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ABSTRACT. Hermite Functions and their generalizations are addressed within the framework of
time scale calculus on two different time scale structures. A ladder operator formalism is presented in
both cases. The main focus of the article is elucidated: The ladder operator formalism is exhibited as
a tool for determining orthogonality measures to recursive systems of polynomials. This procedure
is performed in the case of T = R and in the case of T being the closure of a g-lattice with Z-grading.
The main differences between the continuous and the discrete scenario are worked out. From the
spectral theoretical viewpoint, the point spectra of those symmetric operators are determined to

which the Hermite functions resp. their generalizations are eigenfunctions.
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1. A GENERAL INTRODUCTION

Orthogonal Polynomials of a discrete variable have been subject to a lot of inves-
tigations throughout the last decades, see [13]. Several of the classified orthogonal
polynomials in context of the Askey—Wilson scheme fit into the context of basic
hypergeometric functions which can be considered as g-generalizations of the hyper-
geometric functions, see for instance [7, 11]. Let us first give a short overview about
the origins of ¢-special functions and let us reflect some of the related historical de-

velopments in analysis.

Leonhard Euler gave in 1748 a celebrated formula for the number p(n) of partitions
of a positive integer n into positive integers, where the decomposition consists of

decreasing numbers in the sum without any repetitions:

(1.1) [Ta-¢""=>" pn) g
k=0 n=0
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while the parameter ¢ is ranging in the open interval (0,1). Here occur the later on
called “quanta” ¢". Deriving all information on a demanded function — in this exam-
ple it is p(n) — from a given generating function reflects a general concept within the
analysis of special functions. In this particular example, the role of the generating
function is played by the expression [[y-, (1—¢""')~" on the left hand side of (1.1).

In his “Disquisitiones Generales Circa Seriem Infinitam” from 1813, Carl-Friedrich
Gauss gives a fundamental concept for analyzing special functions, namely the struc-
ture of hypergeometric functions. Later on, the concept was generalized by Eduard
Heine in the context of basic hypergeometric functions. These developments of sys-
tematic approaches to the understanding of special functions had a deep impact on
mathematical analysis in general. Several types of special functions could be analyzed
in a new way when using the Gauss—Heine approach. Let us for instance mention
three classical examples of orthogonal polynomials, namely Hermite polynomials, La-
guerre polynomials and Legendre polynomials which can be addressed in the light of

the hypergeometric Gauss approach.

An alternative to understanding many orthogonal polynomials lies again in the use
of suitable generating functions. For example, in the case of the classical continuous
Hermite polynomials H,,(x), where z € R and n € Ny, the generating function defines

the polynomials H,(z) by the equation

— ()
2oy—y? _ n n 2
(12) € _ZO TL' v, (l’,y) ER :
The orthogonality property of a suitable given sequence of polynomials is closely con-
fined to the orthogonality support and its structure. Concerning the support, not
only simple structures shall be admitted but one is also interested in general results
on more complicated subsets of the real axis or of any real linear space. The need for

including more difficult spatial patterns stands in a long, general tradition:

Bernhard Riemann pointed out in the last part of his famous habilitation speech from

1854, “Uber die Hypothesen, welche der Geometrie zugrunde liegen”:

Die Frage tber die Giltigkeit der Voraussetzungen der Geometrie im Unendlich-
kleinen hdngt zusammen mit der Frage nach dem innern Grund der Mafverhaltnisse
des Raumes. Bei dieser Frage, welche wohl noch zur Lehre vom Raume gerechnet
werden darf, kommt die obige Bemerkung zur Anwendung, dafS bei einer diskreten
Mannigfaltigkeit das Prinzip der MafSverhdltnisse schon in dem Begriffe dieser Man-
nigfaltigkeit enthalten ist, bei einer stetigen aber anders woher hinzukommen muf. Es
mufl also entweder das dem Raume zugrunde liegende Wirkliche eine diskrete Mannig-
faltigkeit bilden, oder der Grund der Mafverhdltnisse auflerhalb, in darauf wirkenden

bindenden Krdften gesucht werden.”



FIXING THE LADDER OPERATORS ON TWO TYPES OF HERMITE FUNCTIONS 117

In particular, these words reveal the need of a unified and extended approach
between discrete and continuous analytic structures. Until now, this has a great
meaning to applications not only in mathematics but also within fundamental theories

of physics, like general relativity or quantum theory.

So far the historical embedding of approaches linking structures from continuous
and discrete analysis. In recent years, a fruitful and promising approach towards
unifications and extensions within the theory of differential resp. difference equations
has been given by the so-called Time Scale Approach which was originally created
by Stefan Hilger [8, 3]. This approach will provide the basic mathematical framework

for our investigations throughout this article.

2. BASIC DEFINITIONS AND SCOPE OF THE ARTICLE

In this section, we review some of the basic definitions in time scale analysis where
we refer to [6]. Moreover, we introduce the ladder operator concept for an orthogonal

polynomial system on a given time scale T.

Definition 2.1. Let T C R be a time scale, i.e., an arbitrary nonempty closed subset

of the real numbers. For t € T, the forward jump operator o : T — T is given by
o(t):=inf{seT|s>t}
and the backward jump operator p: T — T is defined by
p(t) =sup{seT|s<t}.
The graininess function of T is defined by
p:T —[0,00], t — u(t) :=0o(t) —t

and for a given function f : T — R, we define the function f : T — R and

respectively the function f? : T — R by the conventions

VieT: fo(t) = flo(t)), fe(t) = Flp(t)).

Finally, we denote
(2.1) L*(T) :z{f:T—MC | /f(t)md,u<oo}
T

consisting of all square integrable functions on the time scale T where dyu shall denote

a suitable weighted Lebesgue integration measure.

Let us look for instance at an example for the space L*(T): Let T = R. Then
(2.2) LQ(T):LZ(R):{J‘:RHC | /f(t)mdt<oo}.
R

In this article, we will basically be concerned with a so-called ladder operator concept

for the continuous resp. a particular discrete version of the Hermite polynomials. Let
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us first give the following general definition of an Orthogonal Polynomial System

on T.

Definition 2.2. Let T C R be a time scale and let (P,),en, be a sequence of poly-
nomials where P, : T — R for any n € Ny. Let (an)neng, (0n)nengs (€n)nengs (dn)neng

be sequences of real numbers, such that
(2.3) an Poi1(x) + b, Py (x) + ¢, Pooi(x) = d,, Py(2)
for every x € T where n € Ny and ¢y = 0, moreover let

(24) Ve eT: P()(ZL’) = 1, aoPl(x) + bo!L’ = d()

(2.5) VneN: a,c,1 >0, b, #0, ag > 0, co = 0.

We refer to the sequence (P, ),en, by the name Orthogonal Polynomial System
or simply OPS on the time scale T.

The expression “Orthogonal Polynomial System” is motivated according to Favard’s
theorem, see [7], which establishes a close connection between three-term reccurence

relations of suitable polynomials and corresponding orthogonality measures.
We now define the ladder operators for an orthogonal polynomial system on T.
Definition 2.3. Let (P,),en, be an orthogonal polynomial system on a given time

scale T and U C L*(T) a dense domain. Let moreover the linear operators a,a™ :
U — L?(T) be fixed by the equation

(2.6) (af,g) = (f,a*g)

for all f,g € U, (o,0) denoting the canonical standard scalar product in L?(T) which
is induced by (2.1). We refer to the operators a, a’ by the name Ladder Operators
acting on the OPS (P, )nen, if there exist sequences of real numbers (o, )neny, (5n)nen,
and a function ¢ € U such that aiy =0, fy =0 as well as

(2.7) VneNy: at(P)=a, Pt € LA(T), a(Pu) =, P,_11 € L*(T)

in combination with

(2.8) VYm,n € Ny : /TPm(x) P (z) (x) ¥(z) diu = 12 Spm,

(2)nen, being a sequence of positive numbers, relation (2.8) hence yielding an or-

thogonality condition on the polynomials under consideration.

In this article we address the examples of ladder operators on the following two OPS:

1. The continuous classical Hermite polynomials, being introduced by

(2.9) H,1(z) — 22H,(x) + 2nH,_1(z) =0, n € No, reT=R
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with initial conditions Hy(z) = 1 and H;(z) = 2z. What are their ladder operators?

2. Generalizations of the continuum Hermite polynomials, given for n € Ny as follows:

1—q" -
H! (x)=0, x€T={3¢% —B¢*}

(2.10) H  (z)—azq"Hl(z) + o -

where a, 8 > 0, ¢ > 1, the initial conditions being provided by H{(z) = 1 and

H{(z) = ax. Can one construct suitable ladder operators?

In Section 3, the ladder operator problem for the continuous Hermite polynomials
(situation 1) is exhibited in the case T = R. In Section 4, the ladder operator
problem is addressed for ¢ > 1 (situation 2). In Section 5, we give a summary from

the viewpoint of spectral theory for linear operators.

3. CONTINUOUS CLASSICAL HERMITE POLYNOMIALS

Let us first state the objects of Definition 2.3 for the particular case T = R.

Let the OPS (P, )nen, be given by the (H,)nen, from (2.9). Next we specify the set
U C L*(R). Let n € N and A > 0. The set G(A,n) shall then consist of the functions

k

(3.1) YiR—R, ze @)=Y ale™

=0
where k € Ny and ¢; € C. Let now U C L*(R) be the C-algebra G which is generated
by all possible sets G(A,n) (the symbol G shall stand for “Gaussian bell-shaped

functions”):

2n

32) U=G={fg,f+g|3pmv>0 mneN: fecG(um), gecGvn)}

By construction, the set U is dense in L?(IR) as it contains the finite complex span of
all functions v, : R = R, z + v,(z) := z"e~ 3% where n € Ny. To specify a™ and a,
we first introduce the operators D : U — U and X : U — U by

(3.3) (Df)(z) = f(x),  (Xf)(@):==f(z), =xeR,  [fel

We now define the operators a : U — U and at : U — U resp. the rescaled versions
A AT U — U by

1 1
34) a=D+X, at:=-D+X, A=-—(D+X), A":=-—(-D+X).
(3.4) 7 ( ) 7 ( )
Integration by parts shows that the operators a and a™ resp. A and A" indeed obey
a relation of type (2.6) for any f,g € U, (o,0) denoting the standard scalar product

in L?(R).

Theorem 3.1. Let ¢ : R — R, z +— (z) := e 2% and a,a™ be given by (3.4).

The operators a,a™ are ladder operators on the OPS (Hp)nen,, i-€., in particular

(3.5) a =0,
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(3.6) Vm,n € Ny : / H,(x) Hy(z) ¥(x) ¥(x) do = 12, Sn,
R

(3.7) VneNy: af(Hw) = Hyq,

(3.8) VneNy: a(Hup) =2n Hy_ 1.

Proof. The first equation, (3.5), is evident.

Using the operators A, AT we are next going to verify the orthogonality relation (3.6).

To do so, one easily derives the commutation relation

(3.9) VfeU: AATf — ATAf = f

from the commutation relation Vf e U: DX f— XDf = f. We claim the following
fact which reveals an eigenvalue situation of the operator ATA : U — U:

(3.10) ATA (AT =n (AT)™, n € Ny

1.2

e~ 2", (3.10) is obviously true for n = 0. By

where ¢ : R — R, = — ¢(x) :
induction, using (3.9), statement (3.10) can be proven. For n € Ny we abbreviate
©n = (a™)™p. Hence it follows for m,n € Ny with m # n:

(3.11) (AT Apm, n) = (Pm, ATApn) & m (Pm,0n) =1 (Om, ¢n)
where we have twice made use of the property Vf,g € U : (af,g) = (f,atg) resp.
Vf,geU: (Af,g) = (f,ATg). As m # n, (3.11) directly implies

(3.12) [ enle) ale) do = [ Holo) Hola) (@) dz =0
R R
which yields the orthogonality statement (3.6) (note that v is real-valued).

We address now (3.7) as follows: First, one can check by direct calculation that
at X f—Xatf=—f forall f € U. Moreover, the function ¢ fulfills the equation

(3.13) aty —2Xy = 0.
Applying successively the operator a® to equation (3.13), one arrives by induction at:
(3.14) (a™)"p —2X (a™)") +2n (at)"1p =0, n € Ny.

Note that the actions of a* on the considered objects are well defined as they all
live in U. Comparing (3.14) with the definition of the OPS (H,,)nen, from (2.9), we

arrive at claim (3.7).

Let us finally verify statement (3.8). We start from recurrence relation (3.14) which

1S now rewritten as

(3.15) Oni1(x) — 2z, () + 2np,—1(z) =0, n € No, zeR
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where we impose for z € R the initial conditions go(z) = e~2%" and ¢y () = 2z (z).
As all the functions ¢, are in L*(R), we can ask for their normalized versions (¢, )nen,

such that (¢;,v;) = 0;; for all 7,7 € Nyg. For n € Ny we denote v, := /(¢n, ¥n)-

Introducing the abbreviations a, := 2% and b, := == | we derive from (3.15):

(316> X"vbn = Qp ¢n+1 + bn ,lvbn—l) ne NO

where we have chosen the operator notation. Note that X is a symmetric operator on

U,ie, Vf,geU:(Xf,g) = (f,Xg) implying ¥m,n € No : (Xthy, ¥n) = (¥m, Xtby)
which requires Vn € Ny : a, = b,1 . This leads to the recurrence relation

(3.17) VneNy: vy =V2n+ 2, vy = / e dy = 71,
V R

Due to the definition of the functions v, (n € Ny) , it follows from (3.7) that
(3.18) VneNy: AT, =vVn+1¢,.

As a=—a" 42X and due to (3.16) we conclude that both, a and a* map the finite
span { ¥ = >} e x| € C, n € Ny } CU into itself. As a consequence, we
obtain that the equality

(3.19) ¥m,n € No: (AT, ¥n) = (Y, Ay)

uniquely fixes the action of A on the functions v,, by

(3.20) VneNy: Ay =vVitn, & A=ynt o
Un Vp—1
(3.21) VneNy: app, =2n¢, 1 < a(Hpu) =2n H, 11.
This proves (3.8). Hence Theorem 3.1 is verified in total. O

As for the concept of ladder operators, the reader is also invited to consider for
instance the articles [2, 5, 12, 14]. In the sequel, we will investigate the concept
of ladder operators in context of discrete modifications of the Hermite polynomials

which are closely related to the discrete g-Hermite polynomials of type I, see [4, 9, 11].

4. MODIFIED DISCRETE HERMITE POLYNOMIALS

We now address the polynomials

n

1—g¢q
I—g¢q

(41)  HY,\(2) — azq" Hi(x) + a

n

H! ()=0, xeT:={8¢" —B3¢"}

where n € Ny, a, 3 > 0, ¢ > 1, the initial conditions being provided by H{(z) = 1 and
Hi(x) = ax. We want to elucidate how the ladder operator formalism helps us to
find an orthogonality measure to these polynomials being concentrated on a suitable

support 2 C T. To do so, we are going to prepare the tools by
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Definition 4.1. Let T = {8¢%, —(q¢”} with a fixed number 5 > 0. We refer to the
Hilbert space J of all Jackson square integrable functions by the set of all functions
f: T — C fulfilling the property

(4.2) (f,f)=(g—1) Z 8¢’ (f(8¢)F(Bg?) + f(—B) F(—Be’))

j=—00

hence corresponding to the set L*(T). A standard scalar product in J is given by

(4.3) (f,9) = (g —1) Zﬁq )9(B¢7) + [ (=B’ )g(—Ba?))

j=—00

for all complex-valued J-functions over T. B := {e! | m € Z, u € {+1 —1}} CJ
shall be the set of all functions with (e%,, e¥) = 6,,,,0,, and e¥ (v8q") = NNCES) \/_ [
where m,n € Z and p,v € {+1,—1}. Moreover, we introduce for suitable f:T — C
and for any z € T \ {0}:

(44) (Dof)(x) = T ZTE (g i) = flgn). (Laf)(a) = fla ),

qr — x

additionally (D,f)(0) := lim,_o(D,f)(x), (Ref)(0) := f(0), (L,f)(0) := f(0). Fol-
lowing a notation in the general literature on g-special functions, we will refer to the

scalar product (f, g) of two J-functions from (4.3) also by the symbol

(4.5) /Tf(x)mdqx = (¢—1) Z B¢’ ( )9(B¢7) + f(—=B¢)g(—Bgi)).

j=—00

Wanted are thus the following objects with suitable sequences (o, )neng, (O )nen, € R
and (v2)men, € R™:

m

(4.6) p:T—R: /H&(m)[—]f{(m) (p(x)* dyx = V2, Sun,  m,n € Ny,
T
(4.7) Qq, a q U—=U a;(HZ‘P) = Qn HZ-HSO’ as(Hlp) = B, Hy

satisfying a formal adjointness relation on a maximal common dense domain U C J,

(4.8) Vf,g€U: (asf,9) = (f afg)

in the sense of the general Definition 2.3.

Theorem 4.2. Let aq,a(‘; : U — U on a maximal common dense domain U C J be

giwen as follows:

(4.9) . =Dy +E Ry, ag:=q " (LgDyg+ Ly §)

a, :
where £ is a fized function £ : T — R. A sufficient criterion on a, a;“ for being ladder

operators to the polynomials (4.1) is the following particular structure of ¢ = 1 from

Definition 2.3: Let ¢ # 0 be a non-negative J-function, being recursively given by

(4.10) e (qr) = 1+ a (1 —q)2®) *(z),  ¢(x)=p(—x)



FIXING THE LADDER OPERATORS ON TWO TYPES OF HERMITE FUNCTIONS 123

L g% } e, = ! If the two equations

1 7
Jaan 1 T e Vo@D
(4.11) agp =0,  a, (Hjp) = Hiyp,

where x € T := {

are satisfied then the operators aq,al are ladder operators to the OPS (H)nen,:

(4.12) VneNo: af (Hlg)= Hl ¢

(4.13) YneNy: a (Hl) = % 11__qqn HY |

(4.14) Vm,n € Ny : AH%(JZ) Hi(z) (¢(2))? dyr = V2, Sun

where for m € N, the numbers vy, are recursively given by (;2=-)* = & % with

v = (@, 9).

Proof. To be ladder operators, it is necessary for aq, a; to fulfill the following equa-

tions simultaneously:

(4.15) Ve eT: (agp)(x) =0 < (¢' (LyDy+ L&) 9) (z) =0,

(416)  VzeT: (¢ 9)(x)=axp(@) & (=Dg+&Ry) @) (x) = oz ().

(4.15) implies that (Dyp)(z) + (§¢)(x) = 0. Assume now that Vz € Q : p(x) # 0

where 2 C T is a suitable subset. Then the function £ is given on €2 by & = —%

and inserting it into (4.16), we obtain

(4.17) Vo€ Q: (—pDgp) (@) — (Dgp)(Ryp)(z) = ax ¢* ().
Using the g-product rule D,(fg) = fD,g+ Ry9 D,f for all f,g: T — C, we arrive

at the following difference equation on (:

(4.18) VeeQ: ¢*qr) = (1+a(l-q*) ¢*(2), ¢@)=¢(-2).
From (4.18) follows that ¢ may be in J\ {0} if T has the structure

1 1
(4.19) T:={——— ¢ ——F——= "}

veal(g—1)

which implies that the (maximal) support of ¢? resp. ¢ is:

a(g—1)

1 1
(4.20) Q={———=q N, ———— ¢ N}
a(qg—1) a(q—1)

as on T\ Q, the function ¢ has to vanish according to the first equation in (4.18).
This fixes the parameter 3 by § = 2 5 Let us now choose ¢ : T — R which

a(qg—
satisfies (4.18) and p(z) =0 < 2 € T\ Q. Defining

1 D
(4:21) Ve e, o] <= §(2) = (=) (a)

Jag-1) Ty
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(4.92) VaeT, o] > = ——— ¢ g(z) =0,

Va(g—1)

we see that the operators

(4.23) af = =Dy + & Ry, a;=q ' (LyDy+ L, €)
indeed fulfill equations (4.15) (4.16). We introduce

(4.24) VeeT: (X)(zr):=axy(x),

the definition range of X, being assumed as mazimal in J. Using
(4.25) VfeB: D/X,f=qX,Dyf +f, R X,f = qX Ryf
it follows from (4.16) by induction that

1—g¢q
1—g¢q

(4.26) (a)" o — ag" X, (a;)"go +

. (a1t =0, n € Ny.

q

By direct calculation — involving standard methods of analysis — one can verify that
all (af)"¢ € J. Note that the functions (a])"¢ € J are well defined in the point
r=0¢€Tas wehave Vo € T: ((a))"¢)(x) = (=1)"((a})"v)(—2x), n € Ny. Hence
(4.12) is valid.

We next address the proof of statement (4.13) using a similar method as in [12, 14].

Let us first calculate the action of the operator a, on the function X,p,:
(4.27) qag Xy on = (LyDy + L&) Xgpn =

Lo(Rypn + XqDopn) + Lo Xqon = n + Lg X Dyon + L& Xypn =

(4.28)  agXypn = q ' on+ ¢ X, LyDyon + ¢ 2 X Lo = ¢ o + ¢ Xyagpn.

Stating these identities, we have used the function ¢ and the product rule (4.25) for
the g-difference operator D,. Moreover, we have inserted the commutation relation
VieU: L, X,f=q 'X,L,f . Let us now consider

o n

(4.29) Ont1 — aq" Xy, + I _qq On_1 =0, n € N.

Note that — like in the case of a; — the operator a, can be applied to (4.29) yielding

n

_qq agpn—1 =0, n € N.

(4.30) AgPnt1 — aq"a, Xyon + o .

Inserting now (4.28) leads to

n

AgPp—1 = 07 n e N.

(4.31)  agpni1 — aq" (¢ on + ¢ X ag0,) + .
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We have a,p0 = 0 and a,(aX,00) = @ ¢ Yoo + a ¢ 1 X a,00 = @ ¢ g Assuming

o« 1—(]” o« 1_qn—1
AqPn = q 1—¢q Pn—1 and AgPn—-1 = q 1-g¢

Yn—o for n € N, we obtain for n € N:

o l—g" 1—q”a1—q”_1 _1
4.32 w1 —aqt T = X, on- - na—aq" ", =0.
(4.32) agpni1—oq G T g apnte T s T e agt g
Rewriting X,p,_1 in terms of (4.29) now leads to agpn41 = % 171‘1:;1 o, forn € N

which yields precisely statement (4.13) of Theorem 4.2 via induction.

Let us next verify the orthogonality statement (4.14). For n € Ny let us abbreviate

(4.33) Pn = (a;)ngo, Vn i = \/ (¢n, pn) # 0.

We claim that (¢, p,) = 0 for m,n € Ng, m # n which shall be proven by induction.
Assume that the elements of the set {¢o, ..., ¢} are pairwise orthogonal for a fixed
m € Ny. This assumption is trivial for m = 0. We now divide the proof of induction

into three steps:

1. Let 0 <k <m — 1 where k € Ny, m € N. Then the following equalities hold:

(434) (qupn"w Spk) = (Cm(;pm—i-l + dm‘;pm—la Spk) = Cnm (‘;Om—i-la Sok)
(435> (SOmanSOk:) = (<Pm, CkPr+1 + dkSOk—l) =0
where the sequences (¢,)neny, (dn)nen, are fixed by ¢, := a~'¢"™ and d,, :== ¢ lliqqn

for n € Ny. Due to the fact that X, is a symmetric operator, we conclude from
(Xg®ms Pr) = (Pms Xgpr) that (¢mi1, o) = 0 according to (4.34) and (4.35).

2. Let now k£ = m. Because of ¢ being an even function, the functions ¢, are even
for all even n € Ny and the functions ¢, are odd for all odd m € N. Due to this fact,
(©m, pn) = 0 for all even n and odd m. That’s why (., pme1) = 0 for all m € Np.

3. Let k =m — 1. We first show that (g, ¢2) = 0. Using (4.10), it follows

1_
436) [ Planda= [ 140 -0a) Fw) da =i+ it s
T T

— — «
4 T e =21
q

2 =12 _ 2
vy < q Yy =1+

1
(4.37) ql/?r ©*(r) dyx = 1§ +

Expressing ¢ in terms of g, ¢ and using (4.12) we obtain

(4.38) /Tgoo(x)<p2(x) dyr = /T(oz2qx2 —a) p*(z) dyx = qui —avg =0

according to (4.37). Hence in total, the functions g, @1, @2 are pairwise orthogonal.

Let now m € N and m > 2. We use a similar argumentation as in [5] and obtain:

(4'39) (@m—l-la Spm—l) = (a;gom, Spm—l) = (SOm, aq@m—l%
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where the adjointness property is a consequence of the way we have constructed aj;, aq
on their chosen domains and of the adjointness relation studied below after (4.43).
Due to (4.13), the last equation can be rewritten as
al—qgnt

(4.40) (Pmt1, Pm—1) = (Pm; Agpm-1) = E 1—_(](90ma Pm—2)-

Due to the result in the first item of the orthogonality proof it now follows that
(Pms1s Pm—1) = 0 as (@m, pm—2) = 0. Taking the steps of this third part together, we
have shown that (@41, om—1) = 0if all functions in {¢y, . . ., Y, } are pairwise orthog-
onal where m € N. All three parts together finally complete the proof of induction for
the orthogonality statement (4.14). Consider now the pairwise orthogonal functions

(©n)nen, and their normalized versions (¢, )nen,. For m € N we have (¢_; := 0):

Vi
(4'41> Xq 1/}m—1 = Cm—-1 1/1m + dm—l 2 1/1m—2
Vm—1 Vm—1
according to (4.26) where ¢,,,_; := a~t¢™™ and d,,,_; ;= ¢! %. We receive
m m— m dm 1—qg™
(4.42) Cmy 2 =, Yt o (Pmye _al-qg
Vm—1 Um Vm—1 Cm—1 q I q

as X, is a symmetric operator on its maximal domain, using a similar argumentation
than after (3.15). This confirms the last statement of Theorem 4.2. Due to Definition

2.3, the operators aq, a; have to fulfill the requirement

(4.43) Vf,g€ B: (ajf,9) = (f aq9)

Let us check this relation for all finite real linear combinations of elements in B by

straightforward calculation. We finally obtain:

(af ,9) = en B q"(q — 1) [LLLIOM 4 e(3g7) f(Bg" )] 9(Bg") +

Y ez B q"(q — 1) [EELLELCE0) 4 e(—Bgm) f(=Bq™+)] g(—Bq™) =

ez 4" (0= 1) [£(Bg") SRS + 4 F(50") €50 ) (8" )] +

S ez Bq7(q — 1) [f(—Bq") LEELISED) L f(— g7y &(— ™) g(—Bg" ) =
(f, a7 (LgDy + Le§) 9) = (f, aq9)-

One thus arrives at the fact that a, must necessarily be of type a, = ¢~ (LyDy+L,E)
once having chosen a} = —D,+¢ R, . This verifies indeed the structure in (4.9). In

total, Theorem 4.2 is now proven. O
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5. SPECTRAL THEORETICAL PROPERTIES AND SUMMARY

In this last section, we want to address some of the spectral theoretical properties of
the operators that we have considered throughout the preceeding sections. To do so,

let us first review the following definitions for the convenience of the reader:

Definition 5.1. Let @ be a complex Hilbert space and let T': D(T) C Q — @ be a
linear operator on the subspace D(T) of ). The Point Spectrum o,(7") of T is the

set of all complex values A to which exists an element u € D(T') such that Tu = Au.

Definition 5.2. Let () be a complex Hilbert space and W C () a dense linear subspace
of Q. Let moreover T': D(T) = W — @ be a linear operator, defined on W. We refer
to W by the name Definition Range of 7. The map T* : D(T*) — @ is called the
Adjoint of T" where the linear subspace D(T*) of ) is defined as follows:

(5.1) yeD(T") & Jze€eQ Yee D(T): (Tx,y) = (, 2),

(0,0) denoting the used scalar product of the Hilbert space under consideration. The
action of 7% on y € D(T™) is defined by

(5.2) Ty = z.
We now arrive at the following spectral theorem which summarizes some of the sim-

ilarities and some of the differences between the continuum case (Section 3) and the

discrete case (Section 4) with respect to the properties of the involved linear operators.

Theorem 5.3. Let A, A" and D, X be like in (3.3) resp. (3.4). We then have

(5.3) op(ATA) =Ny, (X)) ={}.

Let aq,at, X, be like in (4.9) and (4.24) with ¢ > 1. The eigenfunctions of a;a,
constitute an orthogonal basis in L*(Q) :== {f € J |Vz € T\ Q: f(z) = 0} and we
have

al—q
5.4 ta)y=1{4 =
(5.4 oaja)={ 2121

n

‘RENQ}.

Proof. From (3.10) we immediately conclude that Ny C 0,(ATA). We want to verify
that 0,(ATA) = Ny. Let us define J, := (n — 1,n) C R for n € Z and assume that
there exists n € N such that o0,(ATA) N J, # { }. Let us first show the implication

(55) Vke{l,...n}: oy(ATA)N T 2{} = o(ATA) N #£{}

To do so, let ) € G such that AT Ay = \p with X € J,,. This implies (AT Ay, ¢)) =
(A, AyY) as 1 € G. On the other hand we recognize (AT A, ¢) = (Ay, AY) = A,
hence Ay € G and Ay # 0 because otherwise we would have A = 0. We then obtain

(5.6) AAT Ap=\AYp & (ATA AP+ Ap) =\ Ap & ATA Ap = (A — 1) Ay
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which means o,(A*A)NJ,—1 # { }. By successive application of this step we arrive at
the statement (5.5) which finally implies that o,(ATA) N Jy # { }. But this however
is a contradiction as (AT Av,v) = (Av, Av) > 0 for all v € G. As a consequence we
thus obtain 0,(ATA) = Ny.

We now address the point spectrum of the operator X : U = G — G. Assume that
A € 0,(X). Then there exists f € U = G such that

(5.7) VeeR: zf(z)=Xf(z) & (x—2A) f(x)=0.

This means that f(z) may be chosen as f(z) =1if v = X and f(z) =0if x # . As
{A\} is a Lebesgue set of measure zero, one can identify f with 0 € U = G which is a

contradiction to the assumption that f is an eigenvector of X. This directly implies
o,(X) ={} and (5.3) holds in total.

As a consequence of Theorem 4.2, we recognize that A := { 7 % |neNy} C
op(agay). Let now for n € Ny the functions 1, be the normalized eigenfunctions
of afa, belonging to the set A. Let moreover V' be the finite complex span of the
vectors in B, := {e",, | m € Ng, u € {+1,—1}} and V the closure of V with respect
to J. Let Q be defined like in (4.20). Let the linear operator Y : V' — V be fixed
by the requirement Ye” = ug e, with m € Ny, p € {+1,—1}. The action of
the adjoint Y* of YV is fixed by the equation (Ye”, e’ )y = (e’,,,Y" e, )y, where
m,n € Ny, u,v € {+1,—1}, the scalar product in V being inherited from J. Using
the operator X, from (4.24) with maximal domain in J, the eigenvalue problem for

Y* reads

(58) YT > N e, =X, > Y e, =a Y ) e,
ve{+1,~1} n=0 ve{+1,~1} n=0 ve{+1,—-1} n=0

implying that ,(Y*) = Q\ {0}. Let now the linear operator T': E — E be fixed by
the convention T, := X 1, (n € Ny) where E is the finite complex span of all the
functions ¥,. Let T* be the adjoint of T' with respect to the space E, the scalar prod-
uct in E being inherited from J. From the matrix representation (T*t,,, Un)m.neNo
(all entries are square-summable) it can be concluded that K := T* is a symmetric
compact operator acting on E. As K doesn’t allow 0 as an eigenvalue, its eigen-
vectors (Up)nen, constitute an orthonormal basis in E according to general spectral
properties of symmetric compact operators. We have D(K) = E C L*(Q) = D(Y™*),
hence f € D(K) = f € D(Y*). We use this to state that on all vectors 1, with
n € Ny, the following identity holds:

(5.9) K by, =Y* .

As K and Y™ are continuous operators, the last equality means — considering the

finite approximations of the eigenvectors u,, by suitable linear combinations of the
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functions v,, — that
(5.10) Ku, =Y u, = \uy, n € Np.

This implies that By N{ u, | n € Ng } #{ } as Y*e",, = ug~™e",, for m € Ny and
€ {+1,—1}. Let us assume now that there exists an element f in B, which is not
in the set { u, | n € Ny }. This leads to the consequence Vn € Ny : (f,u,) = 0. Due
to the basis property of all functions u,, in E this implies that for instance (f, ) = 0
which would yield that 1y vanishes identically around zero according to the difference
equation for ¢ in (4.10). This is however not true and therefore By = { u, | n € Ny }.

As a consequence, all the functions 1, constitute an orthonormal basis to L?(£2) which

means on the spectral level that o,(a;a,) = { ¢ L q: | n € Ny }. This concludes the

proof of Theorem 5.3. O]

REFERENCES

[1] R.N. Alvarez, D. Bonatsos and Yu. F. Smirnov. g-Deformed vibron model for diatomic molecules.
Phys. Rev. A., 50:1088-1095, 1994.

[2] R. Askey, S. K. Suslov. The g-harmonic oscillator and the Al-Salam and Carlitz polynomials.
Lett. Math. Phys., 29:123-132, 1993.

[3] B. Aulbach and S. Hilger. Linear dynamic processes with inhomogeneous time scale. Nonlinear
Dynamics and Quantum Dynamical Systems. Akademie Verlag, Berlin, 1990.

[4] C. Berg, M.E.H. Ismail. Q-Hermite polynomials and classical orthogonal polynomials. Canad. J.
Math., 48:43-63, 1996.

[5] C. Berg, A. Ruffing. Generalized ¢g-Hermite polynomials. Comm. Math. Phys., 223:29-46, 2001.

[6] M. Bohner and A. Peterson. Dynamic Equations on Time Scales: An Introduction with Appli-
cations. Birkhauser, Boston, 2001.

[7] G. Gasper and M. Rahman. Basic Hypergeometric Series. Cambridge University Press, Cam-
bridge, 1990.

[8] S. Hilger. Analysis on measure chains — a unified approach to continuous and discrete calculus.
Results Math., 18:18-56, 1990.

[9] M.E.H. Ismail, M. Rahman. The g-Laguerre polynomials and related moment problems. J. Math.
Anal. Appl., 218:155-174, 1998.

[10] B. Kaymakcalan, V. Laksmikantham, and S. Sivasundaram. Dynamic Systems on Measure
Chains. Kluwer Academic Publishers, Boston, 1996.

[11] R. Koekoek, R.F. Swarttouw. The Askey-scheme of hypergeometric orthogonal polynomials and
its g-analogue. http://aw.twi.tudelft.nl/~koekoek/askey.html, 1998.

[12] R. Lasser, A. Ruffing. Continuous orthogonality measures and ladder operators for discrete
g-Hermite polynomials II, preprint, 2002.

[13] A. F. Nikiforov, S.K. Suslov, V.B. Uvarov. Classical Orthogonal Polynomials of a Discrete
Variable. Springer, 1991.

[14] A. Ruffing, J. Lorenz, K. Ziegler. Difference ladder operators for a harmonic Schrédinger oscil-
lator using unitary linear lattices. J. Comput. Appl. Math., in press, 2003.

[15] B. Simon. The classical moment problem as a self-adjoint finite difference operator. Adv. Math.,
137:82-203, 1998.



