Final Exam Sheet

Math 3304

Note: The final exam is comprehensive. It will cover all of the topics from exam 1,2 and 3
plus two additional topics (section 9.6 and 9.7).

9.6 - Complex Eigenvalues / Eigenvectors

Problem 1. Solve the initial value problem x’ = ((2) _%)/z)x, x(0) = (%)

Problem 2. Solve the initial value problem

x'==-3x+2y, x(0)=0
y'=-x-y y0)=1

Problem 3. Solve the systemu’ = 2u + 8v, v’ = —u — 2v, subject to the initial conditions
u(0) =2,v(0) = —1.

Problem 4. Find the solution of the system

3 9

v =[5 Sle xo=[7]

Problem 5. Find a real fundamental matrix of the following system of differential
equations

x1(8) = 2x,(t) + 8x,()
%2 (1) = —x1(8) = 2x,(2)

Problem 6. Solve the initial value problem

R R



Problem 7. Find the general solution to the differential equation system

x' =Ax, A= [2 _01]

Herex = [2]

Problem 8. Find the general solution to the differential equation system

1 1

x' = Ax, A:[—l 1

Problem 9. Find the general solution of the differential equation system

X' =A4Ax, A= [_01 é]

Problem 10. Find the general solution of the system x’ = Ax, where

1 2

A=L21'

Problem 11. Find the general solution of the system x’ = Ax, where A = (_11 1)

9.7 - Nonhomogeneous Systems

Ze—Zt
Se_Zt

) X, solve the nonhomogeneous initial value problem

-t
Problem 12. Given thatx(t) = ¢; (e_t) +cy ( ) is the general solution for the
e

homogeneous system x' = (é 4

X' = (; :i)x + (g) e %, x(0) = (g)

Problem 13. Use the method of variation of parameters for systems to solve the system

dx = + t
i y + sec(t)
dy _

ac



given that the general solution to the associated homogeneous system is
x(t cos(t —sin(t
(()):Cl(-())+cz< ())_
y(t) sin(t) cos(t)

Problem 14. Given thatx™(t) = (_14) e 3tandx@(t) = G) e?t form a fundamental set

1 1

4 _2) X, solve the initial value problem x’' = (1 1 )X+ (tez‘f)’

of solutions for x’' = ( 4 -2 te2t

=)

Problem 15. Find the general solution of the systemx’ = 2x +3y —7,y' = —x — 2y + 5.

— —-t/20 —-t/4
Problem 16. Let A = ( 1/10 3/40). Giventhat W (t) = @e / —e™ )is a

1/10 -1/5 e—t/20  -t/4
fundamental matrix for the homogeneous system x’ = Ax, find the general solution of the

nonhomogeneous system x' = Ax + (162).

. . (0 1 1
Problem 17. Find the general solution of X' = (_1 O)x + (O)

— t
Problem 18. Let A = [; ;] and f(t) = [ € t]. Given that the fundamental matrix for the
- —e

t -t
system x’ = Axis X(t) = [gt 3€e‘t]’ find the general solution of the nonhomogeneous
system x’ = Ax + f(t)

Problem 19. Given thatx((t) = (_11) e?t is a solution of the homogeneous system x’ =

(i _31) X, find the general solution of the nonhomogeneous differential equation system
r_ (1 -1 1
X —(1 3)X+(_3).

Problem 20 (25). Find a particular solution of the nonhomogeneous system



= e ()

You may use that

Xx=0( (_estet) + (egt)

is the general solution of the associated homogeneous system.

Problem 21. Find the general solution of the nonhomogeneous system

x' = B ﬂ x + [ee_tt].

The fundamental matrix for the associated homogeneous system is given by:

[ e—t e3t]
—e~t 33t

Problem 22. Find the general solution of

x' = (; _41) X+ (_11) et.

You may use that

X(t) = (_ez; e3t )

e —2e3t

is a fundamental matrix of the associated homogeneous system.

Problem 23. Use Variation of Parameters to find a particular solution to the system

x’=[é ﬂx+[2§i] =Ax+f

given that the corresponding homogeneous system produces a fundamental matrix

xo =% .

Problem 24. Find a particular solution of the nonhomogeneous system

X' = [—01 é]” [—11]et’



where

o(t) = [2:; EZ]

is a fundamental matrix of the associated homogeneous system.

2t 3t

Problem 25. Giventhat ¥(t) = ( € 2t € 3t) is the fundamental matrix of the
—e —2e

homogeneous system x’ = (; _41 X, find the general solution of:

= (%)



Final Exam Sheet

Math 3304

Note: The final exam is comprehensive. It will cover all of the topics from exam 1,2 and 3
plus two additional topics (section 9.6 and 9.7).

9.6 - Complex Eigenvalues / Eigenvectors

Problem 1. Solve the initial value problem x’ = ((2) _%)/z)x, x(0) = (%)

Solution 1. The systemisx’ = Axwhere A = ((2) _2/2). The eigenvalues are found via
det(A — Al) = 0:
A =1/2\ _ » _ L
det(") TNT)=2+1=0=2=+i

ForA =0+ 1i,we have a = 0 and f = 1. We find the eigenvector v = a + ib by solving

(A—-ihv=0:
( 2l i{z) (zz) - (8) = v — ol = 0.

Lettingv; = 1, we getv, = —2i. Thus,v = (—121') = ((1)) +i (_02), soa = ((1)) andb =

(_02) Using the formula for real linearly independent solutions in the complex eigenvalue

case:

cost)
2sint

sint )
—2cost/

x; = e%cos(t)a — e sin(t)b = cos(t) ((1)) — sin(t) (_02) = (
x, = e%sin(t)a + e cos(t)b = sin(t) ((1)) + cos(t) (_02) = (

o) wea () aomnax = (1)

(;) = ((1)) + ¢y (_02) =c¢=1c=-1.

The solution to the initial value problem is:

The general solution is X(t) = ¢; (

cost — sint )
2sint + 2cost/’

x(t) = (

Problem 2. Solve the initial value problem



x'=-3x+2y, x(0)=0
y'=-x-y, y0)=1

Solution 2. Write the system in matrix form:

=123 26

Find the eigenvalues:

_ _|1=3—-4 2 |
=(-3-)(-1-1)+2
=A%+ 41+5.

Thus,
A=-=-2+i
FOI’/11 = _2+l,

[ R 1}
This leads to the equation
(-1-1)v, +2v, =0.

Taking v; = 2, we get

172 == 1 + l
Therefore, an eigenvector is
[ 2
n=| ol

Now write

(—2+ie| 2 |- -2t - 2
e [1 + i] e “"(cos(t) + isin(t)) [1 + i]'
Multiplying out,

(-2+i)t 2 71 _ 2cos(t) + 2isin(t)
€ [1 +il =€ [cos(t) —sin(t) + i(sin(t) + cos(t)) [

Therefore, the two real-valued solutions are the real and imaginary parts:

R 2cos(t)
X, (t) =e™? [cos(t) —sin(t))

and



I 2sin(t)
X (1) = e [sin(t) + cos(t) [

Therefore, the general solution is

X1 o 2cos(t) ot 2sin(t)
[y] =ce™ [cos(t)—sin(t) +eze” [sin(t)+cos(t)'

Sub in the initial condition

(0)
[;(0) - [g]

Since
=[] x0=[]]
we get
a[f+al2)=[)
This gives
2¢, =0,
c1+c, =1
Thus,
¢ =0, ;=1

Therefore, the solution is

x(0)] . o 2sin(t)
[J’(t) - ¢ [Sin(t) + cos(t)]

Problem 3. Solve the systemu’ = 2u + 8v, v’ = —u — 2v, subject to the initial conditions
u(0) =2,v(0) = —1.

Solution 3. The system in matrix form is X’ = Ax where A = (_21 _82) andx = (1;) The
eigenvalues are found via det(4A — AI) = 0:

2—2 8

-1 -2-2
ForA = 0+ 2i, we have ¢ = 0 and f = 2. We find the eigenvector v = a + ib by solving
(A-2i)v=0:

det )=@-D(-2-D+8=22—4+8=2+4=0=1=+2i

(2 :12i _28_ Zi) (2) = (g) = —v; — (2+20)v, =0=v, = —(2 + 2)v,.



Choosingv, = —1,we getv; = 2 + 2i. Thus,v = (2 j_lzi) = (_21) +1i ((2)), soa= (_21)

andb = (g) Using the recipe for complex eigenvalues:

x; = cos(2t)a — sin(2t)b = cos(2t) (_2 ) — sin(2t) ((2)) = (ZCOSEtC;S;:iHZt)
X, = sin(2t)a + cos(2t)b = sin(2t) (_2 ) + cos(2t) (?)) = (ZSinZ_tS-il;é(t:osZt).
The general solution is x(t) = ¢;X; + ¢;X,. Applying x(0) = 21)

2\ _ 2 2 2¢; +2¢, =2 _ _
(—1)_C1(—1)+C2(0):>{—C1=—1 =>C1—1, C2—0.
The solution is x(t) = x4(t), which in scalar form is:
u(t) = 2cos(2t) — 2sin(2t), wv(t) = —cos(2t).
Problem 4. Find the solution of the system
3 9 _[-3
x' = [_2 _S]x, x(0) = [ O]

Solution 4. Find the eigenvalues:

_ 13— A I
det(A—Al) = | _9 3 _/1|
=B3-A1)(=3-1)+18
=2A*+09.
Thus,
A = +3i.
For A, = 31,
3—3i 9 V11 _ [0
5 s adlnl =)
This leads to

(3 - 31:)771 + 9772 = 0.

Taking v; = 3, we get

Therefore, an eigenvector is

Now write



et [_13+ i] = (cos(3t) + isin(3t)) [_13+ i]'

Multiplying out,

3cos(3t) + 3isin(3t)

i 3

3it —
¢ [—1 + i] B [—cos(St) — sin(3t) + i(cos(3t) — sin(3t))]'
Therefore, the two real-valued solutions are

B 3cos(3t)
x1(t) = [—cos(St) —sin(3t)])’

and

_ 3sin(3t)
*2(8) = [cos(St) —sin(3t)]’

Therefore, the general solution is

3 3cos(3t) 3sin(3t)
x(t) =¢ [—cos(St) — sin(30) 2 [cos(St) — sin(3t) [

Sub in the initial condition

-3
x(0) = [ 5 ]
Since
3 0
@ ="]  wO=|]]
we get
3 01 _1[-3
“ [—1] T [1] = [ 0 ]
This gives
3C1 = _3,
—C + Cy = 0.
Therefore,
¢, =-1, c, =—1
Thus, the solutionis
x(t) = — 3cos(3t) ] B [ 3sin(3t) ] _ [—3cos(3t) — 3sin(3t)
—cos(3t) — sin(3t) cos(3t) — sin(3t) 2sin(3t)

Problem 5. Find a real fundamental matrix of the following system of differential
equations



x1(t) = 2x1(t) + 8x,(t)
x5 () = —x1(t) — 2x2(t)

Solution 5. Write the system in matrix form:

vemo x=[l asf )

Find the eigenvalues:

0 = det(4 — Al)
12—A 8
=" ol
=2-MHEE2-H-(D(E®)
=—4+1%>+8
=% + 4.

Thus,
A2+4=0 = A= +2i.
For A; = 2i, an eigenvector v satisfies
A-1DHv=0
Therefore,
[2 :121 —28— Zi] [Z] - [8]

From the first row,

(2—-2i)a+8b=0.
Dividing by 2, we get

(1—=i)a+4b=0.

Hence,
b= ! 1—1
_Z( —i)a.

Taking a = 4, we get
b=—-(1-i)=-1+1.
Thus,

=[5l = ]+

Therefore,



a= [—41]' b= [(1)]

Since A = 0 + 2i, the two real-valued solutions are

xM(t) = acos(2t) — bsin(2t),

and
x®@)(t) = bcos(2t) + asin(2t).
Hence,
1 _[4 01 ..
xW(t) = [_1] cos(2t) — [1] sin(2t),
o)
_ 4cos(2t)
x® (@) = [—cos(Zt) —sin(2t) [
Also,
2 0 41 .
x@(t) = [1] cos(2t) + [_1] sin(2t),
SO

_ 4sin(2t)
x®(6) = [cos(Zt) —sin(2t) [

Therefore, a real fundamental matrix is

3 _ 4cos(2t) 4sin(2t)
X@®) =x®@E) xP®)]= [—cos(Zt) —sin(2t) cos(2t) — sin(2t)]°

Problem 6. Solve the initial value problem

= Y xo=ff

Solution 6. Write the system as

/[31

X' = 1 3 X.
Find the eigenvalues:
0 =det(4 —AlI)
_13-4 1 |
-1 3-2Al

=@B-MD*-(-D)
=A% — 61 + 10.



Thus,

ForA; =3 +1,
(A—B+DDHv=0.
Therefore,
5 2=l
Fromrow 1,
—ia+b=0.
Hence,
b =ia
Takinga = 1, we get
b=i
Thus,
o= - )
Therefore,

S

Since A = 3 + i, the two real-valued solutions are

X, (t) = e3(acos(t) — bsin(t)),

and
X, (t) = e3*(bcos(t) + asin(t)).
Hence,
i = (eos - I sno) = e[ 20
Also,
sin(t)

X,(t) = e?t ([(1)] cos(t) + [é] sin(t)) = et [cos(t) :



Therefore, the general solution is
X(t) = C1x1(t) + (2% (1).

Sub in the initial condition

<0 =[2]
Since
@ =[] xO=[)
we get
[ =alol+ el
Hence,

Thus, the solution is

x) = e (2[ <50 |+ 4[S0)]).

Therefore,

_ 2cos(t) + 4sin(t)
x(t) = e [4-cos(t) — 2sin(t)]

Problem 7. Find the general solution to the differential equation system

v a=)

x
Herex = [xﬂ
Solution 7. Find the eigenvalues of A by solving det(4 —rI) = 0:
det[_r _1]=r2+1=O=>r=i-i
1 -r

We have complex eigenvalues with A = 0 and u = 1. Forr; = i, find the eigenvector 5:
3 T =0
1 —illé 0
The firstrow gives —i§; — &, = 0 = &, = —i&,. Let&; = i,then &, = —i(i) = 1. The

l

1]. Decompose the complex solution into real and imaginary parts:

eigenvector isfz [



icost — sint] [—smt [cost

i] ..
cost + isint) = [ . .
[1 ( ) cost + isint cost sint

Assign a = [(1)] and b = [(1)] based on the vector parts. The general solution is:

y(©) = €, (cost [%] = sine [1]) + ¢, (sine [°] + cost [1])

Problem 8. Find the general solution to the differential equation system

X' = Ax, Az[_ll 1

Solution 8. First, find the eigenvalues of A by solving the characteristic equation det(4 —
rl) = 0:

det[l__lr . ir] —(1=7r)2—(1)(=1) =0

1-2r4+r24+41=0=1r2-2r+2=0

Use the quadratic formula to find the roots:

_—(-2)+ /(22 -4D)(2) _2+V4-8 2+V-4 2+2
B 2(1) B 2 22

We have complex eigenvaluesr; =1+ iandr, =1—i.HereA=1andu = 1.

Forr, = 1 + i, find the eigenvector u:

[1 ) 511Jr ) 1— (11 + i)] [Z;] - [:i —11] [Z;] - [8]
From the first row, —iu; + u, = 0 = u, = iuy. Letu; = 1, thenu, = i. The eigenvectoris
i =Y.

H

The complex-valued solution is e"tu:

(A—(1+DDE =

_ ,a+nt[1] _ ¢ - 1
x(t)=e [l] e‘(cost + isint) [l]
— ot [cost + isint] _ cost i [sint
icost — sint —sint cost

Let (P (t) = Re{x(t)} and X (t) = Im{x(t)}.
S (4 — ot | COSE 2(2) (1) — ot [SINE
) =e [—sint]’ ¥ =e [cost

The general solution is:

cost sint
x(t) =C et[ . ] t[
O ™ [—sint 2% lcost



Problem 9. Find the general solution of the differential equation system

0 1

x' = Ax, A:[—l ol

Solution 9. First, find the eigenvalues of matrix 4 by solving the characteristic equation
det(A — Al) = 0:

0—-21 1 1 N _
det|" " D= RED - @ED

=A2+1=0
Solving for A, we get purely imaginary eigenvalues:
MP=—-1=1=4i
These are in the form a + Bi, witha =0and § = 1.

Next, find the eigenvector for A; = i:

(4—-il)v= [—1 —i] [vz] = [0]
From the firstrow, —iv; + v, = 0 = v, = iv;. Let v; = 1, then v, = i. The eigenvector is
5 1
5= [

The complex-valued solution is eMp = elt [ﬂ Using Euler’s formula et = cost + isint:

oit [1] — (cost + isint) [1] _ [ cost + isint ] _ [ cost + isint
[ [ -

icost + i?sint sint + icost
Splitinto real and imaginary parts:

%(0) = Refeit [1]} = [ 00

> it [1 sint
— it —

X,(t) =1Im {e [l]} = [cost

The general solution is a linear combination of these two linearly independent real

solutions:

SN cost sint
x(0) =G [—sint] 2 [cost
Problem 10. Find the general solution of the system x’ = Ax, where

1 2

Az[_2 |

Solution 10. First, find the eigenvalues of matrix A by solving the characteristic equation
det(A — AI) = 0:



-1 2 1_ N N
St l=a-na-n-@En=0

1-2D*+4=0=1-21+22+4=0=>212-21+5=0

det [1

Use the quadratic formula to find the eigenvalues:

/1_—(—Z)i\/(—2)2—4(1)(5)_Zi\/4—20_2i\/—16_2i4i
- 2(1) B 2 B 2 2

We have complex eigenvalues 1, = 1+ 2iand A, =1 — 2i.Here,a = 1and f§ = 2.

Next, find the eigenvector k(D corresponding to the eigenvalue 1; = 1 + 2i. We solve (4 —
1+ 20)Dk® = o:

[1 — (14 20) 2 ] [kl] _ [—Zi 2 ] [kl] _ [0]
-2 1—Q+20)flk, ] L=-2 =2illk,] 1o
From the firstrow, —2ik; + 2k, = 0 = k, = ik,. Letk; = 1, then k, = i. The eigenvector

is kD = [H

The complex-valued solution is e?1tk (D = g(1+20t [ﬂ Using Euler’s formula (120t =
ef(cos(2t) + isin(2t)):

cos(2t) + isin(2t) 1 t[ cos(2t) + isin(2t)

. - 1 .
e’ (cos(2t) + isin(21)) [l] - ¢ [icos(Zt) +i%sin(2t)] ~ ¢ |=sin(2¢t) + icos(2t)

Separate this into its real and imaginary parts:

XM (t) =Re {e(“z”t [ﬂ} =et [—C:fn((zztt))
KO(0) = tm fes20e [1]} = e [0

The general solution is a linear combination of these two linearly independent real
solutions:

x(t) = Cyet [ cos(2t) " [sin(Zt)

—sin(2t) 2¢" [cos(2t)

Problem 11. Find the general solution of the system x' = AXx, where A = (_11 })

Solution 11. First, find the eigenvalues by solving det(4 — AI) = 0:

A ) =a-y-meEn=o

1-1)?>+1=0=22-21+1+1=0=12-21+2=0

det (



Using the quadratic formula:

_—(-2)+/(-2?2-4D)(2) _2+V4-8 2+V-4 242

A 2(1) 2 2 2

=1+

ForA, = 1+, solve (4 — 4, 1)¥ = O:

1— (1490 1 ay _ (—i 1y\/ay _ (0
( -1 1-(1+ i)) (b) N (—1 —i) (b) B (0)
From the firstrow: —ia + b = 0 = b = ia. Leta = 1, then b = i. The eigenvectoris ¥; =
(1) = (1) +i (0) = ¥, + iv;. The real and imaginary parts of e*1%; form two linearly

[ 0 1
independent real solutions:

X, (t) = et(¥.cost — ¥;sint) = et <(é) cost — (2) sint) = et( cost )

—sint

S S 1\ . 0 sint
= et . = t = t
X,(t) = e*(v,sint + v;cost) = e <(0) sint + (1) cost) e (cost)
The general solution is a linear combination of these two solutions:

s = o () (1)

9.7 - Nonhomogeneous Systems

Ze—Zt
Se_Zt

) X, solve the nonhomogeneous initial value problem

-t
Problem 12. Given thatx(t) = ¢, (e_t) +cy ( ) is the general solution for the
e

homogeneous system x’' = (é 4

X' = (; :i)x + (g) et x(0) = (g)

Solution 12. The homogeneous solution is X, (t) = ¢; (1) e t+ ¢, (g) e 2t The

nonhomogeneous termis g(t) = (2) e~t. Since et is a solution to the homogeneous

2
system, we assume a particular solution of the form

X,(t) = ate™* + be™".

Substituting x,, into X" = Ax + g(t) gives

ae t —ate t —bet = Aate ' + Abe ! + @) e t.

Equating the coefficients of te:



—a=Aa=>(A+I)a=0=>(§ :g)(g;)=(8)=>6h=a2.

Equating the coefficients of e *:

Ch — 2 S 07/ 2 -2 b1>_(a1—2>
a-b=ab+(})=@+nb=a-(3)=; _3)(b2 = (21 23)
For this system to be consistent, the rows must be linearly dependent, which is already

;).Then

). Thus, the particular solution is x,,(t) = (;) te"t.The

satisfied for any a,. We choose a; = 2 to simplify the equation for b, givinga = (

(A+1)b=0,sowecansetb = (8

general solution is
x(t) = ¢ (1) e+, (g) e 2t + (é) tet,

Applying the initial condition x(0) = (g)

B=a()+reB)={1521

Subtracting the first equation from the second gives ¢, = 2. Substituting back gives ¢; =
—1. The final solution is

1 —t 2 -2t 2 —t <—€_t + 4e=2t + Zte_t)
t) = — 2 te”t = :
x(© == () e +2(3) e + () e = (T5e L goe 4 e
Problem 13. Use the method of variation of parameters for systems to solve the system

dx = + t

dy_

ac "

given that the general solution to the associated homogeneous system is
x(t t —sin(t
()= 65) v (256)
y(t) sin(t) cos(t)
. ol Y _ (sec(t)
Solution 13. The systemis x'(t) = A(t)x(t) + f(t) where f(t) = ( 0 ) A fundamental

matrix X (t) of the associated homogeneous equation is

_ (cos(t) —sin(t)
X = (sin(t) cos(t) )

The determinant is det(X(t)) = cos?(t) + sin?(t) = 1. The inverse matrix is

_1,. _ [ coOs(t) sin(t)
X (t)_(—sin(t) cos(t))'



A particular solution is x,,(t) = X(t)u(t) where

o= o= (50 ) ()

Computing the product inside the integral:

B _ ( cos(t)sec(t)
X Hof@®) = (—sin(t)sec(t)>

Integrating each component:

2® = (_ian(t)) © = (ijeoscon)

- (—tai(t))'

The particular solution is

__(cos(t) —sin(t) t _ (tcos(t) — sin(t)In|cos(t)|
Xp(t) = (sin(t) cos(t) )(lnlcos(t)l) - (tsin(t) + cos(t)ln|cos(t)|)'

The general solution is x(t) = X(t)c + X, (t):

_ cos(t) —sin(t) tcos(t) — sin(t)In|cos(t)|
X(0) = ¢ (sin(t)) “2 ( cos(t) ) + (tsin(t) + cos(t)lnlcos(t)l)'

Problem 14. Given thatx™(t) = (_14) e 3tand x@(t) = G) et form a fundamental set

: (1 1 - , (1 1 tet
of solutions forx' = (4 _2) X, solve the initial value problem x’ = (4 _Z)X + (teZt)’
_ (0
x(0) = (5)
. . (1, 2t 1\ ¢
Solution 14. The nonhomogeneous termis f(t) = (1) te=*. Since (1) e“‘isa

homogeneous solution, we use the method of undetermined coefficients with the guess:
X, (t) = at’e® + bte®t + de?".
Alternatively, using variation of parameters x,,(t) = X(t)u(t), where X(t) =
3t 2t
(%, <)

det(X(t)) = e 3te?t — (—4e~3te2t) = 5et,

2t 2t 3t 3t

. . _ 1 — 1 —

The inverse is X 1(t) = _t( e_3t f3t) = ( e_Zt th
5e7" \4e e 4e e

X"L(Of(D):

=z ) Computeu'(t) =

v =2(,%% 290 () =522 =)



0
Integrating gives u(t) = | ((t)) dt = <1t2>' Thus, the particular solution is:
2

_ e—3t eZt _ 2
0= (55 ) (1) - (]

Z2p2t
2

The general solution is x(t) = ¢; (_14) e 3t+c, G) et + (i)%tze“. Using the initial

condition x(0) = ((5))

0\ _ 1 1 c1+c;=0
B =alC)re@={0"0 s
From the first equation, ¢, = —c;. Substituting into the second: —4¢; —¢; =5 = ¢; = —1,
so ¢, = 1. The final solution to the initial value problem is:

x(0) =~ (L)est 4 (Here 4 (1) 2o

Problem 15. Find the general solution of the systemx' = 2x +3y —7,y' = —x — 2y + 5.

_21 _32) X+ (_57) The eigenvalues of

A= (_21 _32) arefoundviadet(A—A) =12—-1=0,s01=+1.For}; =1,(A— v =
0=>(1 3)(vl)=(0)ﬁv1=(_3).For/12=—1,(A+I)v=0=»

Solution 15. The system in matrix formisx' = (

-1 =3/\1; 0 1
(_31 _31) (2) = (8) = v, = (_11) The homogeneous solution is X, (t) = ¢; (_13) et +

. . a . .
c, ( 11) e~t. For the particular solution X, = (b)’ we substitute into the system:

(0= DG+ =15 s=a="10=3
The general solution is X(t) = ¢; (_13) et + ¢, (_11) et + (_31), or equivalently,

x(t) = =3ciet + et =1
y(t) = ciet —ce P+ 3

_(-1/10 3/40Y\ _ _ (3e7t/20 —e-f/‘*).
Problem 16. Let A = < 1/10 _1/5)- Giventhat W(t) = (Ze_t/zo 2p-t/4) 'S8

fundamental matrix for the homogeneous system x’ = Ax, find the general solution of the

nonhomogeneous system x' = Ax + (162).



Solution 16. The homogeneous solution is x,(t) = ¥(t)c = ¢, (;) e t/20 4+ ¢, (_21) e~t/4,

Since the nonhomogeneous term is a constant vector g = (162) and A = 0Oisnotan

. . . a e
eigenvalue of A, we assume a particular solution of the form x,, = (b) Substituting into

x' = Ax + gyields:
0\ _(—1/10 3/40) a 6 (—1/10 3/40) ay _ (-6
(0) = ( 1/10 -1/5 (5) + (12) = \1/10 -1/5 (5) = (_12)'
This gives the system of equations: 1) —1—1061 + %b = —6 = —4a + 3b = —240 2)1—1061 —

gb =—12= a—2b = —120 = a = 2b — 120 Substitute (2) into (1):

—4(2b — 120) + 3b = —240 = —8b + 480 + 3b = —240 = —5b = —720 = b = 144.

168)'

Then, a = 2(144) — 120 = 288 — 120 = 168. Thus, the particular solution is X, = (144

The general solution is:

x(t) = ¢ (3) e t/20 4 ¢, (_21) et/ 4 (}22)

. . ,_ (0 1 1
Problem 17. Find the general solution of X' = (_1 O)x + (0)

0 1

Solution 17. First, solve the homogeneous system x’ = Axwhere A = (_1 0

)- The
eigenvalues are found via det(4A — AI) = 0:

-1 1
-1 -2

ForA=i(ax =0, = 1), we find the eigenvector v = a + ib:

(G 26 =)= -wirw=o

Choosingv; = 1,wegetv, = i.Thus,v = G) = ((1)) +1i ((1)), soa= ((1)) andb = ((1)) The

det( )=,12+1=o:>/1=ii.

homogeneous solution is:

Xu(6) = ¢ ( cost ) toe, (sint)_

—sint cost

For the particular solution, since the nonhomogeneous term is a constant vector g = ((1)),

we guess Xp = (Z)

0= DB+ 0)=C2D =)

Thisgivesh = —landa = 0,s0Xx, = (_1

). The general solution is:



X0 = 1 (Se) + 2 (ose) + (51)
2
3

. et
systemx’ = Axis X(t) = [et

Problem 18. Let A = |
e—t
3et
system x’ = Ax + f(t)
Solution 18. For a nonhomogeneous system
x' = Ax + (1),

the general solution is

x(t) = X(t)c+ X(t) [ X(t)Hf(¢t) dt.

We are given

X(t) = [22 3ee_ft], f(t) = [_eett]-

First compute X(t)™1. Since
det(X(0) =3—1=2,
we have

X(t)™ = %[3_96—: < il

Now compute

ORIOEE A K|

Thus,
1 3e~tet —tt
-1 _—[se"e"+e e
xo o =5 e e
:1[ 4
2 L—2¢%t
2
- [—eZt]'
Integrate:

. 5 2t
Jx® @) de =] [_eu] dt = [_%eu]-

Therefore, a particular solution is

— t
;] and f(t) = [ € t]. Given that the fundamental matrix for the
- —e

], find the general solution of the nonhomogeneous



2t
Xp(t) = X(t) _lezt]-
2
Hence,
2t
_[et et
=% 2] [_ ! en]
1
2tet — -et
_ e 2e
3
2tet — et
e 2e
Thus, the general solution is
2tet !
¢ et —=et
_ e 2
X(t) =¢ [et] + cz ] 3
2tet —Ee

Problem 19. Given thatx™(t) = (_11) e?t is a solution of the homogeneous system x’ =

(1 _31) X, find the general solution of the nonhomogeneous differential equation system

1
o 1 _1 1
x=(; 5)x+ (_3).
Solution 19. Write the system as

x' = Ax + b,

where

=G 3) v=(G)

We are given one solution of the homogeneous system:

xM(t) = (_11> o2t

So A1, = 2. Find the other eigenvalue using

det(4 — AI) = 0.
_11-2
det(A—an=|" 7" |
=(1-DB-D+1

=12—41+4

= (A-2)2.



Thus, A = 2 isrepeated.

Find a generalized eigenvector w satisfying

(A-2Dw =,

where
V= (—11)
Since
A—2l = (_11 11),
solve
G =)

This gives

-w; —w, =1
Takingw; = —1, we getw, = 0. So

Therefore, the homogeneous solution is

X, (t) = ce?t (_11) + cye?t [t (_11) + (_01)]

Now find a constant particular solution Xp. Since X;, = 0, we need

Ax, +b = 0.

Let
X = (5)
Then
1 3B+)=0)

This gives

a—b+1=0,

a+3b—-3=0.

Solving,



Therefore,

Thus, the general solution is

x(t) = c,e?t (_11) + cye?t [t (_11) + (_01)] + ((1))

Problem 20 (25). Find a particular solution of the nonhomogeneous system

v=(l O ()

You may use that

x=(; (_gtet) + G (egt)

is the general solution of the associated homogeneous system.

Solution 20. We look for a particular solution of the form

xp (@ = (7,)
Then
xp(0) = (7%7))

Substitute into the system:

Cre) =G Do)+ (252)

This gives
—ae t=qe "t +2e7¢,
—be~t = 3ae t + 2bet —e7t,
Divide by e~ ¢:
—a=a+2,
—b =3a+2b—1.
From the first equation,
a=-—1.

Substitute a = —1 into the second equation:



—b=3(-1)+2b-1

—b=2b—4
—3b=—4
Lt
==

Therefore, a particular solution is

(&
x,(t) =4 _t>.
p se

Problem 21. Find the general solution of the nonhomogeneous system

x' = B i x + [ee_tt]_

The fundamental matrix for the associated homogeneous system is given by:

[ e—t e3t]
_e—t 363t

Solution 21. For a nonhomogeneous system
x' = Ax + (1),
the general solution is
x(t) = X()c+ X (@) [ X(©)~H(t) dt.
We are given
X6 =| fe_ft gz:] £(t) = [ee_ft].
First compute X(t)~1. Since
det(X(t)) = 2e%,

we have

1 3t 3t
-1 _ e —e
X = 2e2t [e—t et ]

Now compute

X(O)H(t) = 2612t [si _ee_it] [:_tt].

Thus,



X() () = — e“‘en]

2e2t[1+e7?
1 1
et __
2° 72
%e—zt_{_%e—él-t
Integrate:
leZt—lt
[X@® f@de=| * :
_ 2 _ 4t
4 8
Therefore, a particular solution is
1o 1,
x®O=xo| * 2
_ et _ 4t
4 8
Hence,
1 1
-t 4 2
w0 =" %l 1
——e —2t _ -4t
8
1
B Ze —Ete —Ze —ge -t
- 1 1 1 1
—Z€t+§t€ t—zet—ge t
1 1
——te‘t—ge‘t
11
—Eet+5te‘t— et
Thus, the general solution is
1
_tet—Zet
x(t)—c[ ]+c[ ] 2" 8e
1 2 1 1 1 '
et E -t __ e—t
2

Problem 22. Find the general solution of

x = (% _41) X+ (_11) et.

You may use that



X(t)=(_ez; e” )

e?t —2e3t
is a fundamental matrix of the associated homogeneous system.
Solution 22. The general solution is of the form
X(t) = xp(t) + xp(8), xp(t) = X(t)c.

To find a particular solution, use the method of undetermined coefficients. Try
a
— apt _ ("1
X, (t) = ae’, a= (az).
Then
X, (t) = ae’.
Substitute into the differential equation:

ael = (% _41) aet +( 1 )et.

Divide by et:

Rearranging,

Thus,

G 3)2=(7)
This gives

—-a, = —1,
2a, +3a, = 1.
Hence,
a, =1, 201 +3=1=>2a,=-2=a, =-1

Therefore,

a= (_11) x,(t) = (_11) et.

Thus, the general solution is



2t 3t c -1
—_( e e 1 t
xO0= (L 50 (e)+(7)e"
Problem 23. Use Variation of Parameters to find a particular solution to the system
;L 1 2 e3t _
x-[z 1]x+[e3t]—Ax+f

given that the corresponding homogeneous system produces a fundamental matrix
3t -t

X(t) = [e ¢ ]

( ) e3t _p-t

Solution 23. First, find the inverse fundamental matrix X ~1(t):

det(X) = e3(—e ") — e t(e3h) = —e?t — 2t = —2¢2%
1 1
— ,—3t — ,—3t
PEN. [—e-t —e‘t]= 1 [e‘t e‘t]= 2¢ 2°¢
_ZeZt _e3t e3t ZeZt e3t _e3t let _let
2 2
Now, calculate X ~1f:
1o 1 5 1.1
i |2° ¢ [e3t]_ 2732 _[1]
_1t 1te3t 14t14t_0
—e ——e et ——e
2 2 2 2

Integrate:

_ 1 It
v=]J [o]dt_ o]
Finally, x,, = X(t)v:
3t -t 3t
_|e e t] _ [te
Xp - [e3t —e_t] [O] - te3t]
Problem 24. Find a particular solution of the nonhomogeneous system

=% Y[ Aen

where

o) =2 <]

is a fundamental matrix of the associated homogeneous system.

Solution 24. The formula for the particular solution using variation of parameters is:

X, () = ®(0)[ @7 (OF(t)dt



Here F(t) = [_11] et

Step 1: Calculate the inverse of the fundamental matrix ® 1(t). The determinant of
D(t)is:

det(®) = (2eH)(e?) — (e?)(et) = 2e3t — e3t = e3¢

The inverse matrix is:

d7I(t) = %[fztt _Ziztt] = [_ee__tZt 2—ee__2tt]

Step 2: Calculate the product ®1(t)F(¢).

t ] _[ () + (—eT) (=€)
A (e (e") + (2672 (—eY)

- [—e‘lt-{—_ée‘t] - [—SZe‘t

Step 3: Integrate the result from Step 2, [ ®~1(¢t)F(t)dt.

f[—32e—t]dt_ de—tfdtl [3

Step 4: Calculate the particular solution x,, (t) = O(t) [ 1(t)F(t)dt.
t ] _ [(2eD(28) + (e*)(3e™)
~LEH@n +(e*HBe™

_ [4tet + 3et] _pt[4t+3
2te’ + 3et 2t +3

G ORI |

2e 2%t l—¢

x(0) = [%

‘ ezt e3t
Problem 25. Giventhat W(t) = ( 2t 23t
—e —_

homogeneous system x’ = (; _41

= (%)

Solution 25. The general solutionis X = X + X,,, where x;, = lP(t)f‘. For x,,, the forcing

) is the fundamental matrix of the

)X, find the general solution of:

termis f(t) = (_11) et. We use the Method of Undetermined Coefficients. Assume a

5 5 a S . .
particular solution of the form X, = det,whered = (a;)' Then x;, = de'. Substitute into

the non-homogeneous differential equation:
det = A(de®) + (_11) et

Divide by et:



a=Aa+(1)
Rearrange to solve for a:

a-ni=-(1)=(3)

Substitute matrix A = (% _41) andl = (é (1))

(G -6 D)=
G ) =)
From the firstrow: 0a; — 1la, = -1 = —a, = —1 = a, = 1. From the second row: 2a; +
3a, = 1. Substitute a, = 1:
2, +3(N)=1=2a;=-2=a; =1
So, the particular solution is:
w=(7)e

The general solution is the sum of the homogeneous and particular solutions:

x(w::lPa)54—(]})et::Cl(fi;)-FCZ(_ZZﬁ)—+(jf)ef
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