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1. Given the signal z(t), determine y(t) = 4z(2(5 — 3t)) in the given form of the signal.

0, ift <0;
sin(3t), if0<t<2m
3t —6m, if2x<t<6m
12%, H#br<t

z(t) =

(15pts)

2. Determine the system equation relating the output y to the input r for the following block diagram. The
final expression should contain derivative terms and no integral terms. (20pts)

! [*ordr —i 5 -+ -
[fodr (=

0, if—2<t<—1;
()=t if-1<t<l;
0, ifi<t<2.

Determine the trigonometric fourier-series expansion of =z for —2 < t < 2. Simplify the expression as
much as possible. (25pts)

3. Consider the function z, where

HINT: Some of the indefinite integrals below might be helpful.

fa sin(ar)dr = — (é) cos(at). /‘ cos(at)dr = (é) sin(at).
/t Tsin(ar)dr = (a};) sin(at) — (%) cos(at). ft 7cos(ar)dr = (aiz) cos(adt) + (%) sin(at).

ft rsin(ar) dr = (%) sin(at) + (% - %) cos(at). fs 72 cos(ar)dr = (%) cos(at) + (g — j_a) sin(at).



4. Consider the following basis functions, ¢1, ¢, and ¢3.

A #(t)

$1(t) =1for —2<t <2

-2 -1 1 2 %

@a(t) = (1/2)t for —2 <t < 2.

A ¢a(t)
14
#3(t) = (3/8)t2 for 2 <t < 2. > 4/_
-2 —1_-1 | 1 2

(a) Check whether or not the basis functions ¢; for ¢ = 1, 2, 3 are orthogonal with respect to the inner
product

2
(f9) = f gt

If they are not orthogonal, obtain an orthogonal set of basis functions that spans the same subspace.
(15pts)
(b) Find the best representation of the function z, where

xz(t)
_[@/2)t+1, if-2<t<0; /%1
Ds(t)“{o, fo<t<2 . —
-2 -1 } 11 2 i1

as a linear combination of the orthogonal basis functions, such that the error based on the associated
norm square, ||0)||? = f_22 »2 dt, is minimized. (25pts)
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1. Given the signal z(t), determine y(t) = 4z(2(5 — 3t)) in the given form of the signal.

0, ift<0;
sin(3t), if0<t<2m;
3t — 6w, if 2r <t <6m;
12, if 6m < t.

z(t) =

Solution: One approach is to realize that the desired function is y(7) = 4z(2(5 — 37)) = 4z(10 — 67).

4 %0, if (10 —67) < 0;
4 x sin((3(10 — 67)), if 0 < (10 — 67) < 2m;

4z(10 - 67) = 4 x (3(10 — 67) — 67), if 27 < (10 — 67) < 6;
4 x 12, if 6w < (10 — 67),
0 if —67 < —10;

4sin(30 ~ 18T), if =10 < —67 < 27 — 10;
120 — 247 — 727, if 2w — 10 < —67 < 67 — 10;
487, if 6 — 10 < —67,

(0, if —7 < —-5/3;
4sin(30 — 187), if —5/3 < —7 < 7/3—5/3;
120 — 24 — 727, i 7/3—5/3 < —T <7 — 5/3;
| 48, ifr—5/3 < -,

(0, if r > 5/3;

4sin(30—187), if5/3>71>—7w/3+5/3;

120 — 24w — 727, if —w/3+4+5/3> 7> —m+5/3;
| 48, if —r+5/327.

-

After rearranging the terms in increasing order, we get

48, ifr<-—-m4+5/3;

120 — 24w — 727, if —v+5/3 <7< —7/3+5/3;
4sin(30 —187), if —m/3+5/3 <7 < 5/3;

0, if5/3< 7.

y(r) = 42(2(5 - 37)) =

2. Determine the system equation relating the output y to the input r for the following block diagram. The
final expression should contain derivative terms and no integral terms.



EE 265 Exam#1 Solutions Spring 2007 2/7

—  [todr + 5 | - -

ft(-)dT <

Solution: We can proceed step by step tracing the input and the output signals on the block diagram.

2 i
AR [todr i B i L 5 24 ® y

T2

A

[ferdr

Masldig sottie of the siguals a5 shown above, we Lave
ailiy= f )i
2at) = [ o)
T . /ir(f) dr~ f g} des
z4(t) = 5z3(t) = 5f r(r)dr — 5/ty(7] dr;
25(t) = 221(8) = 2 ft*r('r) dr:
sth =g+ selty = 5/tr(r)d‘r— 5/ty(1‘)d'r+2./tr(‘r)d7 = 7/

t

t
r(r)dr — 5/ y(7)dr.

The last equation is the system equation, since it has only the input and the output variables.
However, we need to express it in terms of derivatives instead of integrals. Taking the derivative of
the last equation, we get

dy(®) _

dt

di—(:) + 5y(t) = Tr(t).

Tr(t) = 5y(2),

or
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3. Consider the function x, where

) =4t if-1<t<l;

0, f1<t<2

Determine the trigonometric fourier-series expansion of z for —2 < ¢t < 2. Simplify the expression as
much as possible.

{0, if -2<t< 1

HINT: Some of the indefinite integrals below might be helpful.

flsin(m') dr = — (%) cos(at). /e cos(ar)dr = (%) sin(at).
fz Tsin(ar)dr = (%) sin(at) — (&) cos(at). fl Tcos(ar)dr = (é) cos(at) + (%) sin(at).

2

/! r*sin(ar)dr = (%) sin(at) + (% = %) cos(at). /‘ 72 cos(ar)dr = (%) cos(at) + (% = %) sin(at).

Solution: The trigonometric fourier-series of z is in the form of an infinite sum, such that

z(t) = ap + Z(an cos(nwt) + by, sin(nwt)),

n=1
where
) 3
ao = (1,1> = ?/T.’B(t)dt,
B (z, cos(nw))) 2
~ {cos(nw), cos(nwe))) T /T“’(t) cos(nwt) dt,
_ (z,sin(wo)) 2 '
" (sin(nwo), sin(nwe)) T .[r z(t) sin(nwt) dt
forn > 1, and

(f9) = ]}; f(t)g(t)dt.
In our case T'=4 and w = 27 /T = /2, so

b e a4 ()] -

2 [ O nw
By = Z/_gm(t)cos(nwt)dtr -2-/_ltc05 (—2—t) dt

1 1 nmw =1

~2 [Wcos( 3t + Ftﬂsm (%t)]t?l

S [ e ] - [ 0 — =L )

=}
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by = %/-22 z(t) sin(nwt) dt = %/_lltsin (%t) dt
t=1
- % [(mrl/z)2 Sm( 2 t) - t/z R (nz t)L_l
- % [ (n_wl/—ﬁs-m (T;_ﬂ) n 1/2 €08 (n“)) ( (n':rlf2)2 E (n;) " Erl/_Qcos (%))]
4 |, /nm 2 nmw
= () —me=(T):
So, =
z(t) = Z:bn sin (%t) ,
where

4/(nm)?, fn=1,509,...;
2/(nn), if n=2, 6, 10, . .;
—4/(nm)?, fn=3,7,11,.
—2/(nw), ifn=4,812,....

We may also rewrite the summation separating odd and even terms, such that

2(t) = f: ((21'£+—)1];:2 sin (@m) + % sin ((%; 2) ﬂt)) ;

By =

or

Z ( k+ 1f2 V2r? sin((k + 1/2)7t) + %Sin((k + l}ﬂt)) for —2<t<2.
k=0

4. Consider the following basis functions, @1, ¢», and ¢3.

A d1(t)

¢i(t) =1for —2<t <2

-2 =1 1 2 4

¢2(t)
1
¢a2(t) = (1/2)t for —2<t < 2. _ _? J[/
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| #3(t)
. i
b3(t) = (3/8)t% for -2 <t < 2. > 4
-2 -1 1 2 %

(a) Check whether or not the basis functions ¢; for i = 1, 2, 3 are orthogonal with respect to the inner
product

2
(F.9) = ] OO

If they are not orthogonal, obtain an orthogonal set of basis functions that spans the same subspace.

Solution: To check orthogonality, we evaluate the inner products.

2z 2 2
(41,00) = [ et = [ ) (a/2e)ae=3 [Z]tu2=0.

2 2 3qt=2 3 _ o3
(¢1,03) = /_2 b1(t)ps(t) dt = /_2(1)((3/3)t2)dt=% [%] T g [%— ( 32) } =2.

2 2 491t=2
(.80 = [ mom@a= [ (@moem)a=-%|5|  -o

t=—2
Therefore, ¢, is orthogonal to both ¢; and ¢3, but ¢; and ¢3 are not orthogonal to each other.

To orthogonalize the set, we use the Gram-Schmidt’s orthogonalization procedure. In this case,
= ¢ and ¢4 = ¢o, since ¢; and ¢y are already orthogonal to each other. Here, (2 represents
the orthogonal elements.

’ - <Q53:¢2) <¢31¢1>
$3(t) = ¢3(t) — (o, )¢2() @, >¢1()
2
= (3/8)¢> e —1
6/~ O~ T
= (3/8)* - (1/2).
So, the new set of orthogonal functions are
¢i(t) =1,
o(t) = (1/2)¢,

¢3(t) = (3/8)t* — (1/2)

for —2<t<2.
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(b) Find the best representation of the function z, where

z(t)
_ [+, if-2<t<0; /}u
x(t)_{ﬂ, f0<t<2. ‘, -

as a linear combination of the orthogonal basis functions, such that the error based on the associated
norm square, ||0||? = ff2 2 dt, is minimized.

Solution: The minimal error in the associated-norm square sense is obtained when

~ z k@i(t)a
where k; is the ith generalized fourier-series coefficient. In our case,
3
z(t) ~ Y ki (t),
i=1
where ( ¢’)
5=y
il L/ + )W et _ [a/ae +4,7,
(:p ) 4 4
_ (/90 +(0) = (1/4)(=2)* +(=2))] _ 1
4
oy = (2:00) _ (/e +1)(a/2) e [0/12)E + /927,
Ty [5((1/20)((1/2)) at (1/12)83]:=2,
_ [(1/12)(0) + (1/4)(0)%) — ((1/12)(=2)° + (1/4)(=2)*)] _ -1/3 _ 1
[((1/12)(2)%) - ((1/12)(-2)%)] 43 4

_ (=) _ [o((/2)t+1)((3/8)2 - (1/2)) dt
(¢5,05)  [2,((3/8)t2 — (1/2)) ((3/8)t2 — (1/2)) dt
(8764t + (1/8) — (1/8)¢2 — (1/2)t] =,
T [(9/320085 — (1/8)3 + (1/4))i22,
[((3/64)(0)4 + (1/8)(0)* — (1/8)(0)% — (1/2)(0)) ]
— ((3/64)(—2)* + (1/8)(~2)® — (1/8)(=2)% — (1/2)(-2))

[ ((9/320)(2)° — (1/8)(2)® + (1/4)(2))
— ((9/320)(—2)° — (1/8)(—2)* + (1/4)(-2))

_ClA__ 5
T o4/5 16
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Therefore,

z(t) ~ (%) (1) = G:) ((1/2)t) = (%) ((3/8)t2 = (1/2)) for 2 <t <2



