COMPARISON CRITERIA FOR THIRD ORDER
FUNCTIONAL DYNAMIC EQUATIONS WITH MIXED
NONLINEARITIES

ELVAN AKIN AND TAHER S. HASSAN

ABSTRACT. In this paper, we investigate comparison criteria for third
order nonlinear dynamic equations with mixed nonlinearities on time
scales. Our results are essentially new. Some applications illustrating
the importance of our results are included and these applications solve
a problem posed in [2, Remark 3.3].

1. INTRODUCTION

We investigate comparison criteria for the third order nonlinear dynamic
equation with mixed nonlinearities on time scales of the form

[2() b ([11.(£) b (22 ()] )] H+0(1) b ([r1 ()9 (22 (8))] 27+ £ (1, w(t))(lzlt;,

where
fta®) = AW, (x(ha (1) + B(t)ds(x(ha(t))
b
T / 4(t, 8)ba(sy (z(h(t, 5))AC(3), (12)

on a time scale T which is unbounded above, where —co < a < b < o0
and 7; € Cpq([to,0)y,(0,00)), i = 1,2, where C,4 is the space of right-
dense continuous functions; ¢ (u) := |[ul’ T u, 6 > 0; a € Cpy (la, b)5, RT)
is strictly increasing such that 0 < a(a) < A < a(b—) with § > v :=
717v2 > A > 0, where T is a time scale; ¢ € Cyq ([a,b)ﬁ,,R) is nonde-
creasing; p € Cpq ([to,00)7,(0,00)); and A, B € Cyq ([to, o)y, [0,00)) and
also ¢ € Cpq ([to,oo)T x la,b]+, [0, oo)) The functions hy,hs : T — T and
h:T x T — T are rd-continuous functions such that
tlg};lo hi(t) = tlggo ha(t) = tlggo h(t,s) =00 forseT.

Here f; f(s) AC(s) denotes the Riemann-Stieltjes integral of the function
f on [a,b)4 with respect to (. We note that as special cases, the integral
term in the equation becomes a finite sum when ¢ (s) is a step function and

a Riemann integral when ¢ (s) =s. For T=R, n € N, and s € [0,n + 1),
1
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we assume that

C(s) =D _x(s=j) with x(s)=4 " (.

- {1, $>0
j=1

a € C[0,n+1)such that a (j) =«;, i =1,...,n,
aj <X =120, aj>\ j=1+1,1+2 . n; (1.3)

q(t,j) = q; (t) and h(t,j) = hj(t) for j = 1,..,n. In this case, mixed
nonlinearities f(¢,x(t)) can be written as

n

F(ta(t)) = A@t)dy (x(h1(1))) + B(t)ds(a(ha(t) + Y aj(1)a; (w(Ry(1)))-

j=1

Note that we can get that all terms are sublinear, or superlinear, or a com-
bination of sublinear and superlinear depending on different choices of «;.
For more details, see [3,25]. Throughout this paper, we let

2= i, (YD), i = 1,2, with 2% = o

In this case, equation (1.1) becomes

0] + 0, ([1000] ) sta) =0 )

where f(t,z(t)) is defined by (1.2).

The theory of time scales, which has recently received a lot of attention,
was introduced by Stefan Hilger in his PhD dissertation written under the
direction of Bernd Aulbach (see [23]). Since then a rapidly expanding body
of literature has sought to unify, extend, and generalize ideas from discrete
calculus, quantum calculus, and continuous calculus to arbitrary time scale
calculus. Recall that a time scale T is a nonempty, closed subset of the reals,
and the cases when this time scale is the reals or the integers represent the
classical theories of differential and of difference equations. Many other
interesting time scales exist, and they give rise to many applications (see
[7]). Not only does the new theory of the so-called “dynamic equations”
unify the theories of differential equations and difference equations, but also
extends these classical cases to cases “in between”, e.g., to the so-called
g-difference equations when T =¢"° (which has important applications in
quantum theory (see [24])) and can be applied on different types of time
scales such as T =hZ, T = N2 and T = H, (the space of harmonic numbers).
For an excellent introduction to the calculus on time scales, see Bohner and
Peterson [7] and [8].

Although not all solutions of equation (1.4) exist on the whole time scale
T for the asymptotic and oscillation purpose, we are only interested in the
solutions that are extendable to co. Thus, we use the following definition of
solutions.
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Definition. By a solution of Eq. (1.4) we mean a nontrivial real—
valued function z € C?, ([T}, 00)1, R) for some T, > to such that zl!l, 22l €
CL ([Ty,00)1,R), and x(t) satisfies Eq. (1.4) on [T}, 00)T.

Recently, there has been an increasing interest in studying the oscillatory
behavior of all order dynamic equations on time scales, we refer the reader
to the papers [1,5,6,9-16,18-22,26-34] and the references contained therein.

The study content on the oscillatory and asymptotic behavior of second
order dynamic equations on time scales is very rich. In contrast, the study
of oscillation criteria of fourth order dynamic equations is relatively less. To
the best of our knowledge, the oscillatory behavior of fourth order nonlinear
dynamic equations with nonlinear middle term has not been studied till now.
Our aim here is to initiate such a study by establishing some new criteria for
the oscillation of equation (1.4) and some related equations. Our approach
is to reduce the problem in such a way that specific oscillation results for
first and second order equations can be adapted for the third order case.

2. MAIN RESULTS

In the following, we denote by L¢(a,b)s the set of Riemann-Stieltjes in-
tegrable functions on [a,b)s with respect to (. Let ¢ € [a,b)4 such that
a(c) = X. We further assume that a~* € L¢(a,b); such that

0 < a(a) < A < a(b-), / AC(s) > 0 and /bAg(s) > 0.

We start with the following two lemmas which generalize Lemma 2.1 and
Lemma 2.2 in [20, 30].

Lemma 2.1. There exists n € L¢ (a,b)4 such that n(s) >0 on [a,b)s,

b b
/ a(s)n(s) AC(s)=X and / n(s) A((s)=1. (2.1)

Proof. Let . o,
mma([acw) [ate ace):
”;:A(lfA<@ﬂ>_ilcd*<$ AC(s):

0, s € la, ),
n (s) := { a1 (s) (fchC (S)) s i Lb)):s’
and

2 (s) = { Ao~ (s) (f: A¢ (3))_

Clearly for i = 1,2, n; € L¢ (a,b)4 and

b
/CM@m@)AU®=A-
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Moreover,
1

/abm (s) AC(s) Zmz)\/cba_l (s) AC(s) </CbA§(s)>_ <1

/abnz(é’) AC(S)—n—)\/acofl(S) AC (s) (/;Ag(s)>_l>1.
For k € [0,1] let

n(s,k):= 1 —k)m(s)+kna(s), s€]la,b)s.
Then it is easy to see that

b
/ o (s)n (s, k) AC(s) = A

Furthermore, since 7 (s,0) = n; (s) and 7 (s, 1) = 12 (s), we have

and

b b
[ 06,0 8¢ = and - [Tn(s1) Ac(s) = n.

By the continuous dependence of 7 (s, k) on k there exists k* € (0,1) such
that 7 (s) :=n (s, k*) satisfies

b
/n<s> AC(s) = 1.

Note that 7 (s) > 0 for s € [a,b)4 and f;a (s)n(s) AC(s) = A. O
Lemma 2.2. Letu € C,q ([a, b)s ,R) andn € L¢ (a,b)s satisfyu >0, >0
on la,b)s and f;n (s)AC(s) =1. Then

b b
[ ac zen ([ nemie] a6).
where we use the convention that In0 = —oo and e=*° = 0.

Proof. Define an operator L as follows:

b
L (u) :=/ n(s)u(s) AC(s).

It is easy to show that L is a linear operator satisfying L (1) = 1 and
L (u) > 0. Since Inf < 6 — 1 for § > 0. Then for ¢ € [a, b)s we obtain

n[15] < Fg -

which implies
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It follows that

Ln(u(s)) —In(L (w))] < L{ZEZ))”]
- LE”EZ]—L(1):1—1:0,

which implies
L{n(u(s))] —In(L (u)) <0,
and so
L (u) = exp (L [In (u(s))])-
This completes the proof. ([

We will use the following notation:

B0 = sup (a0, o) e ), ha(t) =k, (a0) afe), it )
and
Ai(t) := AR (ha (), ha(t)), Bi(t) := B(t)R (ha(t), ha(t)),
g1 (t,5) = q (t,8) R*)(h(t, ), ha(t)),
Ag(t) == AQ@)AY (ha(t)), Balt) := B(t)
g (t,s) :=q(t,s) AO‘(S)(h (t,s)),
As(t) == A(t)RY (h™ (t) , b1 (1)), = B(t)
g3 (t,5) := q (t,8) R*) (h* (), b (t,5)),
Ay(t) := A(t)RY (hy(t),T1), Ba(t) := B(t)R® (hao(t),T1),
)

with

v 1 [es} 1
R(v,u) ::/ ry 7 (u) Awand A(u) ::/ ry " (u) Au,

and where

Cy(t) := exp </abn(s) In [qin(;;;)] Ag(s)> L i=1,2,3,4.

First, we use second order dynamic inequalities in order to obtain oscil-
latory solutions for (1.4).

Theorem 2.1. If the second order dynamic inequalities

{19 (8) b (52(O) ) 4+ P06y (127 () + Q1 (g (y (e (1)) <05 (2.2)
{79 (8) 6oy (12> ()Y + 06y (127 (1) = Qa(£) s (y (e (1))
{72 (1) 63 (™ (1)} + (D)5 (4™ (1)) — Qa(£) g (y (e (1))

and

{r2 (£) 6y (V2 (0) 1 + ()65, (127 (1) + Qu(B)bs, ( (he (1)) <0, (25)

0;
O.

(AVARNAY,
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where
Qi(t) == Ay(t) + 0B N/ BN (o N gy i 9 3.4,

with B = %, A= %‘1 and

§:= (B = A)(B — 72) 2B/ (B=2) (45 — })A=12)/(B=2)

have no eventually positive solutions, then every solution of equation (1.4)
18 oscillatory.

Proof. Assume (1.4) has a nonoscillatory solution x on [tg, 00)r. Then, with-
out loss of generality, there is a T € [tg, 00)T, sufficiently large, such that
x(t) > 0, z(hi(t)) > 0on [T,00)r, i = 1,2, and x (h (t,s)) > 0 on [T, c0)T X
[a,b]4. From (1.4), we have for t € [T, c0)r,

[@2(0)] %+ p(t)bsy ([21(D]77) = =AW (b (1))
~B(®)g (w(ha (1)) = [7 4 () bage) (2(h (1,5))) AC(s) <0,

Then
G

Then e (t,to)z?/(t) is nonincreasing on [T, 00)r and z/? is eventually of
"2

A
@J@ﬂmﬂ> = e (t,10) [o2(8)]* + e (1, t0) B2l (0 (1))

ro

= ez (1, 0) {[xm Et)]ﬂ + p()pay ([zm (t)]“)} <0.

wq"ﬁ

A
one sign. Therefore [x[o]] and [mm] 2 are eventually of one sign. Therefore,
we consider the following cases:

(1) [x[o]]A > 0 and [mm]A > 0 eventually. Then there exists T3 > T such
that

[x[o} (t)}A > (0 and [wm (t)}A >0 for t > T3.

Then for 7 > hy(t),

a (1)

v

x (1) —x (he(t)) = ’ 22 (u) Au
(7) = @ (h (1)) /dw ()
= ’ *1m[1]u r_%u u
o [ @] n T A

o @] [ ) s

= ¢3! |2 ()] R (7, (1)

v
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A6, (alh 0)) -
[ 409 by Gl 1.5 A9

— A1)y |63 |21 ()] ] = Bi ()65 |07 |21 (he(1))]]
[ 0@ oo [ [ e )] ¢,

which yields

[ra 065, (W12) ) 4 p(00n, [127 0] + A1), [0 [y (ha(0)]
+B1(0)63 (03 [y (he]] + [2 a1 (1:5) b [671 [y (ke ()] AC(s) <0,

or

IN

A o
{r2(t) 65, )} P(t)6s [y (0] + Ar(1)y™ (e (1)
+B1(H)y” (b <t>> ) S (1) Ty (ha ()] AC(s) <0,
(2.6)

where y(t) = 2l (t) > 0 for t € [T}, 00)7. Now let n € L¢(a, b)+ be defined
as in Lemma 2.1. Then 7 satisfies (2.1). It follows that

[0 [2 - 5] acs =0

From Lemma 2.2 we get

b .
q1 ( n T AC(s)

/b als)

n(s)?

> p</b778 (177(; e @) ) a¢s))

) (5)In ‘h(tsf} AC(s)
+In(y > S n(s) [22 = 3] Ac(s)

- exp /bn [ql(s’s} g@)):cl(t). (2.7)

This together with (2.6) shows that

{TQ ¢'72 ( (t )} +p )QZ)'YQ ( a7 t)) + Al y’Y2 (h (t)) (28)
+B1(8)y” (hi (1)) + CL(t)y* (hs (1) <

[E—
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By using the inequality [16, Lemma 2.1] for all a > 0 and b > 0,
aB_V2 + ba;\_“Y2 > (5b(3_72)/(3_:\) for all B > g > A> 0. (2.9)
Define
a = Bll/(ﬁ_’YQ)y and b := Bg'YQ_)‘)/(B—’YQ)CI.
Then
Blyﬁ—’yz + Clyj‘_w > 5392—5\)/(5—5\)Cf@—w)/(ﬁ—;\)'
Therefore (2.8) becomes

{r2 (1) 6oy (3 (6) 1" + P10y (4™ (1)) + Q1(6)s, (y (B (1)) < 0,

where y(t) is a solution of the above inequality, which is a contradiction.

(1I1) [ac[o}]A < 0 and [xm]A < 0 eventually. Then there exists 77 > T such
that

[az[o} (t)}A < 0 and [wm (i&)}A <0 for t > 1.

Then for 7 > 17,

—a(r) < /TOOmA(u) Au
= [Tt W] e A
< o (o] [TnT A
= ! [ ()] A)

From this and equation (1.4), we obtain
Lo ([290]")} +p00n ([10])
= AW, (1)) — Bty (b (1)
[ 0.5 b (20 5 A
—As(t)6 |03 a1 (b ()] | = Ba(®)os [ 67, [ (ha(t))|]
[ 0 09) w55 [ o] A
= Aot)r |03 ol (e ()] ] + B2 |03} [l (ha(t) ]
# [ 05) b o5 [-a ()] A ),

v
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which yields

{12 (1) s, (W)} + 200 (WOF) — Ao(B)s,
~Ba(t)og (y(ha (1)) — [ a2 (1.8) bugs) (65, [y (0 (1,5))]]

[y (h1 ()]
A¢(s) 20,
where y(t) = —zl (t) > 0 for t € [T1,00)r. By using the fact that y is
increasing on [T7, 00)T, we get

{2 06, (W0)2) ) + 0065, (WOF) — 42061, ly (e (1))
—Ba(t) (y(he (8))) = [ @2 (£,5) (o) [67 [y (he )] AC(5) > 0.

or

{r2 @ 8n (11*)} + 205 (1017) = A2(0)6 [y (o (1)

=Byt (he (8) = (e () J2 a2 (6, 9) [y (e ()] 55 A (9) S
2.10
Then, from (2.7) with ¢; is replaced by g2, we have

als) _§,

b
/ 0 (1) [y (ha (£))] 1 AC(5) > Calt).
Therefore

{ra (06 (120} + (085, (17 (1) = A2, [y (0 O (511
—Bz<t>yﬂ (s (£)) = Calt)y (e (1)) > 0. |

Also, by using the inequality (2.9), (2.11) becomes

{ra (8) oy (B> (D)} + ()6 (427 () = Q) (y (ha (£))) = 0,

which has an eventually positive solution y(¢), which has a contradiction.

(I1I) [:C[O}]A < 0 and [xm]A > ( eventually. Then there exists 77 > T such

that
A

[a:[o] (t)}A < 0 and [az[l] (t)] > 0, for t > T1.
Then for 7 < h* (t),
—z(r) < w(h* () -z (7)

h*(t) _ 1
= [ el [ w] 7w A
h*(t) _ L

< ol @] [T @ A

T

= o3 [ @) RO (0).7).
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From this and equation (1.4), we have
{rno, ([-"0]") }A #2(0)6 ([-a0]™)
= AW, (—alhn (1) — BO)os (~(hs (1))
[ 0.5 b (205 A
—As(t)9r, (95 [l (0* (1)) = Ba®)s |05 [« (0" (1) ]
[ 50:9) b 55 [ 0 @] At
= Ag()9, (63! | (0 (1)) + Ba®)s |03 [—al ()]
[ as05) b [0 [+ @] Ao,

which yields

[ra (06, (W12) )+ (005, (WO — As(t), 63,y (4 (1)

v

b
—Bs(t)ds [, [y (W (1))] —/ g3 (t,5) das) [05, [y (W (1))]] AC(s) =0

or

{12 (1) 60, (W)} + 000, (WOF) — 43016, by (0* (1))
R . b e <
By (0 @) - by O [ t5) o (0 (@0 A 20
‘ (2.12)
where y(t) = —z (t) > 0 for t € [T1,00)p. Then, from (2.7) with ¢ is
replaced by ¢3, we have

b wls) <
[ a5l @) 5 AC) 2 Gate) (2.13)
Then, from (2.12) and (2.13), we get

{72 (1) 65 (12 (0) 1 + POy (127 (1)) — As(t)bny, [y (h* (1))]
~By(t)y? (h* (1) - Ca(t)y (he (1)) > 0.

In view of (2.9), we get

{r2 (£) 8, (V2 (0)} + 0(0)6s (127 (1) — Qs(8)bn, (y (e (1)) > 0,

which has an eventually positive solution y(¢), which is a contradiction.

(IV) [:L'[O]]A > 0 and [:Um]A < 0 eventually. Then there exists 77 > T such
that

[x[‘” (t)} ® 0 and [a:[l] (t)}A <0  fort>Ty.
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Then for 7 > T,
z(r) = x(r) -z (1) 1
- / ot [ )] v () A
> ot ] [ n ) A
= o [ )| R(mT).

From this and equation (1.4), we have
Lra@ o ([90] )} + w06, ([2010] ™)
— — AW, (b (1) = B(0)6s (a(ha (1))
= [ 40,9 b el 1.9 A
~ a6 [ 651 |21 (i (0)]] = Ba(®)os [0 [l (a(1))]]
[ s a5 [P ]| o),

which yields

[ra 0 6, (WO1) ) + 00065 (WOI) + 44006, [65 [y (ho(®)]

IN

b
+Ba(t)¢p [¢5, [y (ha(1))] +/ 04 (t,5) Pa(s) [65, [y (A (t,9))] AC(s) <0

where y(t) = ! (t) > 0 for t € [T},00)r. By using the fact that y is
decreasing on [T}, 00)T, we get

{120 6, (WO1) ) + 00065 (WOI) + 44006, [65 [y (1 (0)]

b
+Ba(t)¢p [¢3, [y (ha(1))] +/ 04 (t,5) Ga(s) [63, [y (he ()] AC(s) <0

or

{209 (WO12) )™ + 2006, (W) + As(0)6s Iy (D)

als) 5

. N b
+Ba(t)y” (ha(t) + 4 (hs (t))/ qa (t,5) [y (ha (£))] 17 AC(s) <0.
Again, from (2.7) with ¢; replaced by ¢4, we have

b als) ¢
/ 41 (t,5) [y (ha ()] 1 7 AC(5) > Ca(t).
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Then
{ra (1) by (WD)} + 265, (4> (1) + As(t)s, [y (ha(1))]
+Ba(t)y” (ha(t)) + Ca(t)y* (ha (1)) <0,
which yields, from inequality (2.9),

{72 (1) 65 (™)} + 2(1) s (4™ (1) + Qu(E) g (y (R (1)) < O

which has an eventually positive solution y(¢), which is a contradiction. This
completes the proof. O

Next, we will reduce the equation (1.4) with p = 0 to the following first
order linear dynamic equation

[xPl (t)}A + f(t2(t) = 0. (2.15)

Then we use first order dynamic inequalities in order to obtain oscillatory
solutions for equation (2.15). For simplicity, we will use the following nota-
tions: for any T € [T, co)T,

A1(t) == A(OR] (n(t), T1), Bi(t) = B(t)Ry (ha(t), Th)
a (t,s) = q(t, s)R?“) (h(t, )
A3(t) = AWR] (y () ,h*<t ), Bz<t> = B(t)Rj (h2 (1) , hu(1))

A3(t) = A(t)Rg(hl (t) h (t))
g (t,s) ==q
Ag(t) = AR} (1), T
qs(t,s) :==q(t,s)
where h is a function such that h(t) > h*(t) for t € [T, o0)T and

e o [ ol

Ro (7, ha(t)) 1= /Oorl”ll () Au [/ v (u) Aur;
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Theorem 2.2. If the first order dynamic inequalities

22(t) 4+ Q1(t)z(h* (1) < 0; (2.16)
22(t) = Qa(1)z (ha(1)) > 0; (2.17)
22(t) + Q3()z (h(t)) < 0; (2.18)
and
22(t) = Qa(t)z (hu(t)) 2 0, (2.19)
where
Qi(t) = Ay(t) + SBI NV ENEBED/G=N g 9.3 4, (2.20)

up .= B Y. A
with B := 5 A= B and
§:=(B-N(B— 1)(175)/(/?4)(1 _ })(Xﬂ)/(ﬂm?
have no eventually positive solutions, then equation (2.15) is oscillatory.

Proof. Assume (2.15) has a nonoscillatory solution z on [tg,00)r. Then,
without loss of generality, there is a T' € [tg, 00)T, sufficiently large, such
that z(t) > 0, x(hi(t)) > 0 on [T,00)r, ¢ = 1,2, and = (h(t,s)) > 0
on [T, 00)rx [a,b]s. As seen in the proof of Theorem 2.1, we have zl2(t)
is nonincreasing on [T, 00)r. Notice that e =z (t,to) disappears since p = 0,

and also [x[o]]A and [a:m}A are eventually of one sign. Therefore, we con-
sider the following cases:

(I [m[o]]A > 0 and [x[l]]A > 0 eventually. Then there exists 77 > T such
that

A A
{33[0} (t)} > 0 and {x[l} (t)} >0 fort>T.
Then for 7 > T}

V() > W) — () = /TT (m[l] (u))AAu

= /Tj ;21 [I‘m (u)} T;E (u) Au

o[22 @] [ r ) s

Ty

v

Hence,

Sz ol [g [t o o]

T
Similarly, we see

vr) = 65 [ )] /T ’ [ml@) /T j@ () Au]”ll Av

= ;' 2B ()] R ().
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Let for sufficiently large Ty € [T3,00)r such that h;(t) > T1, i = 1,2 and
h(t,s) > Ty for t > T5 and s € [a, b]s. Then for t > T5,

2(hi (6) = 67" [22 (hs ()] By (hi().T1) i = 1.2,
and

2(h () = 67" |22 (h (t,)| R (h(t.s).T0).
By using (2.15), we get

[0 = ~ A6, @b (1) ~ BE)s (x(ha (1))
[ 40,9 b el 1.0 A
< — AP () - Bi(t)ag 671 |2 (ha (1))
_/abql (t, 5) Pags) [¢; =B (a(t,9)] | AC(s)
— Ay (e (0 (1) = Bi(H)ss |67 [« (0 (1))
_/:m(t,s)%s (670 [+ ()] Acs),

IN

which yields
A1) + Ay (8)2(h* (1) + Bi(8)dg [¢5" [2(h* (1))]
2 a1 (1 s) ags [0 [2 (B ()] AC(s) <0,

where z(t) = z[2 (t) > 0 for t € [Ty, 00)r. As seen in the proof of Theorem
2.1, we obtain

b .y S b q (t,s)
[ ot e @ ace) = ew( [ aemn LD agy)
= C1(t). (2.21)

Then

ZA) + Ay(t)z(R* (1) + Bi(t)27 (h* (1) + C1 ()2 (h* () < 0. (2.22)
By using inequality (2.9), we get for > 1 > X\ > 0,

Bl(t)zg’l(h* (t)) + Ci (t)zifl (h* (£)) > 5B§175\)/(375\)C{B*D/(BJ\)'
Therefore (2.22) becomes

22+ Qi(t)z(h* (t) <0 for t € [Ty, 00)r.

We have shown that the above inequality has an eventually positive solution,
which is a_contradiction.

(IT) [x[o}]A < 0 and [:z:m]A < 0 eventually. Then there exists 77 > T such
that

[x[‘” (t)} ® <0 and [a:[l] (t)}A <0 fort>Ty.
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Then for 7 > T3, we have
—z (1) < / 2 (u) Au
TOO L
= [Tl [ w)] 7w A

T
oo 1

15

< ¢ [xm (T)] / r T (u) A (2.23)

T

Also for 7 > h.(t),

2 (r) < al(r) =2l (h(t))

By (2.23) and (2.24), we find

o7 [+ o] [T @) 2w [ [ () Au] b

= ot [xm (h*(t))} Ry (7, hu(t)) .

IN

—z(7)

From this and equation (2.15), we have

[~at2(0)] S — AW, (—a(hy (1)) — B(t)ds (—a(hz (1))

v
AN
[\
—~
~—
~
—~
>
~—~
S~—
SN—
—~
~— Nl
- <
EoY VA
1
<
L— |
8
N
—~
>
*
—~
~
S~—
SN—
[S—
| I

which yields

ZA(t) — A2( )2 (he(t)) = Ba(t)dp [¢5 [2 (ha ()]
_f Q2 ¢a(s [¢7 [ ( ())H AC >0,
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where z(t) = —zl@ (t) > 0 for t € [T},00)r. As shown in the proof of
Theorem 2.1, we have

b als) 3 b g2 (t,s
[ @) b1 ac) > e ([ [2ED] ac)

By using the inequality (2.9), we get

22 (t) = Qa(t)z (hu(1) 2 0,

where z(t) is a positive solution of the above inequality, which is a contra-
diction. A A

(I11) [x[o}] < 0 and [a:m] > 0 eventually. Then there exists 77 > T such
that

A A
[33[0} (t)} < 0 and [azm (t)} >0 for t > Tj.
Then for 7 < h*(t),

—z(7)

IN

z (h*(t)) == (7)

R*(t) _ 1

st o] [T w s )

T

IN

Also
—2pr)) > 2W (R @) — M (1))

(2.26)

Vv
2|
AN
| —
&r—w
N
—
>
=
SN—
| I
S—
3
no
2
—~
IS
S~—
>
I
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From this and equation (2.15), we have

[#(0)] ™ = A0, (et (1)) — Bt (w(ha (1))
[ 0.5 b el 1.9 A

< A2 (h (1) - Ba(t)os [07" |2 (R (1))]]
[ w8 b 57 [ G 0)]] A0 ),

which yields

22 (t) + As(t)z (h (1) + Bs(t)ps [¢7" [
+ [7 G (,5) Gags) [657 [2 (h(t))}] ¢ (

where z(t) = 2 (t) > 0 for t € [T}, 00)T. As seen in the proof of Theorem

2.1, we have
P </:”(5) | B aco)

(h (1))]]
s)

<0

)

als) _x

b
/ B (ts) [z ()] 7 AC(s)

Y

which yields

22 () + As(t)z (h(t)) + Bs(t)2" (h (1)) + Cs(t)z

>
—~
>
—~
~
N—
SN—
VAN
@)

By using inequality (2.9), we get

22 (t) + Qs(t)z (h(t)) <0,

where z(t) is a positive solution of the above inequality, which is a contra-
diction. A A

(Iv) [x[o]] > 0 and [mm] < 0 eventually. Then there exists 77 > T' such
that

[x[(” (t)} ® 2 0and [:c[l] (t)}A <0 fort>T.
Then for 7 > 17,
z(r) > x(r)—x(Th)
= /Tj ¢;11 [x[l] (u)} 7’1_% (u) Au

Vv
-
27
Ju
8
=
—~
93
N~—
[E—
S
<
=
E
>
IS

(2.27)
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Also

By (2.27) and (2.28), we find

o) > o ] [ s [T ]

- [xm (7)} R41(7‘, Ty).

Let for sufficiently large Ty € [T4,00)T such that h;(¢) > Th, i = 1,2 and
h(t,s) > Ty for t > Ty and s € [a,b]s. From this and equation (2.15), we
have

A

[=2B0)|" = Aoy (@b (1)) + Bt)dg (2(he (1))
+ /abq (t,5) da(s) (@(h (1, 9)) AC(5)
— A0 (hn (0) + Ba(0)6 [ 671 [~ (12 ()]

b
[ e o5 [ ] s
A0 (b (1)) + Ba()6s [05 [~ (h 0)]]

b
[ 0109000 o7 [ 0 0] A<,

Y

v

which yields
2D () = Aa(8)2 (he (1) = Ba(t) g [0 [2 (R (1)]]
— [P (t,5) Bas) [65 [ (s (£))] AC () > 0,

where z(t) = —zl? (t) > 0 for t € [T%, 00). Again as shown in the proof of
Theorem 2.1, we have

[ e o= a0tz e ([ o [1E0] ac0) =

which implies

2A(t) = Aa()z (he(t)) = Ba(t)ds [¢7 [2 (b (1))]] — Ca()2* (ha (£)) > .
By using the inequality (2.9), we get

22(t) = Qa(t)z (ha(t)) 2 0,
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where z(t) is a solution of the above inequality, which is a contradiction.
This completes the proof. O

3. APPLICATIONS

In this section, we highlight the importance of our main results obtained
in the previous section. The following results are new and solve an open
problem posed in [2, Remark 3.3] when h, (t) < ¢ for t > top € T. In order
to do that we use Theorems 2.1 and 2.2 to obtain some different sufficient
oscillation criteria for equations (1.4) and (2.15), respectively.

Theorem 3.1. Let h2 (t) > 0 and hy (t) <t fort >ty € T. Assume that

/Too QI(U)AU = 00, (3'1)
o 1 wroq v 1/72 1/m
/T {rl(w) /T [722 (v) /T Q2(u)Au} Av} Aw = oo, (3.2)
L he(®) Ay Y2
li _KAv A ‘
im sup - Q3(u) (/h*(u) 7 (v)> u>1, (3.3)

and

r [F2(w) Jr
for sufficiently large T € [to, 00)T, where

o0 Au o
7(v) :== / ISVZEURN with 7o(u) := ra(u)er (u,to),
ha(v) 7o' (w) E

and

Qi(u) == Qi(u)er (u,to) fori=2,3,4.
2
Then equation (1.4) is oscillatory.

Proof. Assume (1.4) has a nonoscillatory solution x on [tg, o). Then, with-
out loss of generality, there is a T € [tg, 0o)T, sufficiently large, such that
x(t) >0, x(hi(t)) >0on [T,c0)r, i = 1,2, and = (h (t,s)) > 0 on

[T, 00)T % [a, b]4. As shown in the proof of Theorem 2.1 we have z?

1s even-

tually of one sign. Therefore [az[o]]A and [xm} A are eventually of one sign.
Therefore, we consider the following cases:

(1) [1‘[0]} 2> 0and [mm]A > 0 eventually. As seen in the proof of Theorem
2.1 we obtain that the second order dynamic inequality (2.2) has a positive
solution y(t) = z!M (t) > 0 on [T}, 00)r for sufficiently large T} € [T, 00)r.
Pick Ty > Ty such that h.(t) > Ty for ¢ > T5. Then by using the fact
y2(t) > 0 on [T1, 00)T, then y(h.(t)) > y(T1) for t > Ty and then

9o (y (he (1)) > 6o (y(T1)) =t L > 0,
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Inequality (2.2) becomes

{2 (1) 6y (13 0)}T = p(dg (1> (1) + Qi (D), (3 (h (1))
> LQ1(1). (3.5)
Replacing ¢ by u in (3.5), and integrating (3.5) from 75 to t € [T, 00)T we
obtain

—19 () Py (Y2 (1)) + 12 (T3) hry (y*(T2)) > L . Q1(u)Au

Hence by (3.1) we have tlim 7o (t) ¢y, (y*(t)) = —oo, which contradicts the
—00
fact that y(¢) > 0 eventually. This completes the proof of this case.
(I1) [x[o]] ® < 0and [:c[l]] 2 <0 eventually. As seen in the proof of Theorem
2.1 we obtain that dynamic inequality (2.3) has a positive solution y(t) =
—z1 (t) > 0 on [T1, 00)r for sufficiently large Ty € [T, 00)r. Therefore (2.3)
can be written as
A ~

{72(1) 62 (¥ (1))} = Q2(t)6s, (y (hs (1)) = 0. (3.6)
Pick To > T such that hy(t) > Ty for ¢ > T». Then by using the fact
y2(t) > 0 on [T1,00)T, then y(h«(t)) > y(T1) for t > Ty and then

Do (y (ha (1)) > ay (y(T1)) =: L > 0.
Inequality (3.6) becomes

{72 (£) 65 (1™ (0} = Qa(t) sy (y (s (1)) > LQa(2). (3.7)

Replacing ¢ by w in (3.7), and integrating (3.7) from 75 to t € [T, 00)T we
see that

7A’2 (t) ¢V2 (yA (t)) 2 f2 (t) (z)’yz (yA (t)) - 722 (TQ) ¢72 (yA (T2))
> Q2 (u)Au
T

which implies that

1/’72
72 (1) TQQZ() ] '

Again, integrating the above inequality from 715 to ¢ we obtain

t v 1/7v2
y(t) = y(t) —y(Tz) > Ll/”/ { ! Q2(U)Au] ! Av,

yA(t) > LY/ [

7, L2 () Jr,
which yields
ey B U I S A Yy VT
z(Ty)—x(t) > L 7”2/ / [A Q2(u Au] Av Aw.
(Ta)=2(?) 7, | ri(w) Jr, [P2(v) Jg, (w)
Hence by (3.2) we have tli)m x(t) = —oo, which contradicts the fact that

x(t) > 0 eventually. This completes the proof of this case.
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(I1I) [.CC[O}] 2 < 0and [x[l]]A > ( eventually. As seen in the proof of Theorem
2.1 we obtain that dynamic inequality (2.4) has a positive solution y(t) =
—zM(#) > 0 on [T}, 00)7 for sufficiently large T} € [T, 00)r. Therefore (2.4)
can be written as

{2 (1) o (> (D)} = Qs(t)y (y (s (1)) = 0. (3.8)

For t > u > T}, we have

B (1)
y(ha(u)) = y(he(w) =y (ha (1) = —/ y®(v)Av

_ /h O (s (0) 6, (> ()}
o) 7y (v)

v

he(t) v
— { (s (£)) g (5™ (e ()} / AV 39

he(w) 7372 (v)

Integrating the inequality (3.8) from h, (t) > T} to t, we obtain

=y (hs (8)) bay (¥ (ha (1)) = P2 (1) by (¥2 (1)) = F2 (R (1)) 6my (47 (B (1))

t

> Q3(w)s (y (he (w))) Au. (3.10)

ha(t)

Using (3.9) in (3.10), one can easily see that

72 (hs (1)) $ns (= (e (1))

he(t)  Ap 72
_{7”2 %z }/ </ e () W) Au,

t het)  Ap 72
1> Qs(u) (/ J/w) Au.
hae(t) () Ty % (v)
Taking the limsup as t — oo gives a contradiction to the condition (3.3).

(IV) [x[o]]A > 0 and [mm]A < 0 eventually. Proceeding as in the proof
of Theorem 2.1 we have dynamic inequality (2.5) has a positive solution
y(t) = 2l (t) > 0 on [T}, 00) for sufficiently large T} € [T, 00)T. Therefore
(2.5) can be written as

or

{2 (1) dy (¥* (1))} + Qa(t) s, (y (B (1)) < 0. (3.11)
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Pick Tp > Ty such that h,(t) > T} for t > Tb. Using the fact that 5 () ¢+, (y2(2))
is decreasing, we obtain

oo 72 (u A u 1/72
—y(h« (t)) < y(o0) — y(hs (t)):/h (72 (u) pry (y™(w)))!/7

21/72
+(t) ol T (u)
< (2 (B (£)) b (4% (R (£))))2 / _Au

Au

< (1) o (AT [ h — L (),

R (£) f%/’h (U)
where L := (72 (T1) ¢, (y*(T1)))'/72 < 0. From (3.11), we get for t > Tb,
{72 (t) drs (yA(t))}A < —Qu(t)dr (y (ha (1)) < L272(£)Qu(t).

Hence, for t > T5, we have
P2 (8) 0a (¥ (1) < P2 (1) by (42 (1)) — P2 (T2) b3 (™ (T2))

t
< L / 772 (1) Qu(u) Au

Ts

< L / t 772 (1) Qy(u) Au.

T
It follows from this last inequality that

t v R 1/7v2
y(t) — y(Ty) < L2/ / [ ! / P2 () Os(w)Au| | A,

1 LT2(v) Jr,

Hence by (3.4), we have tlim y(t) = —oo, which contradicts the fact that y
— 00
is a positive solution of (2.5). This completes the proof. O

The next theorem we apply Theorem 2.2 and then apply the main results
of [5,33].

Theorem 3.2. Let h*(t) < t and h(t) <t fort >ty € T. Assume (3.2)
and the following conditions hold:

lim sup sup {S\e_le(t, h*(t))} < 1, (3.12)

=00 Nep,
lim sup sup {5\67}@3 (t,h(t))} < 1, (3.13)

=00 NcEy

and
00 1 v 1/72

— u)Au Av = o0, 3.14
[ [ @t (3.14)

for sufficiently large T € [to, 00)T, where
t
6Q(t7 S) = eXp/ g,u,(u) (Q(u>) Aua

Ei={A:X>0, 1—-AQi(t)u(t) >0, t €T},



COMPARISON CRITERIA 23

and

i log (1+pQ)
gﬂ (Q) — L /Lf H 7é 0,

Then equation (2.15) is oscillatory.

Proof. Assume (2.15) has a nonoscillatory solution = on [tp,00)r. Then,
without loss of generality, there is a T' € [tg, 00T, sufficiently large, such
that z(t) > 0, x(hy(t)) > 0 on [T,00)r, ¢ = 1,2, and = (h(t,s)) > 0
on [T, 00)Tx [a,b]s. As seen in the proof of Theorem 2.2, we have =2 (t)
is nonincreasing on [T, c0)r and also [$[0]]A and [xm]A are eventually of
one sign. Therefore, we consider the following cases:

(1) [x[o]]A > 0 and [mm]A > (0 eventually. Then there exists T7 > T such
that

[:c[o} (t)} ° > 0 and [azm (t)}A >0 for t > 1.

Proceeding as in the proof of Theorem 2.2 we have that dynamic inequality
(2.16) has a positive solution z(t) = z[? () > 0 on [T, co)r for sufficiently
large Ty € [T1,00)7. Then, by [33, Corollary 2] (or [5]), we get a contradic-
tion to (3.12).

(I1) [x[o}]A < 0 and [xm]A < 0 eventually. Then there exists 71 > 1" such
that

A A
[x[o} (t)} < 0 and [:cm (t)} <0 for t > 1.
As seen in the proof of Theorem 2.2 we get that dynamic inequality (2.17)
has a positive solution z(t) = —z? (t) > 0 for t € [Th,00)r. Pick T > T}

such that h,(t) > T} for t > Tp. Then by using the fact that z2(t) > 0 on
[T1,00)T, we have z(hy(t)) > z(T1) for t > T, and then

2 (hy (t)) > 2(Th) =: L > 0.
Inequality (2.17) becomes
A1) > Qa(t)z (ha(t) > L Qa(t).

Then the same argument as in the proof of (II) of Theorem 3.1 leads to a
contradiction to the assumption (3.2).

(I11) [.CL‘[O}]A < 0 and [l‘m]A > 0 eventually. Then there exists 77 > T such
that

A A
[33[0} (t)} < 0 and [wm (t)} >0  fort>1T.
As shown in the proof of Theorem 2.2 we get that dynamic inequality (2.18)
2A () + Qs(t)2 (A(1) <0

has a positive solution z(t) = 2 (t) > 0 for t € [T}, 00)7. Then, by [33,
Corollary 2] (or [5]), we get a contradiction to (3.13).
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(Iv) [w[o]]A > (0 and [a?[l]]A < 0 eventually. Then there exists 71 > T" such
that

A A
{33[0} (t)} > 0 and {x[l} (t)} <0 fort>T.
Proceeding as in the proof of Theorem 2.2 we have that dynamic inequality
(2.19)
22(t) = Qu(t)z (hu(t)) = 0,

has a positive solution z(t) = —zl (t) > 0 for t € [Ty, 00)7 for sufficiently
large Ty € [T1,00)r. Pick Ty > T3 such that h.(t) > Ty for t > T. Then
by using the fact that z(¢) > 0 on [T1,00)T, we have z(h«(t)) > z(T}) for
t > Ty and then

z (h« (t)) > 2(Th) =: L > 0.
Inequality (2.19) becomes
22(t) = Qa(t)z (ha(t) = L Qu(t). (3.15)

Replacing ¢ by w in (3.15), and integrating from T5 to ¢t € [Tz, 00)T we see
that

2(t) > 2(t) — 2(T2) > L t Q4(u)Au,

T>
which implies that
A 1 t /72
Py > /v |- A )
)" > e [ [ ]

Again, integrating the above inequality from 75 to ¢ we obtain

t 1 v /72
—zl(t) + 2M(13) > Ll/”/ [ Q4(U)Au] Aw.

7, L2 () Jr,
Hence by (3.14) we have tlim 21(t) = —o0, which contradicts the fact that
—00
21 (t) > 0 eventually. This completes the proof. O

4. GENERAL REMARKS

(1) The results here are valid for various type of time scales, e.g., T = R,
=17, T = hZ with h > 0, T = ¢"° with ¢ > 1, T = N3, etc.
(see [7]).

(2) The results of this paper are presented in a form that is essentially
new and of a high degree of generality.

(3) We note that there are many criteria in the literature of first and
second order dynamic equations and so by applying these results to
inequalities (2.2)—(2.5), (2.16)—(2.19), we can obtain many oscillation
results, more that those known in the literature. Here we omit the
details.
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(4) We note that our results on the asymptotic behavior of solutions are
applicable to equations (1.4) and (2.15) for all h*(t), h.(t) and h(t)
while the oscillation results are applicable to equations (1.4) and
(2.15) if h*(t) < t, hi(t) < t and h(t) < t. Thus, as it is known, it is
the delay in equations (1.4) and (2.15) that can generate oscillations.

Acknowledgement. The authors would like to thank the referee for many
helpful suggestions.
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