Simple sequential perturbation error analysis example
If given a simple system with a transducer A and signal conditioning module B and the output in engineering units C  being equal to A+B, what is the error in the reading if the tolerance on A is ±1 and the tolerance on B is ± ½?

On the surface this appears to be a straight forward problem, A+B=C  with two tolerances.  However, if we look at this problem graphically assigning A and B nominal values of 3, and plotting the extremes of the tolerance for both values, we would see the following:
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The nominal reading of 6, would actually appear to fall somewhere between 4½ and 7½ resulting in a reading of 6 ±1½.  However if you also look at the error bands for each element, you can see that when combined there is a gap where no possible reading may occur.  Under different sets of values for A and B these bands could also overlap each other.  If this were a more complex system that had, say ten or so elements, you can imagine how complicated the graphical representation would be.  To solve this problem of complexity, an error analysis process called sequential perturbation has been developed.  This process uses the nominal calculation as a baseline, and then sequential calculates each of the possible variable tolerances, and then uses each of these individual values to derive a total error.  The following example demonstrates this process.  The nominal calculation, shown below is used as the base for the process.
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So let’s look at the value for A first.  The range of values based on the indicated tolerance is from 2 to 4 (3 ± 1).  We can insert these values into the base formula and place them into a table giving them the values of σ- and σ+.
	Variable
	σ-
	σ+
	
	

	A
	2+3=5
	4+3=7
	
	


We can repeat this process with variable B, applying the values of 2½ and 3½ in the base formula.  This would result in the following table entries.  It is important to notice that we use the nominal values for A, not the previously pertubated values.  
	Variable
	σ-
	σ+
	
	

	A
	2+3=5
	4+3=7
	
	

	B
	3+2½=5½
	3+3½=6½
	
	


Once this had been accomplished we are ready to proceed to the next step.  We must determine a new value, known as Δσ, which is the differential of these two values.  The formula for this is fairly straight forward.
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By using the absolute value of each difference, we can sum the total differential.  This is important since it is possible for a tolerance to not have the same differential amount in both the positive and negative directions.  Applying this formula to the A and B sigma values the table looks like the following:

	Variable
	σ-
	σ+
	Δσ
	

	A
	2+3=5
	4+3=7
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	B
	3+2½=5½
	3+3½=6½
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We have one more cell to fill, which is the square of Δσ, resulting in the following fully filled in table.

	Variable
	σ-
	σ+
	Δσ
	Δσ2

	A
	2+3=5
	4+3=7
	
[image: image7.wmf](

)

(

)

7656

1

2

-+-

=


	1

	B
	3+2½=5½
	3+3½=6½
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With the table fully filled out, we can now calculate the total error by summing the values of Δσ2 and taking the square root of the value.  This then represents the total amount of error in the reading.  
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The answer then, for A+B is 6 ±1.118.  or ±18.6%.
Now obviously this was a fairly simple example.  More complex systems may have a very large number of variables, necessitating highly complex calculations.  These calculations may apply to both the mechanical system as well as the electronic transducers and instrumentation.  Let’s look at another example that combines a mechanical element as well as the instrumentation elements.
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In this example we can see that we have a pressure calibration source feeding a transducer, the output going to a regular volt meter.  The pressure source has a known pressure of 25 psi with an error of ± 0.01 psi.  The pressure transducer converts this pressure into a voltage of 5 Volts,  with a tolerance of ±0.01 volts.  The meter that reads this 5 volt signal just happens to be displaying a reading of exactly 5.00 volts, however the meter has a range of 0 to 10 Volts, and an accuracy of ±0.25% of the full scale range.  This equates to a tolerance of ±0.025 volts.  Once again we apply our sequential perturbation technique to determine the total error for our system.  The first step is to calculate the nominal value.  In this case we are looking for a calibration value, so the result, instead of being a straight value like PSI or pounds, the value will be in PSI / Volt.  This calibration value will allow us to record any voltage from the transducer and quickly turn it into a voltage.  This is a two point calibration in its simplest form, assuming 0,0 for the first point and 5,25 for the second point.
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	Variable
	σ-
	σ+
	Δσ
	Δσ2

	Calibrator
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	Transducer
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	Meter
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Summing the total of the last column we get 729x10-6.  Taking the square root of this value we get a total error of ±.027 PSI/V  or ± 0.54% error
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