Chapter 9
Exotic Options

9.1 Maximum of Brownian Motion
Definition 9.1. The maximum to date for a Brownian motion W is defined by

M(t) = max W(s).

0<s<t

Lemma 9.2 (Reflection Equality). If W is Brownian motion and M is its maximum
to date, then

P(M(t) > m,W(t) <w)=P(W(t) >2m —w) for w<m, m>0.
Theorem 9.3. Fort > 0, the joint density of (M (t), W (t)) is
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Definition 9.4. Let IV be a Brownian motion on a probability space (Q, F,P). We
define the Brownian motion with a drift o under PP by

Wt)=at+W(t) for 0<t<T.
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Theorem 9.6. We have

B(NI(T) < m) =N (m\;;T) _eompy <_T”\/_T°‘T> for m >0,

and the density of the random variable M (T under P is

~ 2 _(m—aT)? 2om —m —oT
fM(T)(m) = ,/W—Te 2T —2ae™™N (ﬁ) for m>0.




Section 9.2 Knock-out Barrier Options 37

9.2 Khnock-out Barrier Options

Definition 9.7. An up-and-out European call with strike price K and up-and-out
barrier B pays off (S(T') — K)™ if maxo<;<7 S(t) < B and 0 otherwise.

Theorem 9.8. Assume r and o are constant. The price of an up-and-out European

call at time 0 is
o -0 (o (1)) (o (+5)

e oo (152) (o (142}
(5 o i) o ()
e (33 o o () (< ()}

w\"’

=

where

9.3 Lookback Options

Definition 9.9. A floating strike lookback option pays off maxo<;<7 S(t) — S(T).

Theorem 9.10. Assume r and o are constant. The price of a floating strike lookback
option at time t is
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T=T—-t and Y(t)= OrgaztS(u).

where

In particular,
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