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1. Consider the following mechanical system.
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77,
Obtain the force-current equivalent of the system. (20pts)
2. For the block diagram given below, determine the transfer function either by block-diagram reduction or
by Mason’s formula. Show your work clearly. (30pts)
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3. A nonlinear amplifier with an input e; and an output e, can be described by
(t —6i3(t) + Bi(t), if ei(t) < 0;
e =

? e3(t) +e;(t), if e;(t) > 0.

Obtain the affine approximation of the output about the following operating points, and sketch the
nonlinear function with its approximations.

(a) e, =0. (05pts)
(b) e =2. (10pts)



4. A control system is described in state-space representation, such that

a(t) = [ ’g . } z(t) + { ; } ul(t),

yt) =1 -2 1]ax(@),

where u, &, and y are the input, the state, and the output variables, respectively. Determine the transfer
function or the transfer matrix of the system. (15pts)

5. The following requirements are given for a second-order system that is described by the transfer function
Y (8)/U(s) = w2/ (s? + 2Cwns + w?).

Maximum percent overshoot: M, > 20%.
5% settling time: 5s < t5y, < 10s.

(a) Describe and sketch the s-plane regions of the pole locations satisfying the requirements.  (10pts)

(b) Determine the largest possible peak time of a system with the poles satisfying the requirements.
(10pts)
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1. Consider the following mechanical system.

LWL

ks

Obtain the force-current equivalent of the system.

Solution:
7
z1 1 [ ™
b1 :[ k1

First, we identify the linearly indepen-

z2 1
dent displacement locations in the me- L e
chanical system and mark them.
by L= b2

o | SR

For the force-current analog of a mechanical system, there will be a node flux associated with each
displacement variable (or a node voltage associated with each velocity variable), and an input force
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will be associated with a current source. The spring constant, the damping constant, and the mass
will be associated with the reciprocal of inductance, the conductance, and the capacitance, respec-
tively. The elements between two displacement variables of the mechanical system will be between
the corresponding node variables of the force-current analog. The elements that are connected to
fixed frames and the elements that are always measured with respect to a fixed frame, such as the
mass and the external force, will be connected to the ground.

1/bs

Or, drawing the circuit diagram more compact, we get the following diagram.

1/b3
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2. For the block diagram given below, determine the transfer function either by block-diagram reduction or
by Mason’s formula. Show your work clearly.
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Solution: If we choose to use the block-diagram reduction, best approach is to reduce the block diagram
step by step, until we obtain the transfer function.
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G3Gay + Gy

1+ (GoG3 + G4)Hy

_(GaGr +Ga)Gh
1+ (GaGa + Gg)Hs

H{G
_ 14 162

G3Ga +Ga }-
U y
- (GaG2 + G4)G1
14 (G2G3 + G4)H2 + (GaGa + Ga + H1G2)Gh

If we choose to use Mason’s formula, we need to draw the signal flow graph of the block diagram.

In drawing the signal flow graph, the unity gains are subscribed for easy tracking of the gain expres-
sions. The forward path gains are

Fi = 1115G113G2G314l5 = G1Ga2Gy,
Fy = 1310G113G41415 = G1Gy.
The loop gains are

Ly = 1oG113G2G314(-16) = —G1GaGa,

Ly = 15G113G414(—16) = —G1Gy,

Ly = G113Go(—Hy) = —G1GoHy,

Ly = 13G2G314(~ Hy) = ~GoG3 Hy,

Ls = 1,G4le(~ Ha) = —GoHy.
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From the forward path and the loop gains, we determine the touching loops and the forward paths.

Touching Loops Loops on Forward Paths
Ly ] LQJ Lz | Ly | Ls
L | v ﬂ viviv
L, viviviv
L vV | Vv |V
Ly vV |V
Ls v

Therefore,
A=1-{(Ly+Ly+Ls+Ls+Ls)
=1— ((-=G1G1G3) + (=G1G4) + (=G1GaHy) + (- G2G3Hy) + (—G4Ha))
=14+ G1GaGs + GGy + G1GoHy + GoGsHo + G4 Hy,

and
Ap= Ayfd=Lz:Ls=L4=Lt'>=0 =1,
A2 = A'L1=L2=L3=L4=L5:0 =1
So,
Y(s) _ 1 22: A (G1G2Gs) (1) + (G1Ga)(1)
Uf(s) A ‘= v 14+ G1GoGs + G1Gy + G1GoHy + GoG3Hy + G4 Hy'
or
Y(s) _ G1GoG3 + G1Gy

U(s) 1+ G1G2G3+ G1Gy + G1GaH; + GaGsHz + GaHy'

3. A nonlinear amplifier with an input e; and an output e, can be described by
(t) —ei3(t) + ei(t), if ei(t) < 0;
e =
° e3(t) + eslt), if e(t) > 0.

Obtain the affine approximation of the output about the following operating points, and sketch the
nonlinear function with its approximations.

(a) e; = 0.
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Solution: The affine approximation is obtained by keeping the constant and the linear terms in
the taylor series expansion about the opcrating point of the nonlinear terms. In our case,

[eiz]eFO " {diez (eiz)}eizo (ei - 0) + O(Gi%

(O) + [3612]61:0 e + O(ef) = (O) e; + (’)(eiz)
~ 0.

e

So,

e(t) = {—ei3(t)+ei(t), if e;(t) < 0;

{ei(t), if e;(t) < 0 and e;(t) =~ 03
61'3 (f) + ei(t), if e;(2) > O ~ ei(t), if ei(t) > 0 and 61(75) ~ 0.

€ ~e4e;, ife; <0
v el te, e >0
' 3l ;
) —e3(t) + ei(t), if e;(t) < 0; ' 21 ,/
eo(t) = ‘ )
’ ed(t) + ei(t), if exlt) > 0; \ J
! 11 /
I\ I' =2
~ e;(t) for e;(t) = 0 ) )
ST 3 1 2 e
-1 4
(b) e; =2

67;3

=[], 3 ()

e;=2
= (23) + [3612] o=

Solution: The affine approximation is obtained by keeping the constant and the linear terms in
the taylor series expansion about the operating point of the nonlinear terms. In our case,

(e; —2) + O(e;?)

(61— 2) + O(e?) = 8+12(e; - 2) + Ofe?)
=~ 12e; — 16.

So,

—e;® €; if e :
eo(t)z{ S +eift), ife(t) <0

€i3(t) + €i(t), if ei(t) > 0.

~ (1261(1’:) - 16) + ei(t) = 13&;(75) - 16, if €i<t> ~ 2.
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—eP 4, ife;<O;
e’ +e;, ife; >0.

€o
!

(t) = —eS(t) +elt), ifes(t) <O;
” ) - eiB(t) -+ ei(t), if ei(t) > 0

~ 13e;(t) — 16 for e;(t) = 2.

—10*
4. A control system is described in state-space representation, such that

a(t) = { 20 }:c(t) + { X }u(t),

y(t)=[ -2 1]a(t),

where u, @, and y are the input, the state, and the output variables, respectively. Determine the transfer
function or the transfer matrix of the system.

Solution: The transfer matrix of a control system described in the state-state representation
z(t) = Az(t) + Bu(t),
y(t) = Cz(t) + Duft),
is
F(s)=C(sI - A™'B+ D,

where
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and [ is the appropriately dimensioned identity matrix. So,

ot (3 4[4 2]

1
= wrapt?)

In other words, the transfer function is F(s) = 0.

5. The following requirements are given for a second-order system that is described by the transfer function
Y(s)/U(s) = w2 /(s® + 2¢wns + w?).

Maximum percent overshoot: M, > 20%.
5% settling time: 5s < t5o, < 10s.

(a) Describe and sketch the s-plane regions of the pole locations satisfying the requirements.

Solution:

Given Specifications l System Constraints B Geometrical Representations

020 < o (/v 1"42)",

c< |1n(0.20)] cos” '(0.46) < a
4/ (In(0.20))* + () or
20% < M. or ( ) ( ) 62.87° < a,
{ < 0.46; where ¢ = cos™1(¢) is the angle
3 measured from the negative real
since My, = e~ (¢/ 1=¢)7 and axis. 8
¢ = In(Mp)l/4/ (In(Mp))* + ().
55—3—310,‘ 6<o<—03
55 <tsms < 10s. or o —06 <0< -03,
3/5> oo > 3/10; since the poles are at
== ’ § = —0o £ Jjwg

since tsns = 3/00.
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The shaded region describes the region specified by the given requirements.

jw s-plane
L §1.2

L 0.9
L 70.6
L 70.3

1503
1 —j06
1 —5009

1 —j1.2

(b) Determine the largest possible peak time of a system with the poles satisfying the requirements.

Solution: The peak time of the system is given by

T

t, =
P Y

The largest peak time is when we have the smallest wy. From the shaded region of the sketch
in the previous part, we realize that the smallest wy is when wg = 0.3tan(62.87°) ~ 0.59, which
is at the intersection of the radial line with the angle of 62.87° with respect to the negative real

axis and the vertical line at o = —0.3. Therefore,
s T
tpmax = = 1
wdmin 059

or the largest possible peak time of the system is 5.36s.



