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Abel dynamic equations of �rst and second kind
Abstract: This paper gives the de�nition and analysis of Abel dynamic equations on a general time scale. As
such, the results contain as special cases results for classical Abel di�erential equations and results for new
Abel di�erence equations. By using appropriate transformations, expressions of Abel dynamic equations of
second kind are derived on the general time scale. This also leads to a speci�c class of Abel dynamic equations
of �rst kind. Finally, the canonical Abel dynamic equation is de�ned and examined.
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1 Introduction
Abel equations constitute a generalization of Riccati equations and belong to the class of inhomogeneous
nonlinear di�erential equations of �rst order. Only some special cases of Abel di�erential equations of �rst
and second kind are solvable so far and one is still interested in �nding methods to obtain solutions to more
general classes since Abel equations are used to model real-life problems [6]. To better simulate real-life sit-
uations, in this paper we initiate the study of Abel dynamic equations on a general time scale. A time scale
T is an arbitrary nonempty closed subset of the real numbers [2, p. 1], and the general calculus for dynamic
equations on time scales is construction in such a way that it reduces to the usual calculus for di�erential
equations if T = ℝ and the calculus for di�erence equations if T = ℤ. In the following, we recall some basic
concepts from the theory of time scales calculus and refer to [2, 3] for details.

De�nition 1.1 (see [2, De�nition 1.1]). Let T be a time scale. Then we de�ne
∙ the forward jump operator ò : T → T by

ò(t) := inf{s ∈ T : s > t} for all t ∈ T;

∙ the graininess function ì : T → [0,∞) by

ì(t) := ò(t) − t for all t ∈ T.

The derivative of a function f : T → ℝ is denoted by fΔ and de�ned in such a way that fΔ(t) = f�(t) ifT = ℝ
and fΔ(t) = Δf(t) = f(t + 1) − f(t) ifT = ℤ (see [2] for details). By denoting fò = f ∘ ò, we then have (subject
to the appropriate assumptions on f and g) the formulas

fò = f + ìfΔ, (fg)Δ = fgΔ + gòfΔ, (
f
g
)
Δ
=

fgΔ − gfΔ
ggò .

De�nition 1.2 (see [2, De�nitions 1.58, 2.25]). A function p : T → ℝ is called
∙ regressive if

1 + ì(t)p(t) ̸= 0 for all t ∈ T;

∙ rd-continuous if p is continuous in all right-dense points and the left-sided limits exist in all left-dense
points.

The set of all rd-continuous functions is denoted by Crd, and the set of all regressive and rd-continuous func-
tions is denoted by R.
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It is known that, if p ∈ R, then the initial value problem given in the next de�nition has a unique solution.

De�nition 1.3 (see [2, Section 2.2]). Let t0 ∈ ℝ and p ∈ R. The unique solution of the initial value problem

yΔ = p(t)y, y(t0) = 1

is called the time scales exponential function and denoted by ep(⋅, t0).
It is also noted that for p ∈ R, the solution of the initial value problem

yΔ = −p(t)yò, y(t0) = 1

is e⊖p(⋅, t0), where

⊖p = −
p

1 + ìp
.

2 Closed-form solutions of Abel dynamic equations of second kind
De�nition 2.1. Let f0, f1, f2, g0, g1 : T → ℝ. We de�ne the Abel dynamic equation of second kind as an equa-
tion that has any of the following six forms:

(g0(x) + g1(x)ũ))uΔ = f0(x) + f1(x)u + f2(x)u2, (2.1)
(g0(x) + g1(x)ũ))uΔ = f0(x) + f1(x)uò + f2(x)(uò)2, (2.2)
(g0(x) + g1(x)ũ))uΔ = f0(x) + f1(x)uò + f2(x)u2, (2.3)
(g0(x) + g1(x)ũ))uΔ = f0(x) + f1(x)u + f2(x)(uò)2, (2.4)
(g0(x) + g1(x)ũ))uΔ = f0(x) + f1(x)ũ + f2(x)u2, (2.5)
(g0(x) + g1(x)ũ))uΔ = f0(x) + f1(x)ũ + f2(x)(uò)2, (2.6)

where u = u(x) and ũ = u+uò2 .

Example 2.2. IfT = ℝ, then all expressions (2.1)–(2.6) are equivalent to the knownAbel di�erential equation
of second kind

(g0(x) + g1(x)u)u� = f0(x) + f1(x)u + f2(x)u2, u = u(x). (2.7)

Example 2.3. If T = ℤ, the Abel equation of second kind (2.1) becomes

(g0 + g1 u(x + 1) + u(x)
2

)(u(x + 1) − u(x)) = f0 + f1u(x) + f2u2(x),
which can be written in the form

u(x + 1)(G0 + G1u(x + 1)) = F0 + F1u(x) + F2u2(x) (2.8)

with
G0 = g0, G1 = g1

2
, F0 = f0, F1 = f1 + g0, F2 = f2 + g1

2
.

All other expressions of the Abel dynamic equation of second kind (2.2)–(2.6) have the same form as (2.8).
As in the real case (see Example 2.2), in the discrete case there exists only one form of the Abel equation of
second kind.

Basedonapaper byBougo�a [4]whichpresents a solutionmethod for theAbel di�erential equationof second
kind (2.7), one can derive a solution strategy for all expressions of the Abel dynamic equations of second kind
(2.1)–(2.6). This is done in the remainder of this section.
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Theorem 2.4. Let f0, f1, f2 : T → ℝ and g0, g1 : T → ℝ \ {0} be such that

f0
g1 ∈ Crd and p1, p2 ∈ R, where p1 := f1

g0 , p2 := 2f2
g1 .

Let x0 ∈ T and de�ne
B1(x) := e⊖p1

(x, x0) and B2(x) := e⊖p2
(x, x0),

and suppose that

ë :=
2Bò2 (x)g0(x)
Bò1 (x)g1(x) is independent of x ∈ T.

Then the solution of (2.1) satisfying the initial condition u(x0) = u0 ∈ ℝ is implicitly given by

B2(x)u2(x) + ëB1(x)u(x) = u20 + ëu0 + 2
x
∫x0 Bò2 (t)f0(t)g1(t)Δt.

Proof. The given assumptions imply that

BΔ1 = −
f1
g0Bò1 , BΔ2 = −2

f2
g1Bò2

and the so-called ë-condition
2Bò2g0 = ëBò1g1

holds. These three equations together with a double application of the product rule yield

(ëB1u + B2u2)Δ = ë(Bò1uΔ + BΔ1 u) + 2Bò2 ũuΔ + BΔ2 u2
= ëBò1g1(uΔ +

BΔ1
Bò1 u) ⋅

1
g1 + Bò2(2ũuΔ +

BΔ2
Bò2 u2)

= 2Bò2g0(uΔ −
f1
g0 u) ⋅

1
g1 + Bò2(2ũuΔ − 2

f2
g1 u2)

=
2Bò2
g1 ((g0 + g1ũ)uΔ − (f0 + f1u + f2u2)) + 2Bò2 f0g1 ,

and the �rst term after the last equal sign vanishes if and only if u solves (2.1). The integration from x0 to x
and noticing that B1(x0) = B2(x0) = 1 complete the proof.

To derive an implicit solution for the expressions of theAbel dynamic equations of second kind (2.2)–(2.4), the
previous idea is used, although the ë-condition and the solution change.We only state the result for equation
(2.2).

Theorem 2.5. Let f0, f1, f2 : T → ℝ and g0, g1 : T → ℝ \ {0} be such that

f0
g1 ∈ Crd and − p1, −p2 ∈ R, where p1 := f1

g0 , p2 := 2f2
g1 .

Let x0 ∈ T and de�ne
C1(x) := e−p1

(x, x0) and C2(x) := e−p2
(x, x0),

and suppose that
ë :=

2C2(x)g0(x)
C1(x)g1(x) is independent of x ∈ T.

Then the solution of (2.2) satisfying the initial condition u(x0) = u0 ∈ ℝ is implicitly given by

C2(x)u2(x) + ëC1(x)u(x) = u20 + ëu0 + 2
x
∫x0 C2(t)f0(t)g1(t)Δt.

Proof. To verify this, one follows the same steps as in the proof of Theorem 2.4.
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For expressions (2.5) and (2.6), an additional condition has to be satis�ed in order to get an implicit solution.

Theorem 2.6. Let f0, f1, f2 : T → ℝ and g0, g1 : T → ℝ \ {0} be such that

f0
g1 ∈ Crd and p1, p2, −p1 ∈ R, where p1 := f1

g0 , p2 := 2f2
g1 .

Let x0 ∈ T and de�ne

B1(x) := e⊖p1
(x, x0), B2(x) := e⊖p2

(x, x0), C1(x) := e−p1
(x, x0),

and suppose that

ë :=
Bò2 (x)g0(x)
Bò1 (x)g1(x) is independent of x ∈ T

and
Λ :=

Bò2 (x)g0(x)
C1(x)g1(x) is independent of x ∈ T.

Then the solution of (2.5) satisfying the initial condition u(x0) = u0 ∈ ℝ is implicitly given by

B2(x)u2(x) + ëB1(x)u(x) + ΛC1(x)u(x) = u20 + (ë + Λ)u0 + 2
x
∫x0 Bò2 (t)f0(t)g1(t)Δt.

Proof. The given assumptions imply that

BΔ1 = −
f1
g0Bò1 , BΔ2 = −2

f2
g1Bò2 , CΔ1 = −

f1
g0C1

and the two ë-conditions
Bò2g0 = ëBò1g1 and Bò2g0 = ΛC1g1

hold. These �ve equations together with a triple application of the product rule yield

(ëB1u + ΛC1u + B2u2)Δ = ë(B1u)Δ + Λ(C1u)Δ + (B2u2)Δ
= ë(Bò1uΔ + BΔ1 u) + Λ(C1uΔ + CΔ1 uò) + 2Bò2 ũuΔ + BΔ2 u2
= ëBò1g1(uΔ +

BΔ1
Bò1 u) ⋅

1
g1 + ΛC1g1(uΔ +

CΔ1
C1 uò) ⋅

1
g1 + Bò2(2ũuΔ +

BΔ2
Bò2 u2)

= Bò2g0(uΔ −
f1
g0 u) ⋅

1
g1 + Bò2g0(uΔ −

f1
g0 uò) ⋅

1
g1 + Bò2(2ũuΔ − 2

f2
g1 u2)

=
2Bò2
g1 ((g0 + g1ũ)uΔ − (f0 + f1ũ + f2u2)) + 2Bò2 f0g1 ,

and the �rst term after the last equal sign vanishes if and only if u solves (2.5). The integration from x0 to x
and noticing that B1(x0) = B2(x0) = C1(x0) = 1 complete the proof.

Note that g0 ̸= 0 is critical in the above proofs. For an Abel dynamic equation of second kind with g0 = 0, one
may use u = v + 12 to obtain an Abel dynamic equation in v that satis�es g0 ̸= 0.

3 Special class of Abel dynamic equations of �rst kind
One can easily prove the following: If u solves an Abel di�erential equation of second kind

(g(x) + u)u� = f0(x) + f1(x)u + f2(x)u2, u = u(x) (3.1)

such that g(x) + u(x) ̸= 0, then y = 1/(g + u) solves the special class of the Abel di�erential equations of �rst
kind

y� = ℎ0(x) + ℎ1(x)y + ℎ2(x)y2 + ℎ3(x)y3, y = y(x), (3.2)
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where
ℎ0 = 0, ℎ1 = −f2, ℎ2 = 2f2g − f1 − g�, ℎ3 = f1g − f0 − f2g2. (3.3)

We nowpresent the time scales analogue of this transformation in order to obtain the special class of the Abel
dynamic equations of �rst kind.

De�nition 3.1. Let ℎ1, ℎ21, ℎ22, ℎ3 : T → ℝ. We de�ne the special class of the Abel dynamic equations of �rst
kind as an equation that has one of the following two forms:

̃yyΔ = ℎ1(x)y2 + ℎ21(x)y2yò + ℎ22(x)y(yò)2 + ℎ3(x)y2(yò)2, (3.4)
̃yyΔ = ℎ1(x)(yò)2 + ℎ21(x)y2yò + ℎ22(x)y(yò)2 + ℎ3(x)y2(yò)2, (3.5)

where y = y(x) and ̃y = y+yò2 .

Theorem 3.2. Let f0, f1, f2, g : T → ℝ. If u solves the Abel dynamic equation of second kind

( ̃g(x) + ũ)uΔ = f0(x) + f1(x)u + f2(x)u2, u = u(x), (3.6)

such that g(x) + u(x) ̸= 0, then y = 1/(g + u) solves the special class of the Abel dynamic equations of �rst kind
(3.5), where

ℎ1 = −f2, ℎ21 = −
gΔ
2
, ℎ22 = 2f2g − f1 − gΔ

2
, ℎ3 = f1g − f0 − f2g2.

Proof. Suppose u solves (3.6) such that g(x) + u(x) ̸= 0. De�ne y = 1/(g + u). Then an application of the quo-
tient rule yields

̃yyΔ = −
1u+g + 1uò+gò

2
⋅

uΔ + gΔ
(u + g)(uò + gò)

= −( ̃g + ũ)(uΔ + gΔ)y2(yò)2
= −(f0 + f1u + f2u2 + ( ̃g + ũ)gΔ)y2(yò)2
= −(f0 + f1

y
− f1g +

f2
y2 −

2f2g
y

+ f2g2 + gΔ
2y

+
gΔ
2yò )y2(yò)2

= ℎ1(yò)2 + ℎ21y2yò + ℎ22y(yò)2 + ℎ3y2(yò)2,
where ℎ1, ℎ21, ℎ22, ℎ3 are as given in the statement. Thus y solves (3.5).

Example 3.3. Note that for T = ℝ, the coe�cients ℎ1, ℎ2 = ℎ21 + ℎ22, and ℎ3 match the coe�cients (3.3). Fur-
thermore, for T = ℝ, the Abel dynamic equation (3.5) is of the same form as (3.2).

Example 3.4. The Abel di�erential equation is a generalization of the Bernoulli equation. If the Abel di�er-
ential equation of �rst kind satis�es ℎ0 = ℎ2 = 0, then the Abel equation is

y� = ℎ1y + ℎ3y3,
which is a Bernoulli di�erential equation with Bernoulli factor á = 3. In the case of a general time scale,
ℎ0 = ℎ21 = ℎ22 = 0 yields

̃yyΔ = ℎ1(yò)2 + ℎ3(yò)2y2,
which is the already known Bernoulli dynamic equation [1] with Bernoulli factor á = 3.

4 Canonical Abel dynamic equation
One can easily prove the following: If u solves the Abel di�erential equation of second kind (3.1), then

w = (u + g) exp(−∫f2(x)dx)
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solves the canonical form of the Abel di�erential equation

ww� = G0 + G1w, w = w(x),

where
G0 = (f0 − f1g + f2g2) exp(−2∫f2(x)dx)

and
G1 = (g� + f1 − 2f2g) exp(−∫f2(x)dx)

(see, e.g., [5, p. 27]).Wenowpresent the time scales analogueof the canonical formandof this transformation.

De�nition 4.1. LetG0, G11, G12 : T → ℝ.We de�ne the canonical formof anAbel dynamic equation as an equa-
tion of the following form:

w̃wΔ = G0(x) + G11(x)w + G12(x)wò, (4.1)

where w = w(x) and w̃ = w+wò2 .

Theorem 4.2. Let f0, f1, f2, g : T → ℝ and x0 ∈ T. Assume there exists f ∈ R such that

f(1 +
ìf
2
) = −f2(1 + ìf)2. (4.2)

If u solves the Abel dynamic equation of second kind (3.6), then w = (g + u)ef(⋅, x0) solves the canonical Abel
dynamic equation (4.1), where

G0 = (f0 − f1g + f2g2)(eòf(⋅, x0))2, G11 = (f1 − 2f2g +
gΔ
2
)(1 + ìf)eòf(⋅, x0), G12 = gΔ

2
eòf(⋅, x0).

Proof. Suppose u solves (3.6). De�ne w = (g + u)ef, where we write short ef for ef(⋅, x0). Then (4.2) together
with the known formulas

eΔf = fef, ef = eòf − ìfef, eòf = (1 + ìf)ef, ìfΔ = fò − f

and the application of the product rule yield

w̃wΔ =
(u + g)ef + (uò + gò)eòf

2
[(uΔ + gΔ)eòf + (u + g)fef]

= [(ũ + ̃g)eòf −
ìf
2
(u + g)ef][(uΔ + gΔ)eòf + (u + g)fef]

= (f0 + f1u + f2u2)(eòf)2 + (ũ + ̃g)gΔ(eòf)2
−
f
2
(u + g)(uò − u + gò − g)efeòf + (ũ + ̃g)(u + g)fefeòf −

ìf2
2

(u + g)2e2f
= [f0 + f1(u + g) − f1g + f2(u + g)2 − f2(2(u + g)g − g2)](eòf)2

+ (ũ + ̃g)gΔ(eòf)2 + f(u + g)2e2f[(1 + ìf) −
ìf
2
]

= [f0 − f1g + f2g2](eòf)2 + [f1 − 2f2g +
gΔ
2
](u + g)(eòf)2 + (uò + gò)gΔ

2
(eòf)2

= G0 + G11w + G12wò,
where G0, G11, G12 are as given in the statement. Thus w solves (4.1).

Example 4.3. Note that for T = ℝ, (4.2) yields f = −f2, and therefore the transformation is the same one as
given at the beginning of this section. Also note how G0 in Theorem 4.2 matches G0 given at the beginning
of this section and how the sum of G11 and G12 from Theorem 4.2 matches G1 given at the beginning of this
section.
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The same canonical form can also be achieved by applying a transformation to the Abel equation of �rst kind.
To be more precise, one can easily prove the following: If y solves the Abel di�erential equation of �rst kind
(3.2) such that y(t) ̸= 0, then

w =
exp(∫ ℎ1(x)dx)

y
solves the canonical form of the Abel di�erential equation

ww� = G0 + G1w, w = w(x),

where
G0 = −ℎ3 exp(2∫ ℎ1(x)dx) and G1 = −ℎ2 exp(∫ ℎ1(x)dx).

We now present the time scales analogue of this transformation.

Theorem 4.4. Let ℎ1, ℎ21, ℎ22, ℎ3 : T → ℝ and x0 ∈ T. Assume there exists ℎ ∈ R such that

ℎ(1 +
ìℎ
2
) = ℎ1. (4.3)

If y solves the Abel dynamic equation of �rst kind (3.4) such that y(x) ̸= 0, thenw = eℎ(⋅, x0)/y solves the canon-
ical Abel dynamic equation (4.1), where

G0 = −ℎ3(eℎ(⋅, x0))2, G11 = −ℎ22eℎ(⋅, x0), G12 = −
ℎ21eℎ(⋅, x0)
1 + ìℎ

.

Proof. Suppose y solves (3.4) such that y(x) ̸= 0. De�ne w = eℎ/y, where we write short eℎ for eℎ(⋅, x0). Then
(4.3) together with the known formulas

eΔℎ = ℎeℎ, eℎ = eòℎ − ìℎeℎ, eòℎ = (1 + ìℎ)eℎ, ìℎΔ = ℎò − ℎ

and the application of the quotient rule yield

w̃wΔ =
eℎy + eòℎyò

2
ℎeℎy − eℎyΔ

yyò
=

ℎe2ℎ
2yyò +

ℎeℎeòℎ
2(yò)2 −

eℎyò + (eℎ + ìℎeℎ)y
2yyò eℎ yΔ

yyò
=

ℎe2ℎ
2yyò +

ℎeℎeòℎ
2(yò)2 − [

eℎ ̃y
yyò +

ìℎeℎ
2yò ]eℎ yΔ

yyò
=

ℎe2ℎ
2yyò +

ℎeℎeòℎ
2(yò)2 −

e2ℎ
y2(yò)2 ̃yyΔ −

ℎe2ℎ(yò − y)
2y(yò)2

=
ℎeℎeòℎ + ℎe2ℎ

2(yò)2 −
e2ℎℎ1
(yò)2 −

e2ℎℎ21
yò −

ℎ22e2ℎ
y

− ℎ3e2ℎ
= −

eℎℎ21
1 + ìℎ

wò − eℎℎ22w − ℎ3e2ℎ
= G0 + G11w + G12wò,

where G0, G11, G12 are as given in the statement. Thus w solves (4.1).

A similar theorem can also be proved for the other Abel dynamic equation of �rst kind (3.5). We only state the
result for (3.5).

Theorem 4.5. Let ℎ1, ℎ21, ℎ22, ℎ3 : T → ℝ and x0 ∈ T. Assume there exists ℎ ∈ R such that

ℎ(1 +
ìℎ
2
) = ℎ1(1 + ìℎ)2. (4.4)

If y solves the Abel dynamic equation of �rst kind (3.5) such that y(x) ̸= 0, thenw = eℎ(⋅, x0)/y solves the canon-
ical Abel dynamic equation (4.1), where

G0 = −ℎ3(eòℎ(⋅, x0))2, G11 = −ℎ22eòℎ(⋅, x0)(1 + ìℎ), G12 = −ℎ21eòℎ(⋅, x0).
Proof. To verify this, one follows the same steps as in the proof of Theorem 4.4.
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Example 4.6. Note that forT = ℝ, both (4.3) and (4.4) yield ℎ = ℎ1, and therefore the transformations are the
same as the one given earlier. Also note how theG0 in Theorem 4.4 and Theorem 4.5 matchesG0 given earlier
and how the sum of G11 and G12 from Theorem 4.4 and Theorem 4.5 matches G1 given earlier.

Acknowledgement: The authors would like to thank the referee for comments that helped to improve the
presentation of this paper.
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