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1. INTRODUCTION

It is more realistic to model a phenomena by a dynamic system that incorporates
both continuous and discrete times, namely, as an arbitrary closed set of reals known
as time scales or measure chains. We refer to [5, 8] for recent results of dynamic
systems on time scales. Hybrid systems incorporate both continuous components,
usually called plants, which are governed by differential equations, and also digital
components such as digital computers, sensors and actuators controlled by programs
3, 7,8, 11, 12, 13].

The differential equations containing fuzzy-valued functions and interactions with
discrete time controllers can be named as hybrid fuzzy differential equations. In this
paper we discuss hybrid fuzzy systems on time scales and develop comparison principle
and practical stability results. The notion of practical stability is more useful when
the desired system may be mathematically unstable and yet the system may oscillate
sufficiently near the state that its performance is acceptable [6]. For a basic discussion
on fuzzy-valued functions and fuzzy differential equations, we refer to [9, 10, 11]. For

details on time scales, we refer to [1, 2].

In this section, we list some basic definitions of fuzzy-valued functions needed for

our discussion.

Let P,(R™) denote the family of all nonempty compact, convex subsets of R™. If
a,f € Rand A, B € P,(R"), then

a(A+ B)=aA+aB, «afA)=(apf)A, 1A=A

and if o, 3 > 0, then (a+ 3)A = aA+ SA. Let I = [tg,to+ ], to > 0 and a > 0 and
denote by E™ = [u : R™ — [0, 1] such that u satisfies (i) to (iv) mentioned below]:

(i) u is normal, that is, there exists an xy € R"™ such that u(xy) = 1;
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(i) w is fuzzy convex, that is, for z,y € R" and 0 < A <1,
u(Ar + (1= A)y) = minfu(z), u(y)];
(iii) w is upper semicontinuous;
(iv) [u]® = the closure of [x € R" : u(z) > 0] is compact.
For 0 < a < 1, we denote [u]* = [x € R" : u(x) > «]. Then from (i) to (iv), it
follows that a-level sets [u]® € Py(R™) for 0 < o < 1.
For later purposes, we define 6 € E™ as o(x) =1 if x =0 and o(x) = 0 if = # 0.
Let dy(A, B) be the Hausdorff distance between the sets A, B € P,(R"). Then

we define

dlu,v] = sup dplfu]®, [v]*];

which defines a metric in E™ and (E™,d) is a complete metric space. We list the

following properties of d|u,v| (see [4])
dlu+w,v+w| =d[u,v] and du,v] = d[v,u],
d[Mu, ] = |\|d[u, v],
dfu, v} < dlu, w] + d[w, v],
for all u,v,w € E™ and X € R.

For z,y € E™ if there exists a z € E" such that x = y + z, then z is called
the H-difference of x and y and is denoted by x — y. A mapping F' : [ — E" is
differentiable at ¢t = I if there exists a F’(t) € E™ such that the limits

F(t — — —
lim (t+h) — F(t) and F(t)—F(t—h)
h—0+ h h—0+ h

exists and are equal to F'(t). Here the limits are taken in the metric space (E™, d).

In Section 2, we present some preliminaries on time scales. We discuss compar-
ison theorems and practical stability results of hybrid systems in Sections 3 and 4,

respectively.

2. PRELIMINARIES

Let T be the time scale (any subset of R with order and topological structure
defined in a canonical way) with ¢y > 0 as the minimal element and no maximal
element. Since a time scale T may or may not be connected, we need the concept of

jump operators.

Definition 2.1. The mappings o,p : T — T defined as
o(t)=inf{s € T:s>t} and p(t)=sup{seT:s<t}

are called jump operators.



HYBRID FUZZY SYSTEMS 219

Definition 2.2. A nonmaximal element ¢ € T is said to be right-scattered (rs) if
o(t) > t and right-dense (rd) if o(t) = t. A nonminimal element ¢ € T is called
left-scattered (1s) if p(t) < t and left-dense (1d) if p(t) = t.

Definition 2.3. The mapping p* : T — RJ defined by u*(t) = o(t) — t is called
graininess. When T = Z, p*(t) = 1 and when T =R, p*(t) = 0.

Definition 2.4. The mapping g : T — X, where X is a Banach space, is called

rd-continuous if

(i) it is continuous at each right-dense ¢t € T,

(ii) at each left-dense point, the left-sided limit g(¢~) exists.

Cyq[T, X] will denote the set of rd-continuous mappings from T to X. It is clear
that a continuous mapping is rd-continuous. However, if T contains left-dense and
right-scattered (Idrs) points, the rd-continuity does not imply continuity, but on a

discrete time scale the two notions coincide.

Definition 2.5. A mapping v : T — X is said to be differentiable at t € T, if there
exists an a € X such that for any € > 0, there exists a neighborhood N of ¢ satisfying

u(a(t)) = uls) = (o(t) = s)a| < elo(t) = 5|

for all s € N.

The derivative of u is denoted by u®. Note that if T = R, a = du(t)/dt, and
if T =7, a=u(t+1)—u(t). In addition, the derivative has the following basic

properties:

(i) If w is differentiable at ¢, then it is continuous at t.

(ii) If w is continuous at ¢ and ¢ is rs, then w is differentiable and
ut(t) = u(o(t) — u(®)]/p(t).

Definition 2.6. For each t € T, let N be a neighborhood of t. Then, we define the
generalized derivative (or Dini derivative), DTu®(t), to mean that, given ¢ > 0, there
exists a right neighborhood N, C N of t such tat

u(o(®)) —uls) _ e a
u(t, s) <P

where u(t,s) = o(t) — s.

(t)+e for se€ N, s>t

In case t is rs and u is continuous at ¢, we have, as in the case of the derivative

DA (t) = %@_}““)
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Definition 2.7. Let g be a mapping from T to X. If the mapping f : T — X is dif-
ferentiable on T and satisfies f2(t) = g(t) for t € T, then it is called an antiderivative

on gon T.

The antiderivative has the following properties:

(i) If g : T — X is rd-continuous, then g has an antiderivative f : ¢ — f:g(s)ds,
r,teT.
(i) If the sequence {g, }nen of rd-continuous functions g, : T — X converges uni-

formly on [r, s] to the rd-continuous function g, then

(/ngn(t)dt>n€N—>/rsg(t)dt in X

Definition 2.8. The mapping f: T x X — X is rd-continuous if

(i) it is continuous at each (¢, z) with right-dense ¢, and
(ii) the limits f(¢7, ) = lims )2 f(5,y) and fy_.(t, ) exist at each (¢, x) with
left-dense .

Based on the Definition 2.6, we define for V € C,4[T x R*, R, ], DYVA(t, z(t)) to
mean that, given € > 0, there exists a right neighborhood N, of ¢ such that
1
u(t, s)
for each s € N, s > t. As before, if ¢ is rs and V(¢,z(t)) is continuous at ¢, this

reduces to

V(a(t),2(o(t) = V(s,2(o(t)) — u(t, s)f(t,2(t)] < DYVA(t,2(t)) + e

D115 - Vo) = V)

For more details, see [5].

Consider the fuzzy differential equation

(2.1) u = f(t,u), u(ty) = ug

when f € C[R.xS(p),E" and S(p) = [u € E" : d[u, 6] < p]. Assume that f(t,0) = o,
so that we have the trivial solution for (2.1).

Next we state a comparison theorem for fuzzy differential equation (2.1) (see
Lakshmikantham and Mohapatra [11, Theorem 4.2.1]).

Theorem 2.9. Assume that
(i) V e C[Ry x S(p), Ry],
|V(t,u1) — V(t,UQ)| < Ld[ul,'uQ], L>0

and
(i) DYV (t,u) = limpgsup +[V (¢t + h,u+ f(t,u)) — V(t,u)] < g(t, V(t,u)), where
g € CRL,R].
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Then if u(t) is any solution of (2.1) existing on [ty,00) such that V (to, ug) < wq, we
have
V(t u(t)) < r(tto,wo), t=to
where r(t, to, wo) is the mazimal solution of the scalar differential equation
(2.2) w' = g(t,w), w(ty) =wy>0
existing on [ty, 00).

Similar to Theorem 2.9, we develop a comparison theorem for time scale systems.

Consider the fuzzy differential equation on a time scale T,
(2.3) u® = f(t,u), u(ty) =uy, te€T

where f € C.q[T x S(p), E"], and u® denotes the derivative of u with respect to t € T.
We shall assume for convenience, that the solutions u(t) = wu(t,tg, ug) of (2.3) exist

and unique for t > tg.

Now we prove the following comparison theorem in terms of Lyapunov function
V(t,u). We refer to [5, Theorem 3.1.1] without fuzziness.

Theorem 2.10. Assume that
(i) V € Cuy[T x S(p),R,], V(t,u) satisfies
[V (t,uy) — V(t,ug)| < Ld[u,v], L >0,
foru,v € S(p), for each right-dense t € T,
(i) Let
(2.4) DYVA(tu(t)) < g(t, V(tu®)))

where g € Crg[T X Ry, R], g(t, u)u*(t) + u is nondecreasing in u for each (t,u)

and the mazximal solution r(t) r(t,to, wo) of the scalar dynamical system
(2.5) =g(t,w), w(ty) =wy >0

existing on T, t > tg.
Then any solution u(t) = u(t,to,ug) of (2.3) such that V(to,ug) < wq satisfies the
estimate

(2.6) V(tu(t)) < r(t.to,wo), t>ty, teT.

Proof. Let u(t) be any solution of (2.3) existing on ¢t € T and ¢t > ;. Define m(t) =
V(t,u(t)) so that mg = V (to,up) < wo. Then we apply the induction principle to the
statement

A(t) : V(t,u(t)) <r(t), teT, t>t.

(1) A(to) since V(to,UO) S Wo.-
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(i) Let t bers and A(t) be true. We need to show that A(o(t)) is true. By definition,
if we set m(t) = V (t,u(t)), we see that

m(o(t) = r(a(t)) = (DTm=(t) — r2(6)u(t) + m(t) — r(t),

which, because of g(t, u)p*(t) is nondecreasing in u, and A(t) being true, reduces
to

IN

m(a(t)) —r(o(t))

lg(t,m(t)) = g(t,r(£))]p*(t) +m(t) — 7(?)
0.

IN

In view of the fact that
m(a(t)) —m(t) _ V(o(t),u(a(t))) — V(¢ u(t))

(1) (1)

we see that A(o(t)) is true. Therefore we have the differential inequality

D mA(t) < DYVA(t,u) < g(t, V(t,u)), t>ty, teT
and
Vi(o(t),u(a(t)) < r(o(t)).

(iii) Let ¢t be rd and N be a right neighborhood of ¢ € T. We need to show that
A(s) is true for s > t, s € N. This follows from the comparison Theorem 2.9 for
differential equations relative to Lyapunov functions.

(iv) Let t be left-dense and let A(s) be true for all s < t. We have to prove that A(¢)
is true. This follows by the rd continuity of V (¢, u), u(t) and r(¢).

Therefore by induction principle A(t) is valid for all ¢ € T. This completes the
proof. O

3. COMPARISON THEOREMS

Consider the following hybrid fuzzy dynamic system on a time scale T

UA = f(t>u’ )‘k<Tk’uk))a le [Tk77_k+1]7

(3.1)
u(te) =ur € S(p), k=0,1,2,...,
where
(i) 7 € T for each k, satisfying 0 < tp < 79 < 74,..., < Tg... and T, — 00 as
k — oo.

(i) f € CuT x S(p) x E™, E"], 7, € C[T x E™, E"], S(p) = [u € E™ : d[u,0] < p),

and o(t) = 1 if t = ¢y and zero elsewhere.
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By a solution of (3.1), we mean the following functions:

[ w(t), T0<t<m,
ul(t)a T1 S t S T2,

u(t) = u(t, to, ug) =
W =ulblo ) =3 ), m<t<

\ -

where wuy(t) = ug(t, tg, ug) is a solution of

ui (t) = f(t, ur(t), M (7, w),

uk<’7'k) = U € S(p)
U = Up—1(Th, Th—1, Ug—1), for each k =0,1,2, ..., and 7, <t < 7341. We assume that
the solutions of (3.1) exist and unique for t > t,.

We also need the scalar comparison hybrid system

A =g(t,w,on(wy)), tE [Tk Thil,

w(Tk):wk€R+, k=0,1,2,...,

w

(3.2)

where g € Cy[T x Ry x Ry, R] and o, € C[R;,R;]. BY the maximal solution
r(t) = r(t, to, ug), we mean the following:

;

ro(t), 10 <t <,
ri(t), T <t< T,
r(t) =
Tk(t)’ T <t < Thk+1,

\ "

where 74 (t) = ri(t, tr, wy) is the maximal solution of

r&(t) = g(t,ri(t), on(wy)), T <t < Thpa,
re(Tk) = wi € Ry,

wk:kal(Tk,kal,wk,ﬁ, for k20,1,2,....

Next we state the following comparison theorem in terms of Lyapunov-like function

V.
Theorem 3.1. Assume that
(i) V € Cry[T x S(p),Ry], V(t,u) satisfies
|V (t,u) = V(t,v)| < Ldu,v], L >0,

foru,v € S(p), for each right denset € T, and for mj, <t < 1341, k=0,1,2,...;
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(ii) DFVA(tu) < g(t, V(t,u(t), on(V(te, ug))), t € [Ty Trra],
9 € Cra[T xRy xRy, R],  op € C[Ry, Ry,
g(t,u,v)p*(t) + u is nondecreasing in u for each (t,v), and ox(v), g(t,u,v) are

nondecreasing in v;

(iii) the maximal solution r(t) = r(t,ty, wo) of the scalar hybrid dynamical system

w? = g(t,w,on(wy)), tE [T
(3.3) 9( k(wk)) [Ties Tiet1]
w(t) =wp € Ry, k£=0,1,2,...

exists fort > ty, t € T.

Then any solution u(t) = wu(t,to,up) of (3.1) such that V(ty,ug) < wy satisfies the

estimate

(3.4) V(t,u(t)) < r(t, to,wo), t>1ty, teT.

We remark that according to our definition of solutions, (3.4) implies

[ V(t,uo(t)) <ro(t), to<t<m

V(t,ul(t)) S 7”1(t>, T1 S t S T2,
Vit,ut) =4 ...
V(t,uk(t)) S Tk(t), Tk S t S Thk+1,

Proof. Let u(t) be any solution of (3.1) existing on [ty,00). Define m(t) = V (¢, u(t))
so that mg = V(tg, uo) < wp. Then by applying the induction principle similar in the
proof of Theorem 2.10, we get
DTmA(t) < DYVA(t,u) < g(t, V(t,u), on(V (T, uz)))
for 7, <t < 73,41 where my, = V (g, u(ty)).
For t € [1g,71], since m(ty) = V(tg, ug) < wp, by Theorem 2.10, we obtain
V(t,uo(t)) <rolt,to,wo), 7o <t <,
where r¢(t) = ro(t, to, wo) is the maximal solution of
w§t = g(t,wo,00(wo)), 70 <t < T,
wo(T0) = wo > 0,
and ug(t) is the solution of
ug (t) = f(t, uo(t), X0, u0))
u(to) = up.

Similarly, for ¢ € [y, 7], it follows that

V(t,ur(t) <rm(t,m,w), 71 <t<m,
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where wy = ro(t, to, wp), r1(t, 71, w;) is the maximal solution of

w(t) = g(t,wi(t),o1(wy)), 7 <t< 1,

and wy(t) is the solution of
ulA(t) :f(t7u1(t)7A1(7_17u1)); T1 St S T2,
ui(m) = uy.
Similarly proceeding, we can obtain
V(t, uk(t)) S ’l”k(t, Tk, ’LUk),

where wug(t) is the solution of

ul (t) = [t we(t), Me(Ti,ug)), 76 << Thy,
ug(t

) =
U = Up—1(Tk, Th—1, Ug—1) and rg(t, 7k, wy) is the maximal solution of
wi (t

) = g(t, wi(t), on(wr)), 7 <t < Tpga,
wi(Tk) = Wi,
where wy, = rg_1(Tk, Th—1, Wk_1)-
Thus defining (¢, to, wo) as the maximal solution of (3.2) as
([ rolt,to,wo), T <t <,
ri(t, m,wr), T <t <7,

T‘(t,to,wo) =
re(t, T, wy), T <t < Trya,

L

and taking wy = V' (t,up), we obtain the estimate

V(tu®) <r(t), t>t, teT.

4. PRACTICAL STABILITY

In this section, we discuss practical stability for the solutions of (3.1).

Definition 4.1. The hybrid fuzzy dynamic system is said to be
(i) practically stable, if given (A, A) with 0 < A < A, we have d[ug, 6] < A implies
dlu,0) < A, t >to, t € T;
(i) practically quasi-stable, if given (A, B,Tp) > 0, we have d[ug,0] < A implies
d[u(t),é] <B,t>ty+Tp, to+1p € T;
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(iii) strongly practically stable, if (i) and (ii) hold simultaneously;
(iv) practically asymptotically stable, if (i) holds and for any ¢ > 0 there exists
Ty > 0 such that to+ Ty € T and d[ug, 0] < A implies, d[u(t), 0] < A, t > to + To.

Similarly we can define corresponding notions for comparison hybrid dynamic
system (3.2).
In the following, we provide sufficient conditions for practical stability of hybrid

fuzzy dynamic system (3.1).

Theorem 4.2. Assume that \, A are given such that 0 < A\ < A and conditions (1)
and (1) of Theorem 3.1 hold with S(p) is replaced by S(A). Suppose further that
V(t,u) satisfies

b(d[u,0]) <V (t,u) < a(d[u,0]), (t,u) €T x S(A),

where a,b € K = [d € C[R,Ry| such that d(0) = 0 and d(v) is increasing in
v/ and a(\) < b(A). Then the practical stability properties of hybrid dynamic system
(3.2) imply the corresponding practical stability properties of the hybrid fuzzy dynamic
system (3.1).

Proof. First we assume that (3.2) is practically stable. Then given (a()),b(A)), it
follows that 0 < wy < a(A) implies w(t, to, wy) < b(A), t > to, t € T, where w(t, to, wo)
is any solution of (3.2). Let d[ug, 0] < A. Then we claim that d[u(t),0] < A, t > to,
t € T, where u(t) = wu(t,to,ug) is the solution of (3.1) with dfug,0] < A. If this is
not true, there would exist a t; > ¢, t; € T and a solution u(t) = u(t,to, ug) with
d[ug, 0] < A such that

du(ty),o] > A and dlu(t),0] < A, to<t<t.
This shows that V (¢, u(t1)) > b(d[u(tq),0]) > b(A).

Choose V (tg,ug) = wp and make the special choice of uy and wy, as in Theorem
3.1, to arrive at
V(t, U(t)) S ’T‘(t,to, V(to, wo)), t[) S t S t1.

But then we would have
b(A) < b(d[u(tr), 0]) < V(t1, u(tr)) < r(ts, to, V(to, uo))
< T(tl, to, a(d[uo, 6]) < T(tl, to, CL()\)) < b(A),
which is a contradiction. Hence it follows that the hybrid fuzzy dynamic system (3.1)
is practically stable.

Next we prove that (3.1) is strongly practically stable for (A, A, B,Ty) > 0,
A< A tg+ Ty € T. To prove this, we assume that (3.2) is strongly practically
stable for (a(X),b(A),b(B),Ty) > 0. This means that we need to prove only quasi-
stability of (3.1). Since (3.2) is practically quasi-stable, we get 0 < wy < a(\) implies
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w(ty, to, wo) < b(B), t > to+ Ty, where w(t,ty, wp) is any solution of (3.2). Suppose
that d[ug, 6] < A so that we have d[u(t),0] < A, t > to, because of practical stability
of (3.2). As a result, it follows that the estimate

V(t,u(t)) < r(t to,wp), t>tg
is valid and this leads for t > tq + Tp,
b(dlu(t),o]) < V(t,u(t)) <r(t, to, V(to,up))
< r(t, to,a(N)) < b(B).

Thus we see that d[u(t),0] < B, t > to + Ty, whenever d[ug, 6] < A and therefore,
strong practical stability of (3.1) follows. Similarly practical asymptotic stability of
(3.1) can be proved. The proof is thus complete. O
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