liz(t) > 0 for all t > t; > tg, t; € T. By Lemma 2.1, there exists to > t1, t2 € T such that

2B (t) > h(t,tg;p)L§x(r(t)) for t > ts. (8)
Define Lya(r(t)
- 3T(T or )
w(t) (t) @) for t >t

A o) | o [Ear(r )] Falt) — Laalr@)[F®)]*
@ = O aer) T FeO) F (o)
a0 a0 ()7 () ()
(D) T/ (20 )
D Lea(e 22 (t) [ F1(1 = h)a(t) + ha (t)dh
(t)Laz(r(t)) T o))
) s gla(0),2(0)
< RO a7 (0 = O Laalr(0)e (07 L
< 20O L g(rm)r (1) - kr(t) Laa(r(t) )
= "W 773 @0 (0)
w"(t) 141 1
< T’A(t) (0 —7“(t)q(7'(t))7'A(t)—lm"(t)LBJr x(T(t))h(t,tz,p)flJrl(x(a(t)))
R N W (o(1))
< PO T O 0 ~ kO i) T (9)
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Set
X = [kr(t)h(t, ta; p)] =1 2 (t) a+1
T

and

= (ae) (2 o o

in Lemma 2.2 to conclude that for ¢t > t3 > to, t3 € T

w? (t) wte(e(t) _ 1 a® r&(t) e
2 (t) (D) — kr(t)h(t,t2; p) Tl () < 7o (Tt )t (r(Oh(L, ta: p))°

e N S ()

WA ) < a0+ 1o e e (2 (0
Integrating both of sides of (10) from t3 to ¢ > t3, we obtain

—w — t r(s)q(1(s))72 () — 1o (r2(s)) §— —o0ast — 0o

w(t)=u(ts) < = [ [t )~ (G e T )| A t- o,
which contradicts the fact that w(t) > 0 for ¢ > ¢s. O

Now let
Q) = / 4(r(5)7> (5)As and Q" (1) == r(£)Q(t).

For the next three results, we obtain the oscillation criteria for (1) and special cases of (1)
depending on «.

Theorem 3.2 Let 0 < o < 1 and assume that (2), (6) and (7) hold. If there exists a function
r: [to,00) — R* such that Q*(t) >0 and

lim sup / [p<s>q<7<s>>fﬁ<s> - , As = o,

t—o0
where h(t,to;p) is defined as in Lemma 2.1, then equation (1) is oscillatory.

Proof: Let = be a nonoscillatory solution of equation (1), say z(t) > 0 for t > to, to € T.

Define Laa(r(6)
_ Lax(T
=5

Then, similar to the proof of Theorem 3.1, we have y2(t) < —q(7(¢))72(t), and so y(t) > Q(t)
for t > ty. Next, we define

for t > to.

w(t) = T(t)M for t > to.

fx(t))
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Then w(t) > r(t)Q(t) = Q*(t), t > to. Proceeding as in the proof of Theorem 3.1, we obtain
(9) for t > t9, to € T. Now, for t > t3, t3 € T, t3 >t we obtain

w () N ()

WO S O a0 — kb ) S

< )= ((f)) —r(t)g(r(t))T™ (8) = kr()h(t, ta; p)r ™'~ (0(1))(Q)  (o(t))w’ (o (1)

B 1 (r2(0))°Q' % (0(1)

A
— VRO et b QT (6w e
2ro \/kr r=2(o(t))h(t, ta; p)Q= (o (t))
(r2(1)*Q' "= (o(t)

< —r(t)a(r(t)r ()-+gg rt)h(t, ta;p)

The rest of the proof is similar to that of Theorem 3.1 and hence omitted. O

The following result is concerned with the oscillation of a special case of equation (1),
namely, the equation

La(z(t)) + q(t)z%(o(t)) = 0. (11)

Theorem 3.3 Let a > 1 and assume that (2) holds. If there exists a functionr : [to, 00) —
R such that

R 2 (1)? _
imsp [ [p(s)a(r(s)r 0) = gt O A = o

where h(t,to;p) is defined as in Lemma 2.1, then all bounded solutions of equation (11) are
oscillatory.

Proof: Let x(t) be an eventually bounded positive solution of equation (11). It is easy to see
that x(t) satisfies (IT). Proceeding as in the proof of Theorem 3.1, we obtain (8) for ¢ > to,
to € T, and we can easily see that

z(t) > (t —ta)x™ (1), t > to. (12)

Define
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By Lemma 2.3, we can show that [2%(¢)]® > az®(t)z®~!(t). Then from (8), for t > to, we
have

A — A - <
w0 = T O=5Ga) 0 2 (0 (1)

PN @)

< S0 - r0ar )7 () — (O Las(r(0) e

< W o) s (g(r)r (1) — ar(t) Laa(r () @ (1) @ (1)1 D)

S0 @ (0 0)?
P20 o) el (A (1) — g D) w0\,

< T~ a0 - acgr O (S0s) o)

Using (12) in the above inequality, we get for t > t3 > to, t3 € T,

A TA(t) o _ A () _ a—1l1 o . 2
wAe) < () = r(Oa(r )T (1) oy s (= 1) (1 i) (o ()
_ (r2(1)?
= OO et
[\/ e ot = ) (1) - : 2@
2ro(t)\/a s ho (1, ta: p) (£ — 12)°
(r2(1))?
: {  dar(t)he (¢, to; p)(t — to)o‘_l} .
The rest of the proof is similar to that of Theorem 3.1, and hence omitted. O

The following result is concerned with the oscillation of another special case of equation
(1), namely

Laa(t) + q(t)2 (£) = 0 (13)

Theorem 3.4 Let o < 1. In addition to (2) we assume that

/ T () ()AL < oo,

and
t

lim h(s,to;p)Qé(a(s))As =00, toeT. (14)

t—oo to

Then equation (13) is oscillatory.

Proof: Let z(t) be an eventually positive solution of equation (13), say, x(t) > 0 for ¢t > to.
We define
Lax((t))

a(t)

w(t) =
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Similar to the proof in Theorem 3.1, we obtain

Laa(r() \*
(ZT) < —q(r(t)TA (), t > to. (15)
Integrating (15) from o(t) to u, we get
Lya(r(w) _ Lya(rlo(®) _ [*
R il B U Cl OIS (16)
Letting u — oo in (16), we obtain
Lia(rlo(®)) _ .
HreOl > ot (17)
Using (8) in (17) and noting that Lz is decreasing, we find
((R) = o). o> 1
or X A
h(t, t2;p)Q= (0(t)) < o) t=>1s (18)
Integrating (18) from ¢ to t, we get
¢ 1 ¢ ,TA S
[ rstmeieenas< [ (19

Taking limit of both sides of (19) ast — oo, we arrive at the desired contradiction by Lemma
2.4 (ii) and (14). ad

4 Oscillation Criteria for Delay Dynamic Equations
We consider the delay dynamic equation

Lax(t) + q(t) f(x(6(t))) = 0, (20)
where 6 : T — T is an increasing delay function satisfying Jim 6(t) = oo and 6(t) < ¢ for all

t € T and we study the oscillation for delay dynamic equation (20). We first present some
comparison criteria.

Lemma 4.1 Let (2) hold. If the inequality
Laz(t) + q(t) f(x(6(2))) <0 (21)

has an eventually positive (negative) solution, then the equation (20) also has an eventually
positive (negative) solution.
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Proof: Let x(t) be an eventually positive solution of (21). There exists ¢ty € T such that
x(t) > 0 for t > to and z(t) satisfies either (I) or (II) for ¢t > ty. Integrating (21) from ¢ > ¢o
to u >t and letting u — oo, we have

Lyx(t) > / " g(s) F(B(s)))As. (22)

Now, we need to distinguish the following two cases:

Case (I). L;xz(t) > 0 for t > g, i = 0,1,2,3. Integrating (22) from tg to t > o, we get

L)z [ [ atw)stelotu)duas

or

0= (s / [ atwstetoaus ) ‘
and so, )
o(t) > / A (o A () a0 251 ) Bzl
Define

B(t, 2(0(1))) = / / (p(;) / / foq<s>f<x<9<s>>>AsAsl) " Asdss

where ¢ = z(typ). Now, we show that the existence of a positive solution to the equation
y(t) =c+ ®(t,y(6(t))) for t > 1.

In order to do this, we define the function sequence {yx(t)}, k = 0,1,..., such that

yo(t) = (t),  yry1(t) = c+ @(t,y(0(2))) for ¢ > to. (23)
Then, one can easily see that yi(t) is well-defined and

0<yu(t) <2(t), c<yrs1(t) < (D).
Thus, yi is positive and nonincreasing in k for ¢ > ty. This means we may define y(t) =
kh_)rr;o yi(t). Since 0 < y(t) < yx(t) < x(t) for all k > 0 and
D(t, ye(0(1))) < @(t,2(0(1))),

the convergence of {yx(t)} is uniform with respect to t. Now, taking the limit of both sides
of (23), we have
y(t) =c+ O(t,y(0(¢))) for t > to. (24)

Finally, taking the delta derivative of (24) four times, we obtain

Lay(t) + q(t) f(y(6(2))) = 0.
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Case (II). L;z(t) > 0, i = 0,1,3 and Laz(t) < 0 for ¢ > to. Integrating (22) from ¢t > ¢y to u
and letting u — oo, we have

o

o2 (= [ [T a0 aus)

Define

W(t, 2(0(0) = / / °° <]ﬁ / °° / joq<s>f<x<9<s>>>AsAsl)éA52A53.

z(t) > c+ U(t,z(0(t))) with ¢ = z(to).

Then

The rest of the proof is similar to that of Case (I) and hence omitted. ad

Theorem 4.2 Let (2) hold. If

1
2 1 o0 oo o 1
0+ (o [ [ atwan)” el =0 )
p(t) t s
is oscillatory, then all bounded solutions of equation (1) are oscillatory.

Proof: Let x(t) be a nonoscillatory bounded solution of equation (1), say, z(t) > 0 for t > to,
to € T. It is easy to check that x(t) satisfies (II) for t > t; > to, t; € T. Integrating equation
(1) from ¢ > 1 to uw and letting u — oo, we have

Lsx(u) — Lyz(t) = — /t“ q(s)f(z7(s))As

and so

Laa(t) > / T U1 a (5)Ds > F(a7 (1)) / T g(s)As, t2 1y (26)

Once again, integrating (26) from ¢ > t; to u and letting © — oo, we obtain

~Laalt) > £a7(0) [ < A q(v)Av) As, 1>

or
A? 1 > > é -
20+ (= [ ([ awavas) fEerw) <o, t=h.
p(t) t s
Similar to the proof of Case (II) in Lemma 4.1, we can show that (25) has an eventually
positive solution, which contradicts the hypothesis and completes the proof. O

By the similar method of proof in Lemma 4.1, we can show that the following comparison
result.
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Lemma 4.3 Let (2) hold. If

e (t) +q(t) f(x(6(t)) <0,
has an eventually positive (negative) solution, then

2 (t) + q(t) f((6(2)) = 0
also has an eventually positive (negative) solution.

Now we establish some oscillation criteria for equation (20).
Theorem 4.4 Let (2) hold and assume that f satisfies
—f(=ay) = f(zy) = f(x)f(y) for xy>0. (27)

If
y2(8) + a(t) F(H(O(2), to; p) (= (7(6(¢)))) = 0 (28)

is oscillatory, then equation (20) is oscillatory.

Proof: Let z(t) be a nonoscillatory solution of equation (20), say, z(t) > 0 for t > tg, to € T,
and z(t) satisfies (I) or (IT). By Lemma 2.1, there exists ¢; > ty so large that

x(0(t)) > H(O(¢), to;p)Lgéx(T(G(t))) for t > t1,t; € T. (29)
Using (29) and (27) in (20), we have

—(Lax(t))® > q(6)fH(O(1)). to:p)) f (L (r(6(1)))), t > t1.

Substituting y(t) for Lsx(t), t > t1, we get

Q=

—y2(t) = q() F(H(O(1)), to; p))f (y= (T(6(1)))), t > t1.

Note that x(t) satisfies (I) or (II) implies that y(¢) > 0 for ¢ > ¢1. So (28) has an eventually
positive solution by Lemma 4.3, which contradicts with the hypothesis and completes the
proof. ]

We now present the following result for the oscillation of all bounded solutions of equation
(20).

Theorem 4.5 Let (2) hold. If

/too /koo <$ /VOO /TOO q(s)ASAT> " Avak = 0, (30)

then all bounded solutions of equation (20) are oscillatory.
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Proof: Let z(t) be a nonoscillatory bounded solutions of equation (20), say, z(t) > 0 for
t > to. Clearly, z(t) satisfies (IT) for ¢ > t; for some t; > tg. Now, there exist a constant
¢>0and an ty > t1, ty € T such that

<z(0(t)) < c for t > to. (31)

N o

Using (31), we have
Lax(t) + q(t)f(g) <0 for t>ts. (32)

Integrating (32) from ¢ > t5 to u > ¢ and letting u — oo, we have

Lya(t) 2 £(5) / " () s, (33)

Once again, integrating (33) from ¢ > to to u > ¢ and letting u — oo, we get

_zA’ (t)>f ( / / ASAT) :
Therefore, we find

a(t) > x(t) + fo /t / ( / / ASAT>;AVAk—>ooast—>oo,

which contradicts with (30) and completes the proof. m]

The following theorems are concerned with a necessary and sufficient condition for the
oscillation of all bounded and unbounded solutions of

Lax(t) + q(t)z (6(t)) = 0, (34)
where +y is the ratio of two positive odd integers.

Theorem 4.6 Let~y > a and condition (2) hold. Then all bounded solutions of equation (34)
are oscillatory if and only if (30) holds.

Proof: Let z(t) be a nonoscillatory bounded solution of equation (34), say z(t) > 0 for ¢ > ¢,
to € T. Clearly, x(t) satisfies (II) for t > ¢; for some t; > tg, t; € T. The proof of the “if”
part is an immediate corollary of Theorem 4.5 and hence omitted.

Now, we prove the “only if” part of the theorem. Let ¢ > 0 be a given arbitrary constant,
and choose a large T > t1, T € T such that

/ / < / / ASAT> : AvAE < 1cl_%.
v Jk 2

We introduce the Banach space A of all bounded real-valued functions defined on [T OO)T

with the norm ||z|| = sup |x(¢)]. We define a bounded convex and closed subset B of A
te[T,oo)T
as c
B={xzecA: §§x(9(t))§c, t>T}.
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Next, let F be a mapping defined on B by

Fao=c- [ t / N < / / AsAT> " Ak,

It is now easy to show that F maps B into itself and F is a continuous mapping. Also F(B)
is relatively compact in A. Therefore, by Schauder fixed point theorem, there exists x € B
such that z = Fz. It is clear that the fixed point z = z(t) gives a positive solution of (34)
fort>T. O

Theorem 4.7 Let v < « and (2) hold. Then all unbounded solutions of (34) are oscillatory
if and only if for all large t > to, to € T,

/00 q(t)H{ (0(t), to; p) At = oo, (35)

Hi(t,to; p) //( to) AsAu.
to Jto

Proof: Let x(t) be an unbounded nonoscillatory solution of equation (34), say x(t) > 0 for
t >to, to € T. Tt is easy to see that x(t) satisfies (I), and so,

where

x(t) > Hl(t,to;p)L§x(t), t>t1 >ty t1 €T
Furthermore, we have
2 (0()) > HY (0(t), to; p)LE 2(0(t)) > H (0(2),to; p) L5 (1), (36)
Using (36) in (34), we obtain
—Lax(t) > q(t)H] (0(t), to; p) L5 x(1).
Set y(t) = Lsx(t). Then
y™(t) + () HY (0(1), to; )y = (1) < 0. (37)

Dividing both sides of (37) by y= (t) and integrating from #; to u

! 0

/ () HY (0(2), to: p) AL < —/ UMV
t1 ty Yo (t)

By Lemma 2.4 (i) and as v — oo , we conclude that

[e'e] o A
/t q(t)HY(e(t),to;p)Atg/t yyl(g)m@o,

which contradicts with (35).
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To prove the “only if” part it suffices to assume that

/00 q(s)H{ (0(s), to;p)As < oo,

and show the existence of a nonoscillatory solution of (34). Let ¢ > 0 be an arbitrary constant
and choose T > t; > to, T € T sufficiently large so that

/ q(s)H{ (6(s), to;p)As < 5.
T

Let X be the subset of all real-valued functions set X defined on [T, c0) by

X={z: et Hi(t,T;p) < x(t) < coHi(t,T;p), t > T},

where ¢; = (%)é and ¢y = (2¢)a. Clearly, X is a closed, convex and compact subset of X.

Let S be a mapping defined on X as follows: For x € X,

t k v oo 1
1 o
(Sz)(t) = / / (— [c(u -T) —|—/ / q(s):ﬂ(@(s))ASAT}) AvAk for ¢t >T.
r Jr \p() T Jr
(38)
It is easy to show that S is continuous and maps X into itself and relatively compact in X;.
Therefore, by Schauder fixed point theorem, S has a fixed point x in X which satisfies

x(t) = /Tt /Tk (Z% [c(u -T)+ /TV /TOO q(s):ﬂ(@(s))ASAT}) " AvAk for t >T. (39)

Taking the delta derivative four times on (39), we see that @ = z(t) is a positive solution of
(34) for t > T. O
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