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1 | INTRODUCTION

This paper is a continuation of a recent work by the authors on the oscilla-
tory properties of second-order half-linear neutral delay differential equations.
Providing a new apriori bound for a nonoscillatory solution, we present a new
oscillation criterion, which essentially improves the existing ones. In a particular

nonneutral case, the obtained oscillation constant is unimprovable.
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The aim of this work is to study oscillation of the second-order half-linear neutral delay differential equation

(r(2)%) @ + qx“c@®) =0, t>1,>0, (1.1)

where z(t) = x(t) + p(H)x(z(t)). Without further mention, we will assume

(H;) a > 0isa quotient of odd positive integers;

(H,) r e C([ty, o), (0, o)) satisfies

7(to) :=/ r1/%(s)ds < oo;
Ly

(H3) o, T € C([t07 m),R), O-(t) S ts and hmt—»oof(t) = limt_)oco'(t) = 00,
(H4) p € C([t07 00), [0’ OO)) and q c C([t07 00)7 (07 OO)),
(Hs) there exists a constant p, € [0, 1) such that

z=®) for z(t) <t
7(t) (1.2)

pozp for z(®)>t.

Do = p(t)
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Under a solution of (1.1), we mean a function x € C([t,, o0), R) with t, = min{z(t;), 6(t;)}, for some t, > to, which has
the property r(z’ )a € Cl([ty, ), R) and satisfies (1.1) on [t,, c0). We only consider those solutions of (1.1) that exist on
some half-line [¢;, 00) and satisfy the condition

sup{|x(t)| : t. <t < oo} >0 forany t. >t

As is customary, a solution x of (1.1) is said to be oscillatory if it is neither eventually positive nor eventually negative.
Otherwise, it is said to be nonoscillatory. The equation itself is termed oscillatory if all its solutions oscillate.

Beginning with the pioneering work of Fite,! the problem of determining oscillation criteria for particular functional
differential equations has been and still is a very active research area. For a compact summary of known results, we refer
the reader to the monographs by Agarwal et al.,>* Gy6ri and Ladas,” and Saker.® With regard to many indications of
the importance of second-order neutral differential equations in the applications as well as the number of mathematical
problems involved,” oscillation theory for such equations has undergone rapid development in the past decades.®?

This paper is a continuation of our earlier work,'” removing the restrictions (see!’, (H3)) z(f) < tand ¢’(f) > 0. For
the reader's convenience, we start with a brief summary of the ideas employed therein.

If x is an eventually positive solution of (1.1), then z is also positive and either strictly increasing or strictly decreasing,
see Lemma 2 below. From these two possibilities, the case of z positive and decreasing is the important one because
conditions for the nonexistence of such solutions already imply that solutions with z positive and increasing do not exist.
This observation made in a previous study'’ allowed to simplify a number of related results.3-162%2! To achieve not only a
simpler but a qualitatively stronger result, we used, following a previous study,® a generalized Riccati substitution

r(@)" 1 .

w:.=6 +— ] >0, where 6 € C ([ty,),(0,)),
z(l ﬂ-(l

to eliminate the important class of positive solutions with z positive and decreasing. It turns out that the quality of such

a criterion relies on the sharpness of the lower bound of the quantity z(c(¢))/z(¢) occurring in the resulting Riccati-type
inequality. As noted in a previous study,!” all the related results®16-20-21 ysed the estimate

o)
z(t)

s

which in fact causes that the impact of the deviation o is practically removed. In a previous study,'” we obtained a sharper
apriori estimate of nonoscillatory solutions of (1.1) based on asymptotic properties of solutions of certain first-order delay
differential inequality.

Lemma 1 (See 7> Lemma2.5) Assume that t(t) < t, ¢'(t) > 0, and

t
lim inf Q(s)ds > p

t—oc0 0

with

s (1 IGCOD AN
Q) = <@ / q(s)(l—p(a(s))—ﬂ(a(s)) > ds)

holds for some p € (0,1/e]. If x is a positive solution of (1.1) with z > 0 satisfying 7’ < 0 on [t;, o), then there exists a
sufficiently large t, such that, for some n € Ny,

2(o(1))
z(t)

2 fulp) for tzt,

where f, (p) is defined by

fop) =1, furi(p) =e/"?) neN,. (1.3)
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In this work, employing a different technique, we will sequentially improve the lower bound of the quantity z(c(t))/z(t)
up to its limit value. Our approach does not depend on the constant 1/e occurring in Lemma 1 due to a comparison
with first-order equations and allows us to analytically compute resulting integrals in each iteration. The main result
of the paper—the oscillation criterion for (1.1)—is a direct consequence of the obtained lower and upper bounds of a
nonoscillatory solution. Moreover, our oscillation constant is unimprovable in the nonneutral case (see Example 1).

2 | MAIN RESULTS

In what follows, all occurring functional inequalities are assumed to hold eventually, that is, they are satisfied for all ¢
large enough. As usual and without loss of generality, in the proofs of the main results, we only need to be concerned
with positive solutions of (1.1) because the proofs for eventually negative solutions are similar.

Our results rely on a requirement of positive g, defined by

B 1= Liim infr!/®(t)z**1(6)q(t).

a =

Also, let us define

A = lim inf 2@
o t—>o0 7[([)

and notice that A, > 1 due to (H;) and (H3). In our proofs, we will often use the fact that there exists a sufficiently large
t, > to such that for arbitrary fixed g € (0, 5,) and 4 € [1, 4..),

n(a(t))

qOrY/e )z () > af and
7(t)

> 1 on [t, o). (2.1)

For positive and finite g, and 4., we define (as long as it exists) a sequence {f,} by

Bo := (1= po)3/P..

oA
Pu+1 1= ———, neN,.
o 1 — ﬂn
By induction, it is easy to verify that if for some n € Ny, ; < 1,i=0,1, ... ,n, then g, exists and
ﬂn+1 = Z/ﬂnﬂn > ﬂl’l’ (2-2)

where
Ao

1T=po

b= o| 1= Bn
4 = A ————, neN,.
n+1 % l_fnﬂn 0

Lemma 2. Let §, > 0. Ifx is an eventually positive solution of (1.1), then z eventually satisfies

@ z>0,(r(z)") <0, andx() > z() - pOED);
(i) 7 <0;
(ii)) z/7) > 0;

(iv) x > (1 —py)z

v) lim,_,z(t) = 0.

£y 1=

(2.3)
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Proof. Because x is an eventually positive solution of (1.1), there exists t; > o such that

x(t) >0, x(z()) >0, and x(c(t) >0 for t>1t.

(i) Obviously, forallt > t, z(t) > x(t) > 0, and r(t) (z’ (t))a is decreasing and of one sign because

(r(2)") ® = —qex*(o(®) <.
From the definition of z, we get
x(t) = z(t) — p(Ox(z(1)) 2 z(t) — p(Hz(z(), t= 1. (2.4)
(i) Assume on the contrary thatz’ > 0 for ¢ > ¢;. First, we show that
x(t) > kz(t), t >t > 1y, (2.5)

where

PR Iy T(f) <t
o 1—e€po, 7(t) 2 t,

D, is defined by (1.2), and € € (1,1/p,) is arbitrary but fixed.
Ifz(t) < t,(2.4) gives

z(z(1)
7(t)

x(8) = z(H)(1 — p(t) = z(0) <1 - p(®) > >z(A —po) >0, >t

where we used that z is increasing and # is decreasing.
Now consider the case 7(t) > t. Using the monotonicity of r'/*z’, we have

t t
() =z(t) + / r/es)  r/es)Z (s)ds > r/e )z (1) / r /e s)ds = r'/* () (OR(L, 1),
t 4

1

where R(t, ;) = ftf r~Y/%(s)ds, and hence

z ! B ;,.l/ocle(.7 tl) -z <0
R(-, t1) rl/eR2(-, ty)

Using this monotonicity in (2.4), we get

x(0) > 2(0) <1 _R®.0) (t)) .

R(t, ty)
Since in view of (H;) and (Hs),
R(z(®),t1)

lim ———— =1,
= R(t, 1)

we have, for any € € (1,1/py) and t, > t; sufficiently large,
x() 2 z(t)(1 —epg) >0, t210.

Hence, (2.5) holds in either case. Now, using (2.5) in (1.1), we obtain

(V(Z/)a)’(f) +k*q()Z%(c()) <0, t>1t,.
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Integrating the above inequality from ¢, to t, and using that z is increasing, we find

t
r(0(2(0)" < r) ()" -k / q(s)z%(s)ds
SR (2.6)
<) (2 ()" — k2(t) / q(s)ds.
b
For any f € (0, 8,) satisfying (2.1), there exists t; > t, such that

! ‘ a 3 1 1
/[2 q(s)ds > ﬂ</[2 st =f [7[“([) - ﬂ“(tz)] , t>1ts. 2.7)

Using (2.7) along with the fact that lim,_, 7 (t) = 0 in (2.6), we see that

1
() 7o(t)

r0)(Z (1)) < r6)(Z(0)" - pz*(1) [

]—>—oo as t - oo,

which contradicts the positivity of z'.
(iii) Since r'/?z’ is a negative and decreasing function, we have

() > - / ) r Ve s)r/es)7/ (s)ds > —z(OrV/ ()7 (t). (2.8)
t

Hence,

> 0.

<Z>/ B rl/"‘z’n+z
z)  pllag2

(iv) This follows directly from (2.5) and (H,).
(v) By (i) and (ii), z is positive and decreasing and so there exists a finite limit lim,_ »z(f) = £ > 0. Assume on the
contrary that z(tf) > # > 0 eventually, say for t > t, > t;. Consequently, (1.1) becomes

(r(@)") ® < =70 - po)*q®).  t2 . 2.9)

Integrating (2.9) from ¢, to t and using (2.7), we have, for any § € (0, #,) and t; > t, large enough,

« [ 1 1]
H(Z'(®)) <=1 - po)* - , b2t
rOEW0)" <=0 -p)"h | s = s | 12
that is,
z,(t)<_f(1—po)\“/5' 11 ]
B rifety  [ze@)  z9(t)]
Integrating the above inequality from ¢; to ¢, we obtain
1 1/a
) <zt;)) -1 — d
20 <2(ts) = £0 - p){/B [ rl/a(s)[ﬂa(s) ﬁa(tz)] s

<zt - (1 —po)\"/E[l _ ﬂ“(ta)] / ds
t

7*(t2) L ri/e(s)m(s)
a 1/a
=z() -1 —po)\”/ﬁ[l - Z“El{z;] In Z((t;)) —- —o0 as t— oo,

a contradiction. Hence # = 0.

The proof is complete. U
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Lemma 3. Assume f, > 0. Ifx is a positive solution of (1.1), then, for any £y € (0, 1),

(i) (z/=cP) < 0 eventually;
(it) €ofy <1;
(iii) A < oo0.

Proof. Pickt; > ty such that
x(t) >0, x(z(t))>0, and x(c(t))>0 for t>t,
z satisfies Lemma 2 for t > t;, and (2.1) holds. Using Lemma 2 (iv) in (1.1), we have
(r(2)*) ®©+ A - po)*q2 (W) <0, 21,

which in view of (2.1) implies

pa(l — po)*

(D e ti(r) ¢ (o(t) <0.

(r)") @+
(i) Integrating (2.10) from t; to t and using Lemma 2 (ii), we find

t
FO(20)" < rt) (2 (1))" = B = po)® / L 2%(o(s))ds

o PHn(s)

t o
< V(tl)(z’(tl))“ e —po)“/ az®(s)

o TYa(S)ze(s)

t
< r() (2 ()" = B = po)'ze() / «
t

—d
. rl/"(s)n'““(s) §

=r(t)(2' ()" = B = po)*2* (1) <ﬂa1(t) - n“1t1)> '

In view of Lemma 2 (v), there exists t, > t; such that

“y BQ = po)*z*(t)

r(t)(Z () g

Hence, using (2.11), we obtain
7\« z*
r(z)" <-pa —po)"
that is,

xrt/e7 < =3/pQA = po)z = —€0foz.

where 9 = +/B/ .. Therefore,

( z )l _ 7+ eofoz

rl/a peoBo+l <0, t2h

ﬂfoﬂo

(ii) The conclusion follows from the fact that z/z% is decreasing and z/ is increasing.

(iii) Assume that A, = co. In view of (i), for arbitrary but fixed 4 € [1, o), there exists t; > t, such that

7(o(t))
7(t)

£0Bo
z(a(t))z< > Z(t) > Abhoz(t), 1> 13

(2.10)

(2.11)

(2.12)
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Let us choose A such that

ok 5 L (2.13)

€obo’

Integrating (2.10) from t; to ¢ and using (2.12), we get

t
r(t)(2(0)" < rt3)(2'(t3))" = B = po)® / = 2*(o(s))ds

o Ta(s)Tt(s)
t

< 1(ts)(2 (63)) " = A<ohop(1 — ""’t/#d.

< 1) (2 (1)) B = po)*z*(t) . PR s

Similarly as in part (i) of the proof, we arrive at

ﬂ'rl/aZ, < _Afoﬂo \"/E(l _po)z — _AEOﬂOEOﬂOZ,

which by virtue of (2.13) implies

and therefore,

which contradicts Lemma 2 (iii).

The proof is complete. O

Using Lemma 3, we have proved the following first main result of the paper.

Theorem 1. Assume f, > 0 and A, = co. Then (1.1) is oscillatory.

Lemma 4. Assume f, > 0. If x is a positive solution of (1.1), then, for any n € Ny,

z )’
<0
<77:ﬂn

eventually and
max{k*(1 —k)A;* : 0 <k <1}

B < (2.14)
(1 = po)*
Proof. Pick t; > ty such that
x(t) >0, x(z(t))>0, and x(c(t))>0 for t>t,
z satisfies Lemma 2 for ¢t > t;, and (2.1) holds. The proof is divided into two parts.
First, we show by means of induction that for arbitrary ¢, € (0,1) and ¢ large enough,
art/?7 < —e,Pnz,
which implies
z !/
(=) <0. nen, (2.15)
ﬂsnﬂn
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60 . = a ﬁ
B’
1— B, Afnbn
€ T=¢ ‘“/ , neN
n+1 0 1 _5nﬂn j‘f“ 0

for f and A satisfying (2.1). The value of ¢, is arbitrary and depends on values of # and A. It is easy to verify that

where ¢, € (0, 1) is defined by

lim &, =1.
B, )~ (B As)

Note that, in view of Lemma 2 (iii), (2.15) implies that
1—¢e,6,>0.

By Lemma 3 (i), (2.15) holds for n = 0. Next, assume that (2.15) holds for some n > Oand t > t, > t;. Integrating
(2.10) from ¢, to t, we have

t
/ a / @ _ a a o
r(t)(2(®)" < r(ta) (2 (82))" = B = po) /t gty S )

_ Y o [fan®Pios) [ 7 \®

= 1(ta) (2 (t))" = AL = po) /t e (eei(s) (ﬂgn i ) (o(s))ds
Y o [Fan®Pi(o(s) [z \®

< V(tn)(z (tn)) — p(1 = po) /[n r1/a(s)ze+(s) <7[5nﬁn ) (s)ds

P « t ag, B,
< r(tn) (2 () —ﬁ(l—po)"( £ ) 0 / an™(©6) 40

miahi ) S, Pe(s)me(s)

where we used the induction hypothesis (2.15) twice in the last two inequalities. Using (2.1) in the last inequality, we
arrive at

a t
O(0)" < ) (£00)" = pair = poy (5 ) 0 [ s

7[5
= r(t) (2 (t))" (2.16)
BAeP(1—po)* [ 7 \© 1 1
© 1—cub <mﬂn> © <na<1-fnﬂn>(t> - zraﬂ—fnﬂn)(tn))'

In view of (2.15), the function z/z¢+#» is bounded from above. We claim that

z(1)

1 —]
t—=co jré€nbn (1)

To prove the claim, it suffices to show that there is € > 0 such that

!
(,re,fme ) <0. (2.17)
Indeed, if
A c>0,

t—>co jr€nbPn () -
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then

z(1) 5 _C

> — o0 as t— oo, (2.18)
wenbute(t) — mE(t)

which contradicts (2.17). Since lim;_, 7 (t) = 0, there are

VR Y i B
1- 5n—1ﬂn—1

1 _ 1 « 1 >t
ﬂ'a(l_gnﬁn)(t) ”a(l_gnﬂn)(tn) ﬂ'a(l_snﬁn)(t)’

and t], > t, such that

Using the above estimate in (2.16), we obtain

oo <~ ((E) o)

ar/z < —£(1 = po)AsnPn § Lz.
1-enfn
Simple computation shows that
£ a fﬂ‘g"ﬂ" ﬂgnflﬂn—l
f(l_po)inﬂ"‘/%_5nﬁn=50ﬂ0< - >
— €nPn \a/l—gnﬁn \a/l — €n-1Pn-1

Since ¢, is arbitrarily large, in view of (2.2), we see that

that is,

€nbn > Pn-1, (2.19)

Bna €p-1Pn
£(1 = po)APn g _F__ enPn > €0fo 4 S =:e>0.
1= &npn Vl = P \“/1 — &n_1Pn-1

ar'/7 < —(enfp+€)2.

and hence

Therefore,

and (2.17) holds. Hence, we prove the claim and so there exists t; > t/ such that

ﬂ/l‘”"”"(l—po)"< z )“t 1

. 2.20
1 — &,0n w*A=€b(t,) n ( )

r(tn)(z/(tn))a + <0, t>

ﬂ'gnﬁn

Using (2.20) in (2.16) implies that

art/*7 < —(1 = po)AtnPn § LZ = —€nt1Pp12 (2.21)
1—enpn

!’
( g )<0,
7[5n+1ﬂn+1

and

which completes the induction step.
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Now, we are prepared to prove the assertion. Since, for some n € Ny, £,41 € (0, 1) is arbitrarily large, we can assume
that e,41 < 1/¢,,, where ¢, is defined by (2.3). Using (2.19) in (2.21), we obtain

1
r /aZ’ < —Ep41Pnt1Z < —En1€nPni < =Pz,

which immediately implies

In view of Lemma 2 (iii), we deduce that

pn <1 forany neNy.

This fact together with (2.2) means that the sequence {$,} is increasing and bounded above. Thus, there exists a finite
limit lim,,_,f, = k, where k is the smaller positive root of the indicial equation

Bi(1 = po)* = k*(1 — k)47,

that necessarily implies (2.14). The proof is complete. O

Corollary 1. Assume B, > 0 and A, < oo. Let x be an eventually positive solution of (1.1) with z > 0 satisfying 7’ < 0.
Then for any k € (0, 1),

o) |

> ki, neN,. 2.22
e 0 (2.22)

Proof. It follows from Lemmas 2 (i) and 4 that z > 0 and (z/ b )’ < 0 eventually. Therefore,

o®) 20

) 2.23
mh(a() (1) (2:23)
which in view of the definiton of 4, implies (2.22). O
Using Lemma 4, we have proved the following second main result of the paper.
Theorem 2. Assume A, < 0. If
k*(1—k)A;* :0<k<1
> mak (kX A, } , (2.24)
(1 = po)®

then (1.1) is oscillatory.
Example 1. Consider the Euler type differential equation

(e () + pox(zlt))’)")’ +qox“(A) =0, t>1ty> 0, (2.25)

where a > 0 is a quotient of odd positive integers, 4, > 0, 4, € (0,1], g, > 0, and

/li/“ for A; <1,
Po <
1 for A > 1.

Here,
4

(0 =572

ﬂ* = QO(X“, and /Lk = Fo
2
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It is easy to verify that (H;)-(Hs) are satisfied. Hence, by Theorem 2, (2.25) is oscillatory if

. max{k*(1 —k)A;?* : 0 <k <1}

(1-2oi"")

(2.26)

*

To test the strength of the given result, we shall show when there exists a nonoscillatory solution of (2.25). It can be
verified by a direct substitution into (2.25) that (2.25) has a nonoscillatory solution x = " if m € (-1/a,0) satisfies
the equation

—m®(ma + 1A, (1 + poAT)" = qo.
that is,
(14
k(1 — k) Ak (1 + pOA;"/") = goa®,

where we set k = —ma > 0. In other words, (2.25) possesses a positive solution if

po < max (k1 =04 (14 po2, /)" 10 < k< 1},

It is important to notice that in the nonneutral case, that is, if p, = 0, Theorem 2 provides a sharp result in a certain
sense because (2.26) is necessary and sufficient for oscillation of the nonneutral Euler-type equation

(1 (x'(0)") + gox“(Aat) = 0.
Example 2. Now, consider
(£ (0e() + pox (D) )") + qox“ (%) = 0, t> 1> 0, (2.27)

with the same assumptions as for (2.25). Here, A, = o0, and by Theorem 1, (2.27) is oscillatory.

In the next remark, we recall the existing criterion for (2.25) given in a previous study!’ for 4; < 1. We have shown
there that it improves related results from previous studies.®16:21

Remark 1. By,!7>Theorem 24 if 3, < 1 and

p :=qé/“<1—p0/11‘1/“)1n<l> > L (2.28)
lz e

then (2.25) is oscillatory. If, however, (2.28) does not hold, the sequence {f,,} defined by (1.3) has a finite limit, which

can be expressed as

W(—-
10 = lim fo(p) = =2,

where W standardly denotes the principal branch of the Lambert function.?? By,!”> €orollay 28 we have that (2.25) is
oscillatory if
1

%(1 —Poﬂzl/a)af(l’) > Wi

(2.29)

or in terms of g,, if

1 a®

be> " . @t )
(1=poi) 1)

(2.30)
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Here, we notice that unlike (2.26), condition (2.30) is sharp only in the nondelayed nonneutral case, that is, when
42 =1 and p, = 0. Then 17> Corollary 28 yje]dg
1

> 231
O7 (a+ 1)t (231)

q

which is a necessary and sufficient condition for oscillation of the half-linear ordinary Euler equation

(L (X (0) ) + gox“ (1) = 0.

We consider a particular case of (2.25) with 4 = 4, = 1/2,a = 5,py = /li/a/2, and g, = 0.0003904. Then (2.29)

reduces to

P 1= 1.22 ¥ 1.9826,

however, (2.26) gives

B. > 1.2100,

which implies that (2.25) is oscillatory.

Remark 2. Finally, we pose the open problem to show whether the condition

qoa® > max{k"(l - k)/1’2‘<1 +p0){k/“>a 0<k< 1}

is or is not sufficient for oscillation of (2.25).

CONFLICT OF INTEREST

This work does not have any conflicts of interest. The research has been supported by the internal grant project
no. FEI-2020-69.

FUNDING

The research has been supported by the internal grant project no. FEI-2020-69.

ORCID
Irena Jadlovska"™ https://orcid.org/0000-0003-4649-5611

REFERENCES

1.

Fite WB. Concerning the zeros of the solutions of certain differential equations. Trans Amer Math Soc. 1918;19(4):341-352.
https://doi.org/10.2307/1988973

Agarwal RP, Grace SR, O'Regan D. Oscillation Theory for Second Order Linear, Half-Linear, Superlinear and Sublinear Dynamic Equations.
Dordrecht: Kluwer Academic Publishers; 2002. http://doi.org/10.1007/978-94-017-2515-6

Agarwal RP, Grace SR, O'Regan D. Oscillation Theory for Second Order Dynamic Equations, Series in Mathematical Analysis and
Applications, vol. 5. London: Taylor & Francis, Ltd.; 2003. http://doi.org/10.4324/9780203222898

Agarwal RP, Bohner M, Li W-T. Nonoscillation and Oscillation: Theory for Functional Differential Equations, Monographs and Textbooks
in Pure and Applied Mathematics, vol. 267. New York: Marcel Dekker, Inc.; 2004. http://doi.org/10.1201/9780203025741

Gyori I, Ladas G. Oscillation Theory of Delay Differential Equations, Oxford Mathematical Monographs. New York: The Clarendon Press,
Oxford University Press; 1991. With applications, Oxford Science Publications.

Saker S. Oscillation Theory of Delay Differential and Difference Equations: Second and Third Orders. Saarbriicken, Germany: LAP Lambert
Academic Publishing; 2010.

Hale JK. Functional Differential Equations, Applied Mathematical Sciences, vol. 3. New York, New York-Heidelberg: Springer-Verlag; 1971.
Agarwal RP, Zhang C, Li T. Some remarks on oscillation of second order neutral differential equations. Appl Math Comput.
2016;274:178-181. http://doi.org/10.1016/j.amc.2015.10.089

Han Z, Li T, Sun S, Sun Y. Remarks on the paper [Appl. Math. Comput. 207 (2009) 388-396]. Appl Math Comput. 2010;215(11):3998-4007.
http://doi.org/10.1016/j.amc.2009.12.006


https://orcid.org/0000-0003-4649-5611
https://orcid.org/0000-0003-4649-5611
https://doi.org/10.2307/1988973
http://doi.org/10.1007/978-94-017-2515-6
http://doi.org/10.4324/9780203222898
http://doi.org/10.1201/9780203025741
http://doi.org/10.1016/j.amc.2015.10.089
http://doi.org/10.1016/j.amc.2009.12.006

BOHNER ET AL. WI LEY 13

10. Matiik R. Remarks on the paper by Sun and Meng, Appl. Math. Comput. 174 (2006). Appl Math Comput. 2014;248:309-313.
http://doi.org/10.1016/j.amc.2014.09.100

11. Xu R, Meng F. Some new oscillation criteria for second order quasi-linear neutral delay differential equations. Appl Math Comput.
2006;182(1):797-803. http://doi.org/10.1016/j.amc.2006.04.042

12. Ye L, Xu Z. Oscillation criteria for second order quasilinear neutral delay differential equations. Appl Math Comput. 2009;207(2):388-396.
http://doi.org/10.1016/j.amc.2008.10.051

13. Li T, Han Z, Zhang C, Sun S. On the oscillation of second-order Emden-Fowler neutral differential equations. J Appl Math Comput.
2011;37(1-2):601-610. http://doi.org/10.1007/s12190-010-0453-0

14. Zhang C, Agarwal RP, Bohner M, Li T. Oscillation of second-order nonlinear neutral dynamic equations with noncanonical operators.
Bull Malays Math Sci Soc. 2015;38(2):761-778. http://doi.org/10.1007/s40840-014-0048-2

15. Li T, Rogovchenko YV, Zhang C. Oscillation of second-order neutral differential equations. Funkcial Ekvac. 2013;56(1):111-120.
http://doi.org/10.1619/fesi.56.111

16. Li T, Rogovchenko YV, Zhang C. Oscillation results for second-order nonlinear neutral differential equations. Adv Difference Equ.
2013;2013(1):336. http://doi.org/10.1186/1687-1847-2013-336

17. Bohner M, Grace SR, Jadlovska I. Oscillation criteria for second-order neutral delay differential equations. Electron J Qual Theory Differ
Equ. 2017;2017(60):1-12.

18. Grace SR, DZurinaJ, Jadlovska I, Li T. An improved approach for studying oscillation of second-order neutral delay differential equations.
JInequal Appl. 2018;2013:1-13. https://doi.org/10.1186/s13660-018-1767-y

19. Dong J-G. Oscillation behavior of second order nonlinear neutral differential equations with deviating arguments. Comput Math Appl.
2010;59(12):3710-3717.

20. Agarwal RP, Bohner M, Li T, Zhang C. Oscillation of second-order Emden-Fowler neutral delay differential equations. Ann Mat Pura Appl
(4). 2014;193(6):1861-1875.

21. WuH, Erbe L, Peterson A. Oscillation of solution to second-order half-linear delay dynamic equations on time scales. Electron J Differential
Equations. 2016;2016(71):1-15.

22. Corless RM, Gonnet GH, Hare DEG, Jeffrey DJ, Knuth DE. On the Lambert W function. Adv Comput Math. 1996;5(4):329-359.
https://doi.org/10.1007/BF02124750

How to cite this article: Bohner M, Grace SR, Jadlovska I. Sharp oscillation criteria for second-order neutral
delay differential equations. Math Meth Appl Sci. 2020;1-13. https://doi.org/10.1002/mma.6677



http://doi.org/10.1016/j.amc.2014.09.100
http://doi.org/10.1016/j.amc.2006.04.042
http://doi.org/10.1016/j.amc.2008.10.051
http://doi.org/10.1007/s12190-010-0453-0
http://doi.org/10.1007/s40840-014-0048-2
http://doi.org/10.1619/fesi.56.111
http://doi.org/10.1186/1687-1847-2013-336
https://doi.org/10.1186/s13660-018-1767-y
https://doi.org/10.1007/BF02124750
https://doi.org/10.1002/mma.6677

	Sharp oscillation criteria for second-order neutral delay differential equations
	Abstract
	1 INTRODUCTION
	2 MAIN RESULTS
	References


