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Lecture 1.
Basic existence and uniqueness results for deterministic and stochastic 2–d

and 3–d Navier–Stokes equations.

We first discuss some background knowledge as well as recent progresses in 2–d and
3–d Navier–Stokes equations. We then show basic existence and uniqueness results for
deterministic and stochastic 2–d Navier–Stokes equations.
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Lecture 2.
Existence and uniqueness of invariant measures for 2–d hydrodynamical

systems subject to degenerate random forcing.

We present a model problem in finite dimensions showing the existence and unique-
ness of invariant measure for general white–noise driven stochastic systems with hy-
drodynamical background. We will also mention the result as well as difficulties for
infinite dimensional systems corresponding to general semilinear evolutionary SPDEs.
Application of the theoretical method includes hydrodynamical systems such as the 2–d
Navier–Stokes system, the 2–d Boussinesq system, and a 2–d Euler system subject to
fractional dissipation.
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Lecture 3.
Inviscid limit and related problems in turbulence.

Asymptotic problems of sending the viscosity ν → 0 will be discussed in this lecture.
In particular, we discuss the application of de Giorgi–Nash–Moser iteration method to
stochastic Navier–Stokes equations. We show the corresponding invariant mesure is
concentrated in L∞ in vorticity space. The relationship between inviscid limit and
turbulence will be explained.
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Lecture 4.
The 2–d deterministic and stochastic Euler equations and related problems.

The L∞–well posedness (in vorticity formulation) of 2–d deterministic Euler equa-
tions will be discussed. Recent results in singularity formation in the sense of double
exponential growth of the gradient of the vorticity at the boundary will be mentioned.
The area–preserving scheme of adding the stochastic noise to the equation will be con-
sidered. Well–posedness results in the case of stochastic equation will also be discussed.
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Lecture 5.
Motion of incompressible ideal fluids from group theoretic and Hamiltonian

dynamical point of view.
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Classical mechanics from group theoretic point of view will be discussed, including
the motion of incompressible ideal fluids. The Hamiltonian formulation of Euler equa-
tions will be presented. If time permits, we will also discuss finite dimensional model
problems and some open questions related to 2–d turbulence.

References

[1] Arnold, V.I., Mathematical methods of classical mechanics, Springer, 1978.

[2] Arnold, V.I., Khesin, B., Topological methods in hydrodynamics, Springer, 1998.
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Remarks and Corrections to the Lecture Notes.

Lecture 1.
p.17. “weak lower semi–continuity of the Ḣ1(T2;R2)–norm” is not very precise,

but close to the truth.
Actually if {xn} is a sequence in a normed linear space X with norm |•| and xn ⇀ x

then |x| ≤ lim inf
n→∞ |xn|. This is because there exist ` ∈ X ′ so that |x| = |`(x)|, |`| = 1.

Thus `(x) = lim
n→∞ `(xn) which implies that |`(xn)| ≤ |`||xn| = |xn|. See [9, Chapter 10,

Theorem 5].
For any 0 ≤ t1 ≤ t2 ≤ T we know that the family of functions u(m)(x, t) converges

weakly to u(x, t) in L2([t1, t2]; Ḣ1(T2;R2)). Thus we apply the above paragraph we get

lim
m→∞

∫ t2

t1

dt

∫

T2

|∇u(m)|2dx ≥
∫ t2

t1

dt

∫

T2

|∇u|2dx. Then we combine this estimate with

the energy identity

1
2

∫

T2

|u(m)|2(x, t2)dx =
1
2

∫

T 2

|u(m)|2(x, t1)dx +
∫ t2

t1

dt

∫

T2

|∇u(m)|2(x, t)dx ,

and we take limit on both sides. Let us assume that t2 is such a point that lim
m→∞

∫

T2

|u(m)|2(x, t2)dx =
∫

T2

|u|2(x, t2)dx. Then we have

1
2

∫

T2

|u|2(x, t2)dx ≥ 1
2

∫

T 2

|u|2(x, t1)dx +
∫ t2

t1

dt

∫

T2

|∇u|2(x, t)dx .

Actually we may extract a subsequence (also denoted u(m)) so that for an excep-
tional set E ⊂ [0, T ] of measure 0 we have u(m) converges weakly to u for each fixed t

in Ḣ1(T2;R2). Thus the original statement is true modulo the set E.
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Lecture 2.
p.7. The notion of “irreversibility” may not be very accurate, but depends on how

we define irreversibility ([4]).
p.7. Any two distinct ergodic invariant measures must be mutually singular. This

can be proved as in [3, Proposition 3.2.5].
p.8. The dynamical smoothing part (“Lasota–Yorke inequality”) and the asymp-

totic strong Feller property is there to control the behavior of the distribution of the
process “at infinity”. This is best illustrated by the Examples 3.14 and 3.15 in [8].

p.17. The Malliavin matrix (M0,t)i,j = 〈DiU(t, U0,W ),DjU(t, U0,W )〉L2([0,t];Rd),
1 ≤ i, j ≤ N . The operatorA0,t : L2([0, t];Rd) → RN is such thatA0,tv = 〈DU(t, U0,W ), v〉L2([0,t];Rd) =∫ t

0
Js,tσv(s)ds. We defineA∗0,t : RN → L2([0, t];Rd) to be such that 〈A∗0,tξ, v〉L2([0,t];Rd) =

〈ξ,A0,tv〉RN . From here we can calculate

〈A∗0,tξ, v〉L2([0,t];Rd) = 〈ξ,A0,tv〉RN

=
N∑

i=1
ξi〈DiU(t, U0,W ), v〉L2([0,t];Rd)

= 〈
N∑

i=1
ξiDiU(t, U0,W ), v〉L2([0,t];Rd) .

Thus we see that (A∗0,tξ)(s) =
(

N∑
i=1

ξiDiU(t, U0,W )
)

(s), 0 ≤ s ≤ t. This justifies

the fact that M0,t = A0,tA∗0,t. Moreover we have

〈A∗0,tξ, v〉L2([0,t];Rd) =
∫ t

0
〈(A∗0,tξ)(s), v(s)〉Rdds

= 〈ξ,A0,tv〉RN

=
∫ t

0
〈ξ,Js,tσv(s)〉RN ds

=
∫ t

0
〈σ∗J ∗

s,tξ, v(s)〉Rdds .

Here J ∗
s,t is the adjoint of Js,t with respect to RN standard inner product (= taking

transpose). This justifies A∗0,tξ = σ∗J ∗
s,tξ.

Let Js,tξ = ρ(t) satisfy the equation

d

dt
ρ(t) + νAρ(t) + B(U(t), ρ(t)) + B(ρ(t), U(t)) = 0 , ρ(s) = ξ .

Let J ∗
s,tη = ρ∗(s). Then 〈Js,tξ, η〉RN = 〈ξ,J ∗

s,tη〉RN implies that J ∗
t,tη = η. Moreover,

taking t–derivative on both sides we get
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〈 d

dt
Js,tξ, η〉RN = 〈ξ, d

dt
J ∗

s,tη〉RN

= 〈ξ,− d

ds
J ∗

s,tη〉RN

= 〈−νAJs,tξ −B(U(t),Js,tξ)−B(Js,tξ, U(t)), η〉RN

= 〈ξ,−νAJ ∗
s,tη −B∗(U(t),J ∗

s,tη)−B∗(J ∗
s,tη, U(t))〉RN ,

yielding

− d

ds
ρ∗(s) + νAρ∗(s) + B∗(U(t), ρ∗(s)) + B∗(ρ∗(s), U(t)) = 0 .

p.18. We have defined via the ansatz that v = A∗0,tη. From the formula (A∗0,tη)(s) =(
N∑

i=1
ξiDiU(t, U0,W )

)
(s) we see that v(s) is not adapted. So we need Skorokhod inte-

gral.
p.21. In the estimate (18) the constant C = C(p, η, |σ|, t).
p.22. The first derivative operator Js,tξ satisfies the equation

d

dt
Js,tξ + νAJs,tξ + B(U(t),Js,tξ) + B(Js,tξ, U(t)) = 0 ,Js,sξ = ξ .

The Malliavin derivative operator A0,tv = 〈DU(t, U0,W ), v〉L2([0,t];Rd) satisfies the
equation

d

dt
A0,tv + νAA0,tv + B(U(t),A0,tv) + B(A0,tv, U(t)) = σ

dv(t)
dt

,A0,0v = 0 .

By variation of constants formula this gives

A0,tv =
∫ t

0
Js,tσv(s)ds .

We can perform this calculation similarly for the second derivative operators. De-
noting by J (2)

s,t (ξ, η) the second derivative of U(t, U0,W ) with respect to initial condition
U0 in the directions ξ and η. This gives us the equation





d

dt
J (2)

s,t (ξ, η) + νAJ (2)
s,t (ξ, η) +B(U(t),J (2)

s,t (ξ, η)) + B(J (2)
s,t (ξ, η), U(t))

+B(Js,tξ,Js,tη) + B(Js,tη,Js,tξ) = 0 ,

J (2)
s,s (ξ, η) = 0 .

On the other hand if we let A(2)
0,t h = 〈DJs,tξ, h〉L2([0,t];Rd) we have the equation for

A(2)
0,t h:





d

dt
A(2)

0,t h + νAA(2)
0,t h +B(U(t),A(2)

0,t h) + B(A(2)
0,t h,U(t))

+B(A0,th,Js,tξ) + B(Js,tξ,A0,th) = 0 ,

A(2)
0,sh = 0 .
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Since we have already A0,tv =
∫ t

0
Js,tσv(s)ds we can then get, by assuming that h

vanishes outside [s, t], and using the fact that Jr,tJs,r = Js,t, that

A(2)
0,t h =

∫ t

s
J (2)

r,t (σh(r),Js,rξ)dr ,

which implies DrJs,tξ = J (2)
r,t (σ,Js,rξ). Making then use the fact that if F ∈ D1,p is Fr–

measurable thenDsF = 0 for all s > r, we get thenDτJs,tξ =

{
J (2)

τ,t (σ,Js,tξ) when s < τ ;
J (2)

s,t (Jτ,sσ, ξ) when s ≥ τ .

We also have DrA0,tv =
∫ t

0
DrJs,tσv(s)ds. From the equation satisfied by J (2)

s,t

and exponential estimates of U(t) we readily infer that we have the bound E‖J (2)
s,t ‖p ≤

C exp(η|U0|2). From here we can estimate E‖Dv‖2.
Remark: We have DsU(t, U0,W ) = Js,tσ for s < t.
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Lecture 3.
p.3. The addition of noise is physically relevant in “choosing” a specific invariant

measure, especially in the unique ergodic case.

p.4. It is not very precise to say that the conjecture
∫
‖ω‖C0dµ0(ω) < ∞ cor-

responds exactly to Kolmogorov’s conjecture (since he works with velocity). However
what these conjectures mean is that there should be some “regularity” or “stability” for
the final behavior of the flow at inviscid limit.

p.5. If we do the scaling dω + (u · ∇ω− ν∆ω)dt = νaσdW , where a > 1/2, then µν

converges to a Dirac mass at 0; if a < 1/2, then there is no convergence. See Theorem
5.2.17 in [7].

p.5. If the equation is not at inviscid scaling, but rather it looks like

dω + (u · ∇ω −∆ω)dt =
√

νσdW ,

with ν very small, then the result about behavior of limiting measure is more close to a
large deviation setting, see [2].

p.7. In this lecture we do not require the measure µν to be unique, nor is µ0.
p.7. Problem about limits of invariant measure for randomly perturbed Hamilto-

nian systems subject to dissipation has a longstanding history, see [5]. In there they
consider systems of the form

Ẋt = ∇H(Xt) + εb(Xt) +
√

εκẆt ,

and b(x) is assumed to be of classical friction type, i.e., divb < 0. If κ = 1, then the
situation is more close to our inviscid setting, and the result is that one needs averaging
principle and we reduce the invariant measure problem to a diffusion process on a graph.
If κ ¿ 1, then the situation is more close to a large deviation effect.

p.8. |k|ρk = σk.
p.12. The BDG constant CBDG ≤ 2δ1/2

whenever δ < δ0 can be found at [10,
Exercise (IV.4.30)].

p.14. ∇(ω|ω|p−2) = ∇ω|ω|p−2+ω∇(|ω|p−2) = ∇ω|ω|p−2+ω(p−2)|ω|p−3(signω)∇ω =
(p− 1)∇ω|ω|p−2.
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Lecture 4.
p.2. It is ∇K2(x) being a singular integral operator, not K2(x).
p.10. The Kiselev–Sverak example has initial data so chosen that ω0(x) ≥ 0 for

x1 ≥ 0 and ω0(x) ≤ 0 for x1 ≤ 0. The origin is a hyperbolic fixed point of the flow.
The function ω0(x) is in L∞, but specifically chosen. And it is very important that the
construction is at the boundary.
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Lecture 5.
p.11. One can define a canonical symplectic structure σ on T ∗G so that the ex-

tension of the action of G×G on T ∗G preserves σ (Hamiltonian). The projection of σ

on the group direction shall give the left Haar measure. For details see [6, Chapter 1,
Section 2.3]

p.17. The energy is E =
1
2

∫∫

T2

|v|2dµ. The enstrophy is I =
1
2

∫∫

T2

ω2dµ.

p.18. It is generally true that for an n–dimensional compact manifold M with
boundary ∂M we have SVect∗(M) = Ω1(M)/dΩ0(M). The co–adjoint action acts as
changes of coordinates on the cosets of 1–form α. The proof of this fact is found at
[1, Chapter I, Theorem 8.3]. However in the case when M = T2 one cannot identify
Ω1(T2)/dΩ0(T2) with space of functions on T2. If M is 2–dimensional simply connected
then one can identify Ω1(T2)/dΩ0(T2) with space of functions on M .

p.19. Actually in the case when M is simply–connected the dual element of v =

v1
∂

∂x1
+v2

∂

∂x2
is α = v1dx1+v2dx2 and dα =

(
−∂v1

∂x2
+

∂v2

∂x1

)
dx1dx2 gives the vorticity.

p.19. The calculation cannot be done on T2, but it should be on a simply connected–
domain M in R2 with boundary ∂M .

p.19. b ∈ SVect∗(M) is identified with a vector v ∈ SVect(M).
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