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ABSTRACT. We consider certain classes of “exponential functions” on time scales, which are
defined via dynamic equations and generalize the ordinary exponential function. In this paper we
are interested first in the asymptotic behavior of these functions (say compared with the ordinary
exponential) and second, how to efficiently calculate matrix analogues of these functions. For the
latter question we discuss a recent algorithm introduced by W. A. Harris, Jr. and compare it to the

well-known Putzer algorithm.
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1. INTRODUCTION

During the past decade, the use of “time scales” as a means for unifying and
extending results about various types of dynamic equations has proven to be both
very prolific and fruitful. Many classical results from the theories of differential and
difference equations have time scales analogues and this helps to explain from a broad
perspective the “raison d’étre” for a particular type of method, independent from the
particular special case that spawned it. On the other hand, while general aspects
may be the same, the structure of each time scale contains characteristic information
which can be used to more closely analyze the behavior of functions defined as so-
lutions of dynamic equations. In this paper we will be concerned with such explicit,
fine behavior, that concerns a class of special functions and we will investigate how
the particular choice of the time scale influences the asymptotic behavior of these

functions.

For linear differential equations, one could argue that the exponential is the quin-
tessential function appearing in solutions of the simplest and most natural types and
for linear difference equations, the situation is similar. Recently [8, 4, 5] exponen-

tial functions for general time scales have been extensively investigated. They are
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nontrivial solutions of the equation

(1.1) y>(t) = My(t),

where A is the “delta derivative” (see [3, p. 5]) corresponding to the time scale T
and A is a constant (usually real). For the time scale R, the operator is just the
usual derivative d/dt and the solution is ce while in the case of time scale N, A is

tin(1+2) where in both cases ¢ is

the forward difference operator and solutions are ce
a constant. (Of course for difference equations the constant can be replaced by an
arbitrary 1-periodic function, but if we are only interested in the value of the solution
on N, this reduces to just a constant multiple.) In most discussions the particular
solution of (1.1) is normalized to have the value 1 at some particular point in T, say

to, and in this case we will use the notation
exp,(t,t0; T)  or ex(t, to;T)

for the function. Of course, since the time scale is uniquely determined by the forward

jump o(t) (see [3, p. 1]) and some initial point ¢y we could just as well use the notation
ex(t, to; o (t)).

One question we are interested in concerns how these functions grow as t tends
to infinity. We shall always therefore consider only time scales which are unbounded
from above. One motivation for studying the asymptotic behavior comes from a
curiosity, but more pragmatic reasons concern applying this information to study the
asymptotic behavior of solutions of more complicated equations or systems and their

exponential dichotomies and also for applications to problems in control theory.

It is fairly easy to reason that when A > 0 and o(t) is large compared to ¢, then
solutions should grow at a slower rate compared to cases when o(t) is of smaller size.
One sees this when comparing e™ (o(t) = t) with e/ (g(t) = ¢ + 1) and we will
see that this trend continues for the class of time scales N”| where p is a positive real
number. For integers p > 2 the rate of growth will be shown to be sub-exponential.
The quantity o(t) — t is called the “graininess” of the time scale and our purpose
is to obtain rather exact quantitative information on the asymptotic behavior of
solutions and compare those orders of growth with the classical exponential function,
as a “function” of the graininess. We will discuss several methods for obtaining the
asymptotic representation of various classes of exponential functions on time scales
and will identify certain parameters in the graininess which characterize “asymptotic

exponential classes” of time scales.

The second question we are concerned with relates to the case when (1.1) repre-

sents a system of linear equations and the solutions therefore can be interpreted as
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matrix exponentials on T. Again in the classical cases the problem of how to cal-
culate the classical matrix exponential has a long history and many procedures and

algorithms have been proposed.

Recently Harris, Filmore, and Smith [7] have discussed an algorithm for calculat-
ing the classical exponential matrix function through properties of solutions of scalar
linear differential equations and which has similarities with the well-studied Putzer
algorithm. We show that the so-called Harris algorithm can also be applied to the
calculation of matrix exponential functions on general time scales. Finally we remark

that the Putzer algorithm can be viewed as a special case of Harris’ algorithm.

For a good background for the general theory of dynamic equations on time scales,
we refer the reader to the recent book by M. Bohner and A. Peterson with that title

3]-

2. ASYMPTOTIC BEHAVIOR OF SCALAR
EXPONENTIAL FUNCTIONS

Our goal in this section is to investigate the asymptotic behavior of the scalar
function ey(t,%0; T) as t — oo (¢t € T) for a collection of time scales. We assume

throughout this section that
1+ put)N#0forallteT

and usually that A € R, although this latter assumption is often not necessary. We
recall that, for t € T, e)(t,o; T) is the unique solution of the IVP

(2.1) y® =y y(to) = 1.

Hilger [8] showed the solution of (2.1) may be represented in the form (if p(t) > 0 for
all t € T)
1
exp | [ sLoslt + o) ar.
to ILL(T)

where exp|-] is the classical exponential function and for definiteness Log is the prin-
cipal value for the natural logarithmic function. This quadrature formula has the
potential advantage that it should, in principle, allow for a direct comparison of
ex(t,to; T) with the classical exponential function, but in practice the calculation of
the “integral” and its asymptotic behavior as t — 400 could still be difficult. Ac-
cording to the theory of integration on time scales (see, for example, [3, p. 29]), in
case (1) > 0 for all 7 € T,

/t M(lT)Log(l ) Ar = 3 Log(l+ Au(r)

TEto,t)

and this amounts to the representation of e)(t,; T) as a product, which still does

not immediately yield its asymptotic behavior.
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In the absence of an established, general theory for the asymptotic behavior of
integrals of the above type, we will investigate the behavior using several kinds of ad
hoc methods on a class of examples. We emphasize that some of these examples can
be treated by several of the methods and we do not claim that the method chosen for
a particular example is necessarily the most direct or easiest one. The first method
involves situations where there is a solution using Gamma functions and employs
Stirling’s formula, the second involves a direct estimation of a product representa-
tion, and the third involves using some preliminary (Ansatz) transformations and an

analogue of a result of N. Levinson.

Other than the classical time scales R and Ny mentioned above and the ¢—
difference time scale ¢ to be discussed in Section 2.2, we will first focus our attention
on classes of intermediate time scales N§, for p a positive real number. For these we

have

(2.2) p(n”) = (n+1)" —n” = nﬁp + p(;;;pl)

+... forn>2,

or equivalently, by replacing n? by ¢,

—1
[(t) :t[<1+t—1/p)p_ 1] = t1/€—1 +p2(g/p_1) +... fort>1,teT.

We will link the asymptotic growth of the exponential to the growth or decay of p(t)
as t — oo. Note that when p < 1, u(t) — 0 whereas when p > 1, u(t) — +o0.
Our goal is to explicitly quantify the dependence of the asymptotic behavior (as
t — 00) of exp, (t, to; N ) on p. In the sequel we find it convenient to use the standard

Hardy—Littlewood symbols “o” and “O” (see, for example, [6, pp. 3-10]).

We summarize some of these results in Table 1 below. As usual, we denote by

In(-) the principal value of the natural logarithm with real and positive argument.

Remark 1: The constant ¢ in Table 1 is a real number which depends upon the
normalization at ¢y. In (2.9), ¢ is explicitly known (see Section 2.1). In all the other

cases this “connection constant” is only known implicitly.
We start our investigation with time scales that have an explicit solution.
2.1. Explicit solutions: We consider here time scales of the form
Nb,  where p=2,3,4, ... .

When p = 2, Bohner and Peterson [3, p.69] gave an explicit formula for the exponen-

tial function with A = 1 as
e1(t,0;N7) = 2Vt (V1) for t € T.

Here we generalize that situation and then discuss the asymptotic behavior of this

class of exponential functions. Using (2.2), the dynamic equation (2.1) can be written
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TABLE 1. Asymptotic behavior of exponentials for some specific time scales

T u(t) ex(t, to; T) see eq.
R 0 (Alt—to)
InN In(e" +1) —t ceM 1+ O(e™)] (2.17)
N? t[(1+t*%)f’— 1] [1+O (t%_Qﬂ (2.13)
p€(0,3)
VN, NCES M 140 ()] (2.32)
N? / [(1 FER) — 1] cet ¢~ Tt [1 +0 <t%* )] (2.14)
pe (s 2)
NZ/3 / [(1 +t3)3 - 1} ceM o= BV /2T [1 +0 (7ﬂ (2.15)
Ny 1 (1+ At
NP, (/P + 1) — 1] | ()" =DM =111 4 o(1)] | (2.9)
p=2,3,
¢, g>1 (q— 1)t Mg — D}ost 5 14+ 0 (2)] | (2.16)
(2.3) y((n+1)") =1+ An+1)P =n*))y(n”) = q(n) y(n), y(no) =1.

q(n) is a polynomial of degree p — 1 in n with leading coefficient Ap and therefore can

be factored as

(2.4) qgn) =Ap(n —a1) (n—as) ... (n—p_1).

Here a; € C for 1 < j < p— 1. Then for n > ny

eA( n07Np) — ]j /\p(y—al)(y—%) (V_ap—l)
(2.5) = (\p)" o I'(n—ai1) I'(n—a) ['(n —a, )

['(ng — 1) I'(ng — az) ['(ng — ap-1)’

as one sees by using the functional equation for the Gamma function. Observe that
q(n) # 0 for all n > ng since we assumed that 1+ p(t)A # 0 for all ¢ € T (note that
1+ pu(n?)X # 0 for all A € C when n is sufficiciently large; in the special case where
A > 0, this holds for all n > 0). Thus n —a; #0 for 1 < j <p—1and n > ny. This
implies that n — a; # —m, where m € Ny (for 1 < j < mn and n > ng) and all the
gamma functions in (2.5) are well defined.
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Setting ¢ = n? and t, = nb, it follows from (2.5)

(/P —}/?) F(tl/p — ) F(tl/p — 1)

2.6 ex(t,to; NP) = (Ap :
( ) A( 0 O) ( ) F(t(l)/p — al) F(té/p _ ap_1>

By a well-known asymptotic property of the gamma function, I'(t'/? — o) =
D(tY/P)t=2/P [1 4 o(1)] as t — oco. Expanding ¢(n) in (2.3) and comparing this with
(2.4), one finds that —(ag + ... ap—1) = (p — 1)/2. Then (2.6) implies that

(2.7) et to; NB) = ¢ (Op)™"" [L(EVP)P~1 4% [1 4+ 0(1)]  ast — oo,
where

_ 1/p
(2.8) it = () Tt — a) TP — o) ... T(t" — ).

Invoking Stirling’s formula (see, e.g. [6, pp. 1 and 70)), it follows that

;1 6(p—1)t1/19[1n(tl/p)—1] [1 + 0(1)] as t — oo.

t2r

[T(/7)]" = (2m)"
Using this result in (2.7) yields that
(2.9)  exlt,t:N) = co (2m)"F (Ap)!"" @7V I 1 o(1)] ast— o0,

with ¢y given in (2.8).

For AN}, p = 2,3,4, ... with a positive constant h, one can show similarly that
ex(t, to; ANE) = &g (27r)p%1 (h)\p)(t/h)l/p e(p_l)(t/h)l/p[m((t/h)l/p)_”[1 +o(l)] ast— oo,

with &1 = (hAp) /M T((to/h)? — 1) T((te/h)? — aa) ... T((to/R)"? = ap_1).

2.2. Product representation and direct estimation. For time scales with pu(t) >
0, we have observed above that the exponentials have explicit representations which
can be expressed as ordinary products. To investigate the asymptotic behavior of
these products, we look for terms which account for the gross asymptotic behavior

and then estimate the modified products using standard techniques.

As a first example, we consider T = Nj = {0,1,2?, ...} for 0 < p < % Then

(2.1) is equivalent to

(2.10) y((n+1)7) =L+ Ap”)]y(n?), y(no) =1,

and thus for n > nyg

n—1

(2.11) ex(n”,nf; Np) = 1+ ().

v=ng
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Recall that by (2.2), u(v?) = O (-) as v — oo. In the following, fix n; > ng such
that [Au(v?)| < 1 for all v > ny. Then for n sufficiently large

ni—1 n—1
Log (ex(n?,nf;Np)) = > TLog[l + Ap(v")] + Y _ Log[l + A u(v*)]
v=ngo v=ni
n—1

= a+ ), {0+ 0 )},

v=ni

for some constant ¢1. Here Log(+) denotes the principal value of the natural logarithm.
n—1

1
Since Z |0(1*(v7))] < ez Z i) for some positive constant ¢y and 0 < p < 1/2,
20

v=nj v=ni
the sums are absolutely convergent.

For a > 1, the integral test shows that

Gt | > 1 1
(2.12) Zy—a:k—Z;ZHO(na—l)’

for some positive constant k as n — oc.

Setting a = 2(1 — p) > 1, (2.12) implies that
1
Log (ex(n?,ng; NG, 0 <p < 1/2)) =c3+ An” + 0O (1—2[)> :
n

for some constant c3 as n — oo. Finally, putting ¢ = n? one finds that
(2.13)

NP _
ex(t,to;NB, 0 < p < 1/2) = ceM [1—}—0( o

)1 t—o0, teNpj, 0<p<1/2,
tr

for some constant c.

An analogous computation would also yield (2.13) for the time scales hNP, 0 <
p < 1/2 with a positive constant h.

Note that for p = 1/2, 4*(v/n) = & — g + ... which is not summable. This
leads to an additional term in the exponential function on /Ny as shown in Table 1

and derived in Section 2.3.

As a second example, we consider T = Nf for § < p < 2. From (2.2) and (2.11)

follows that as n — oo

P nP. NP p >\2 Q(Vp) 3(,,p
Log (ex(w, i NB)) = 1 + Z Al S+ 0GP 0)
2 n—1
= cl—}-)\np—/\n}l) Z 1P+ZO( )7

where ¢; is some constant and n, is fixed such that |u(v?)| < 1 for all v > n;.
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n—1

1
To compute Z , note that

v=nq
2 — 1 1
(v+ 1@t =yt = 2 +O( )

V272p V372p

and therefore

ANp? - 1
Log (ex(n?,nh; NP)) = ¢3 + AnP — mn P+ Z O (V3_3p> ;

v=n1

for some constant ¢y as n — co. By (2.12) with o = 3 — 3p > 1, it follows that

n—1
1 1
Z O (V3—3p) =c+0 <n2—3p> )

v=n1

for some constant ¢c3 > 0 as n — oo. Thus putting ¢ = n” implies that for p €

(1/2,2/3)

1
Q14)  exltyto;Ng) = ce¥ e {1+0(2—3>}’ fooe te N
tr

for some constant c.

Remark 2: For T = hN§ (h > 0), one can show similarly that for p € (1/2,2/3)

A2p2p1/P 1
GA(t,tO;hNg) —ceMem By P/ [1 L0 <t2_3>} , t—o00, t€e hNg.

Remark 3: For p = 2/3, p*(n*?) = ;& + ... and therefore is not summable,

leading to an additional term in ey (t, t; N*?). Similar computations reveal that
1
(2.15> GA(t,to;ng) Y —& t4)\3/27 |:1 +0 (ﬂ)] t— 00, t € N2/3,

This product representation approach also applies to other classes of time scales.
As a last example in this section, we consider a so-called g—difference equation. Here
T = ¢" = {1,q,¢% ...}, where we assume that ¢ > 1. The graininess is given by
w(t) = (¢ — 1)t being unbounded as ¢t — oo. Then (2.1) is equivalent to

ylat) = [L+ Mg = Dt]y(@), w(g") =1

Setting t = ¢ and introducing the abbreviation 7 = A\(¢ — 1) we have for n > ng

ex(q”, ¢"; qu[

v=ng

-1

(n=1)n _ (ng—=1)ng 3 1
=" "0[ T‘f} [1+ }
d [

v=ng

Using logarithm and the geometric series, one finds that

LogH[ ] ZLog[lJr—}:niiO(q—ly):cﬁO(qin),

v=ng v=ng v=ng
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for some constant ¢; as n — oco. Here we assumed that ng was sufficiently large such

that

T
large and proceed as in the first two examples in this section. Therefore

(n=1)n 1
ex(@", ¢"5 ") =" q [1 +0 (q—n)] :

for some constant ¢ as n — oo. Going back to t and using n = log, t one sees that

< 1 for all v > ngy. Otherwise, split the sum up at an integer n; sufficiently

(logg t) logg t 1
og,t 4 *
et to;q') = eyt {1"'0 (;)}
qT

logq t—1

(2.16) = c{Mg— 1}t ll o G)}

for some constant ¢ as as t — oo, t € ¢"°. This result may also be obtained using the

results in the next section.

Remark 4: The techniques of this section also apply to the time scale T = InN.
Here pu(t) =e "+ 0O (e_Qt) . As this rapidly decreasing graininess might suggest,

(2.17) ex(t,to;InN) =ce [1+ 0 (e7")].

2.3. Dynamic equations approach. In this section we use the functional equation
directly and forget about a product representation for the solution. To use this
method one first inspects the equation to detect terms contributing to the main part
of the asymptotic and using a preliminary (often an “Ansatz”) transformation, one
derives a new equation with those terms suppressed. After several (if necessary) steps
of this type, we obtain an equation which is a small perturbation of one with constant
solutions. If the perturbation is sufficiently small, the solutions can be shown to have
constant limiting behavior. To show this last step one can use either a one-dimensional

analogue of a result of N. Levinson or often a more direct estimation.

As a first example, we consider T = hv/N. Here

(2.18) j(h/) = % L0 (#) or () = Z—i+ 0 (tig) |

From the previous section, we expect the dominant term in ey (t,to; hv/No) to be e

which suggests the substitution
(2.19) y(t) = eMz(t).
Then using the product rule for time scales (see, e.g. [3, Thm. 1.20]), (1.1) becomes

1+ Au(t)] e~ —1
ZA<t) — [ + //“( )](:) Z(t).
1
Expanding the exponential function leads to

(2.20) () = {=M\2u(t)/2+ O (12(1)) } =(t).
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Our goal is to apply Levinson’s Perturbation Lemma for time scales [2, Thm. 4.1]

which is concerned with dynamic equations of the form
(2.21) z2(t) = [A(t) + R(t)] (1),

where A(t) and R(t) are m x m matrices and A(t) = diag{\1(¢), ... , \n(t)} is diago-
nal. Depending on a certain dichotomy condition on the entries of A(t) and a growth
condition of R(t) with respect to A(t) of the form

(2.22) /tom‘%‘At<oo, 1<:<m

this Perturbation Lemma implies that (2.21) has a fundamental matrix X such that
(2.23) X(t)=[I+o(1)]Y(t) ast— oo,

where Y satisfies Y2(t) = A(t)Y (¢) and Y (¢y) = I.

We will use Levinson in the one-dimensonal case (m = 1) with A(¢) = 0 for all ¢.
Then the dichotomy condition on A(t) is trivially satisfied and (2.22) reduces to

(2.24) /OO IR(t)| At < 0.

In this one-dimensional case, one can also show that (2.23) can be refined to

(2.25) X(t) = {Ho (/too |R(T)|AT)] Y(t) ast— oo

We will discuss this and other results on the asymptotic behavior of perturbed dy-

namical equations in a subsequent paper.

Viewing (2.20) now as being of the form z2(t) = [0 + R(t)] z(t), it follows from
(2.18)

[ | ai= Y irowitunm - 3 {42 vo () }.

n=ngo n=no
which does not satisfy (2.24).

To eliminate the 1/n—term, we try an Ansatz

(2.26) 2(t) = tPw(t) with B to be chosen appropriately.
Then

g w
(2.27) wh(t) = [{—Az/ﬂ(t)/Q +O(p’(t) + 1} {%} — 1] %

Now for ¢ sufficiently large such that |u(t)/t| < 1,

(2.28) (L)ﬁ:(H@)le—ﬁ@JrO(”%)),

o(t) t 2
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and therefore

pan w - {12 o (1) - 2o (1)) 10

Choosing 3 = —A%h?/4 implies that

(2.30) w?(t) =0 ( ! ) wt) _ [0+ R(t)] w(t),

) u(t)
where now R(t) satisfies (2.24) and, moreover, [ |R(7)| A7 = O (1). By Levinson’s
Perturbation Lemma and (2.25), (2.29) has, for t € hy/N, a solution

(2.31) w(t) =140 (%) as t — oo.

For any given time scale, the quotient of any two non-trivial solutions of (1.1) satisfies
the trivial dynamic equation u®(t) = 0 implying that the solutions are constant

multiples of each other. Therefore the solution of the IVP (2.1) is given by
1
(2.32) ex(t, to: ha/Ng) = ce g m/4 {1 +0 (;)} t — 0o, t € hVN,

for some constant c.

Remark 5: (2.31) could also have been derived by rewriting (2.30) as
1

and using that for o > 1, there exists a constant vy such that

n—1
1 1

|| [1+O<—)]:7+O( 1) asn — oo,n € N.
Va nOL

v=ngo

This follows from invoking the logarithm and its expansion (for n sufficiently large)
and utilizing (2.12).

Remark 6: Note that for any given constant o > 0, this example permits to find
time scales that have an exponential function ey(¢,%y; T) with asymptotic behavior
¢ M1 4 0(1)] as t — co. An example would be T = 2v/aN (see (2.32)).

The dynamical equations approach also applies to some implicitly defined time
scales for which only the forward jump operator o(t) > t is known, not the specific
points in T. Then the time scale is given as the set T = {to,0(to), o (o(to)), ...} for

some ty € R.

As a preliminary, we state the following proposition that can be found in a slightly
different form in [9, Thm. 1.3.5]. This proposition provides an estimate for the
points on the time scale thereby allowing us to check if a perturbation R(t) satisfies
Levinson’s growth condition. In the following, p denotes a real parameter, not the

backward jump operator.
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Proposition 2.1. For t >ty (t; € R) consider

1
(2.33) U(t)—t+u(t)—t{l+tﬁp+0<t—7)}ast—>oo,
where v > p > 1 and k > 0. Assume that ¢, is sufficiently large such that u(t) > 0
for all t > ty. Define the iterates of o by o'(t) = o(t) and 0" "1(t) = o(c™(t)). Then

"t
(2.34) lim 01_(//]) = (pr)/? for all t > t,.
n—oo M

Proof. The proof is a modification of the proof of [9, Thm. 1.3.5]. Observe that

1/p\ _ 41/p r i
o) =t (1+t+o<t7/ﬂ>) as t — oo.

To simplify the iterations, we use the auxiliary function

K 1 r 1
p(t) = (U(tl/p))pzt(lﬂL;ﬂLO(W)) :t~|—p/<+0(t—5) as t — 00,

where 6 = min{1,v/p—1}. An inductive argument shows that the nth iterate of ¢(¢)

satisfies for n > 1

. 1 1 1
(2.35) ¢ (t):t+np/<a+0<t—6> = npK {1+n—pﬁ{t+o(t_‘5>H as t — 00,

where O (t%) is bounded in both n and t¢. This follows from
1 1
n+1 n
OV E) = (" (t :t+npm+0(—)+pﬁ+0(7>
1) = ole" () 7 T
1
{1+ "% + O(:55)}°
Note that the very last term is also of order O (t%) as t — oo both in n and ¢. Since

from (2.35)

= t+(n+1)pm+o<%>+0(

) as t — oo.

n(tp
i &) _ 1,
n—oo npfi
we obtain that ns
lim U—()zlfortZto.
n—oo (np,tg)l/l’
The proof is complete. [

We now consider four classes of graininess functions pu(t) corresponding to the
values p > 2, p =2, 3/2 < p< 2and p =1 in (2.33). Table 2 below displays the

asymptotic dependence of e, (t,tp; o(t)) on the parameters in the classes.

As a first example we consider the case where the time scale is defined by the
forward jump operator given in (2.33) with p > 2. Fix ¢, sufficiently large such that

the graininess which is given by

K 1
”<t):ﬂ;——1+o(ﬂ——1) as t — o0,

is positive for t > ¢y, t € T. Let t,, := 0" (ty) denote the “nth point” in the time scale.
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TABLE 2. Asymptotic behavior of exponentials for some classes of time scales

pu(t) ex(t, to; o(t)) see eq.

K 1 1

y>p>2, k>0

1 2, 1

v>2, k>0 d = min{~, 3}

1 22k 2—p
40 <—_) ceMe 7" 1+ o(1))] (2.45)

1
R4S H0 (t_ﬁ) c(1+ N7 [140 (55)] (2.44)
. _ _da___ cln(l4kN)
0>1,14+KA>0 n—mlﬂ{572}75—(1+m)n r2

Then (1.1) and (2.19) lead to (2.20) which we consider as being in Levinson form
22(t) = [0+ R(t)]2(t), with R(t) = O (u(t)) . By Proposition 2.1,

(2.36) tn = [prn]Y?[1 4+ 0(1)] asn — oo.

Thus
1

Ritu(t) =0 ((4:)) =0 (57 ) = © (577

and therefore

| IR@18E =3 R lutt) < o
to n=0
by the hypothesis that p > 2. A straightforward computation reveals that

| irenar=o(55),

and therefore (2.25) implies that

(2.37) ex(tto: (1)) = ce {1 +0 (i)} |

tr=2

As a second example, we consider the time scale characterized by the forward

jump operator given in (2.33) with p = 2 or, equivalently,

(2.38) u(t) =540 (%) (t — 00)

for some v > 2. For ¢y € T sufficintly large such that u(t) > 0 for all t > ¢y, we make

again the preliminary transformation (2.19) in (1.1) and arrive at (2.20). Viewing
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this again as z2(t) = [0+ R(t)] 2(t), Proposition 2.1 implies in this example that the

nth points ¢,, on the time scale are characterized by
(2.39) tn = V2kn[l+o0o(l)] asn — oo,

and therefore

[ R S R = =5 Y

to n=ng n

diverges. To eliminate the 1/t2-term, we tentatively make a preliminary transforma-
tion of the form (2.26). Then (2.27) and (2.28) lead to

W (1) = [— Yt B | o) + 0 <@)] wlt)

2 t

We can rewrite this using (2.38) and find

w0 = |~ - 0 (7)) -

where 6 = min{y, 3} > 2. Choosing 3 = —A\?x/2 implies

(2.40) WA () = 0 <1> # [0+ R(t)] w(b),

) p(t)

where R(t) is now absolutely integrable by (2.39). Since

T IRmIar =0 ().

(2.25) now implies that (2.40) has a solution w(t) = 14O (53 ) as t — oo. Therefore
the IVP (2.1) has in this case the solution

(2.41) ex(t,ty: o (1)) = c M2 [1 40 <t§i_2>] .

Remark 7: Looking backwards, our first example in this section (T = hy/Ny) is
just a special case of time scales given by (2.38) with x = h?/2 and v = 4.

As a final example, we consider time scales where the forward jump operator

given in (2.33) has the form
C1 1
cr(t):t+/i+7—|—0 = for some § > 1.

As usual, we consider ¢ > t, sufficiently large such that p(t) > 0 for all ¢ > ¢;,. We
also assume that o := 1 4+ kA > 0. We note that the graininess has a constant term

and make the preliminary transformation

(2.42) y(t) = at’* 2(t).
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A motivation for this transformation is the time scale T = ANy which has graininess
p(t) = h and ey (t,0; ANg) = (1 + hA)/". Then (1.1) implies that

A = {0 L) - 1} 2 —{ “uomale ) 4 () -1} 2
- fipte ot o)) 2
- {55900} 2

where 7 = min{¢,2} > 1. Viewing this as a perturbed equation 22 (t) = [0+ R(t)] 2(t),

Proposition 2.1 yields for the nth points ¢, on the time scale that ¢, = nk[l + o(1)]
as n — oo and thus ﬁzo |R(t)| At diverges. Therefore we make another preliminary

transformation of the form

with 3 to be determined. This leads to

) 145 (G- + o) -1

o(t @

W) = ( fu(t)

B
t Ok 1
By (2.28), (%) =1- - +0 (t_2) and therefore

= {H (o[22 ) o (2)} 0

Setting
A colna
2.4 _
(2.43) f=— 3
implies that
£
wA — O( ) w(t)
(1)

Levinson’s Perturbation Lemma and (2.25) now imply that
1
w(t)=1+0 ) ast — oo, t€T.
Thus we found that (with 3 given by (2.43), « = 1+ kA > 0 and 7 = min{J, 2} > 1)
1
(2.44) ex(t, to; T) = ¢ (1 4 rA)/" 7 [1 +0 (tﬁ 1)} .

We wish to emphasize that ¢; = 0 implies that § = 0 and in this case

ex(tto: T) = ¢ (1 + KA/ {1 +0 (ﬁ%)] |
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Remark 8: One can show similarly that for time scales with o(¢) given by (2.33),
where 3/2 < p <2 and v > 2,

2—p [

2K/
(2.45) ex(t,to; T) = ceMe a1+ o(1)].

Remark 9: We mention that the asymptotic behavior of the exponential function
in the “implicit” examples above could also have been obtained using results from
the theory of functional equations (see [9, Thm. 3.3.4]). This approach would require
preliminary transformations to allow applying their results to our setting plus our

preliminary changes of the dependent variable to reduce to Levinson form.

2.4. Asymptotic exponential classes. One sees from Table 2 that for all time
scales T having graininess

u(t):—_+o(i_> as £ — 400

tr—1 -1

with any x > 0, and v > p > 2, the corresponding exponentials have exactly the
same rate of growth as the corresponding ordinary exponential, up to a multiplicative
factor ¢ + o(1) as t — oo. Such time scales we would say are in the same asymptotic

exponential class as R.

While the exponential functions and the corresponding estimates in Table 2 are
valid only for ¢ in T, we remark that since the form is independent of ¢, and by varying
to we can shift the time scale so that any prescribed point ¢ would be in, we will take
the point of view that the estimate holds for all £ in R | sufficiently large. Therefore
in this sense we may asymptotically compare functions on two time scales T and T

even though they may have no points in common.

We extend this idea to other classes of time scales which have exponentials having

(for fixed A\) an asymptotic representation of the form
explq(t)] t™(Int)",

where ¢(t) is a polynomial in real powers of ¢ and In(¢), m is a real number, and
n is a non-negative integer. Such functions are said to be in a log-exponential class
and according to the calculations above, all time scales we have considered have
exponentials lying in such a log-exponential class. Then any two such time scales are
in the same asymptotic exponential class if the exponentials agree up to a factor ¢ +
o(1) to a particular log-exponential function and any particular time scale having such
an exponential could be called a representative for that exponential class. Naturally,
one would like to select in each class the “simplest” representative, which could mean
either that the graininess is simple or that the general element in T has as simple a

closed form as possible.

One may now re-formulate the contents of Table 2 in the following
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1
Theorem 2.2. 1. All time scales with p(t) of the form u(t) = tpi*l +0 (ﬂ—l),

At

k>0, v > p > 2 are in the same asymptotic exponential class e** and a

representative for the class is R.

1
2. All time scales with u(t) of the form p(t) = % +0 (W)’ k>0,0>0 are in

2K
the same asymptotic exponential class M2 and a representative for the class

18 vV 2kNj.
K

‘ . 1
3. All time scales with p(t) of the form pu(t) = pr=) +0 (W)’ k>0, 3/2 <

. . . _ A% o
p < 2,8 >0 are in the same asymptotic exponential class eMe 2z=n" " and a

representative for the class is (prNg)'/?.

1
4. All time scales with u(t) of the form ¢y + O (W)’ 0 >0 and 1+ Ay >0 are

in the same asymptotic exponential class (1 + co)\)t/c" and a representative for

the class is coNy.

3. MATRIX EXPONENTIAL FUNCTIONS

An n x n matrix—valued function A on a time scale T is regressive (with respect
to T) provided

(3.1) I+ pu(t)A(t) is invertible for all ¢ € T,

and we denote the class of all such regressive and rd-continuous functions by R. By
the Existence and Uniqueness Theorem for dynamic equations on time scales [3, Thm.
5.8], the initial value problem y® = A(t) y, y(to) = yo has a unique solution for A € R
and tg € T.

t
Because of possible non-commutativity between A(t) and [ A(7) A7, it is non-

to
trivial to express a fundamental solution as a matrix exponential in general. But in

the case of constant coefficients
y2 (1) = Ay(t),
when A is in R, one may write
Y (t) = P exp,(t, to; T)| P71,

where P~*AP = J is a Jordan canonical form for A. This reduces the calculation to
one for each of the individual Jordan blocks. As an alternative to this procedure, other
methods have been proposed which do not rely on an a priori reduction to Jordan
form. One possibility is the Putzer algorithm, which we include for the convenience

of the reader. This algorithm was mentioned in [1] and can also be found in [3].
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3.1. Putzer Algorithm.

Theorem 3.1 (Putzer Algorithm). Let A € R be a constant n x n matriz. Suppose
to € T. If A1, o, ..., A\, are the eigenvalues of A, then

n—1
ealt,to;T) =Y () B,
k=0

where r(t) == (r1(t), ro(t) ..., m(t))" is the solution of the IVP
A 000 0
1 X O 0 0
(3.2) A= 0 1 X 0 | r, rte)=] 0 [,
: 0 :
0O ... 0 1 X\, 0

and the matrices Py, Py, ... P, are defined recursively by Py =1 and

Pk+1:(A—)\k+1])Pk fO?“ OSI{?STL—l

3.2. Harris Algorithm. We now present an algorithm to compute the matrix ex-
ponential e4(t,tp; T) for constant matrices A € R. It was introduced recently by
William A. Harris Jr. in the case of ordinary differential equations and was published
by Harris, Fillmore and Smith [7]. It includes the Putzer algorithm as a special case

as we will show.

We use the symbol D(f) = f2(t). Then, for constant matrices A € R, it follows
by iteration that

(3.3) DFea(t,tg; T) = A% ex(t, to; T).
Let ¢(\) denote the characteristic polynomial
c(A) =det(AM —A)=A=X) ... (A= ).
The Hamilton-Cayley theorem asserts that ¢(A) = 0 and therefore
C(D)ea(t, to;T) = c(A)ea(t,ty; T) = 0.

Thus each entry w;;(¢,to) of ea(t,to; T) is a solution of the n-th order scalar equation

with constant coefficients
(3.4) c(D)y(t) =0.

Note that I + p(t)A invertible is equivalent to 1 + p(t)A\; # 0 (1 < j <n).
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Let W = W (y1,...,ys)(t) denote the Wronski determinant of the set {y1,...,y,}

of (n — 1) times delta differentiable functions, i.e., W = det V[y1, ..., yn|, where
Y1 Y2 v UYUn
Viys, - ya] = y.lA y? yﬁ
e N C

Now let yi, ... y, be solutions of (3.4) such that W(yy, ... y,)(t1) # 0 for some
ty € T. Then (see, e.g. [3, Thm. 5.103]) each entry u of e4(t,to; T) is a unique linear

combination of ¥y, ... vy, and therefore
(3.5) eat,to;T) =y () Fi+ ... +yn(t) Fy

for some unique constant n X n matrices F; (1 < i < n). Invoking (3.3) and setting
t = tg, this implies for ¢ > 0 that

Al = (Al y)) () Fy+ ... + (A y)(to) F.

In matrix representation, this leads to

Fy I
Fy A
V[yh 7yn] (to) . = .
Fn An—l
F
Here and in what follows, the expression : is not interpreted as an n? x n
Fy

matrix, but rather as an nx 1 blocked array with ith entry being F; (fori = 1,2,--- n).
Then the matrices F; (1 <i < n) are determined by

Fi I
Fy . A
=V eyl ()
Fn An—l
and, by (3.5), the matrix exponential function is given by

I

A
(3.6) ealt,to; T) = [yi(t), 2 (t), - YOIV g1, - ynl(f0)

o
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We apply the Harris Algorithm to the following example: Consider the vector equation

(3.7) 2 = Ar,  where A= < 21 le ) :

The eigenvalues of A are \; = Ay = 3 and thus A is regressive on any time scale.
Moreover, A has only one linearly independent eigenvector. Then (3.4) reads y*2 —
6y~ + 9y = 0 and we choose the solutions [3, Thm. 3.34] yi(t) = es(t, to; T) and
y2(t) = es(t, to; T ft - +3M( AS for some ty € T. Taking the delta derivative implies

Vi, pal(to) = (; ?)

() () ()= ()

S| -1 1
eA(t,to;T) = 63(t,t0;T)[ -+ eg(t,to;T)/ — As < ) .
t

and therefore

and

T+ 3u(s) ~1 1

Remark 10: Using techniques similar to the ones used in section 2.2, one can
for some time scales derive the asymptotic behavior of the term fti 1++u(s) As. Here
we require, of course, that 1+ A\u(t) # 0 for all ¢t € T. For example, one can find
for the time scales in Table 1 “between” R and Ny, i.e., T = InN and T = N with
0 < p<2/3, that ft 1““ j As = (t —to)[1 + o(1)] as ¢ — co. The same asymptotic
behavior can be found for the implicitly defined time scales with p(t) = ;= +0 (ﬂ%)

with v > p > 2 and k > 0. Thus one can determine in these cases the asymptotic
behavior of the matrix exponential function in two dimensions in the case of equal
eigenvalues. For higher dimensional cases and other time scales, similar results may
be obtained.

Remark 11: The Putzer algorithm is a special case of the Harris algorithm.
That is, the solutions 7;(t) (1 < j < n) of the IVP (3.2) all satisfy (3.4) and
Wi(ry, ... 1) (to) = 1 # 0. To establish our claim, observe that (D — \;)r; = rj_y
for 2 < j <mnand (D—A)ry =0. Thus {ry, ... ,r,} are indeed solutions of (3.4).
Invoking the dynamic equation for r;(¢) given in (3.2), an inductive argument shows
for 0 < k < j—1that D*r; = Zi‘:ol aji(k)rj_; + rj_ with some coefficients a;;(k).
We remark that the coefficient of r;_j, is equal to one. Utilizing the IVP given in (3.2),
one finds that (D*r;)(ty) = rj_x(to) for 0 < k < j—1. It follows that V (ry, ... r,) (to)
is a lower triangular matrix with diagonal elements Vj;(ty) = 1 for all 1 <i < n and
the Wronski determinant W (ry, ... ,7,)(to) = 1 # 0. Since the matrices F; in the
Harris algorithm are unique, they must coincide with the matrices P; from the Putzer

algorithm (1 <4 <mn). This establishes our claim.



[1]

ASYMPTOTICS OF EXPONENTIAL FUNCTIONS 43

REFERENCES

C.D. Ahlbrandt and J. Ridenhour. Floquet theory for time scales and Putzer representations of
matrix logarithms. J. Difference Equ. Appl., 9(1):77-92, 2003.

M. Bohner and D.A. Lutz. Asymptotic behavior of dynamic equations on time scales. J. Differ.
FEquations Appl., 7:21-50, 2001.

M. Bohner and A. Peterson. Dynamic Equations on Time Scales. Birkhiauser, Boston, 2001.

M. Bohner and A. Peterson. A survey of exponential functions on time scales. Cubo Mat. Educ.,
3:285-301, 2001.

M. Bohner and A. Peterson. First and second order linear dynamic equations on measure chains.
J. Differ. Equations Appl., 7:767-792, 2001.

N.G. De Bruijn. Asymptotic Methods in Analysis. North-Holland, 1961.

W.A. Harris Jr., J.P. Fillmore, D.R. Smith. Matrix Exponentials — Another Approach. SIAM
Rewv., 43:694-706,2001.

S. Hilger. Special functions, Laplace and Fourier transform on measure chains. Dynam. Systems
Appl., 8:471-488, 1999.

M. Kuczma, B. Choczewski, R. Ger, Iterative Functional Equations. Cambridge University Press,
New York, 1990.



