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1. For the following functions, h and z, determine and plot the convolution function (h * ).

t+1, if-1<t<0;

ht) =< —t+1, f0<t<1;
0, elsewhere.
=% =3
I aftZi:
m(t)_{o, if t > 0. P
=2 =1
2. Consider the following function x(t), where —1 <t < 1.
z(t)
1
z(t) = cos((n/2)t) for -1 <t < 1. :

-2 -1 1

(a) Determine the trigonometric fourier-series of x(t) for —1 <t < 1.
(b) Determine and sketch its single-sided frequency representation.
(¢) Determine the complex-exponential fourier-series of z(t) for —1 <t < 1.

(d) Determine and sketch its double-sided frequency representation.
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HinT: The following indefinite integrals may be useful.

¢ . ¢
[ cos{wr)dr = S—-—m(wt)A f sin(wr)dr = _c_-ns(wt)'
w W
}# g _ t  sin(2wt) b _ t _ sin(2wt)
/ cos” (wr)dr = §+ T [ sin”(wr)dr = 3 =
¢ i L Sin((uﬂ - wz)t) sin((u.n - wg]t)
/ cos(w1T) cos(war)dr = D= ) S T w5) for |wi] # |wal.
¢ == t ) t
/ cos(wy7)sin(wer)dr = _0052(&:1 ;2)) J - 0052((5:1:;2)) ) for |wi| # |wal.
t at = t ol o (wi
[ e cos(wr)dr = e (a cosf:;tl::) sm(wt)J. / e sin(wr)dr = e (a Hm(::l ..:; s o )),
3. Determine the fourier transform of z(t) for —oo < ¢ < o0, where
x(t)
1
2(t) = cos((m/2)t), f —-1<t<1;
0, elsewhere.
-2 -1 1 2 t
|
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1. For the following functions, h and z, determine and plot the convolution function (h x z).

h(t)
t+1, if-1<t<0; A

hit)y=< —t+1, if0<t<];
0, elsewhere.
-2 -1 1 2 i
* 4
x(t)
1, ift < 0; L
""(t)‘{o, if £ > 0. i
-2 -1 1 2 i
-1

Solution: We may use either the graphical method or the analytical method to determine the convolu-

tion. However, in this case, the graphical method is simpler.
o0

(h*x)(t) = /‘00 h(t — 7)z(r)dr = /_ h(r)z(t —7)dr.

—00
Using the second expression in the definition of the convolution, we first obtain x(t — 7) along with

h(T).
z(t —7) h(T)
s A
t '-7_‘ ~1 U 1 T
Then, integrate the product of z(t — 7) and h(7) for different values of t.
We get
(hxz)(t) = / h(t)z(t — 7)dr :
1 /\\
t -1 0 1 T

=/ h(r)(1)dr =1,
-1

from the area of the triangle, when ¢ < —1.
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Next,

o0 1
(hxz)(t) = / h(T)z(t —7)dr = /: h(r)(1) dr

—a

:/to(-r-l-l)(l) d'r+/01(—7'+1)(1) dr

) [%2+T]T_o+% lr:
L -1¢ 0 1 B
[(F+0)-($)]
t2 1
=cc=ths,

when —1 <t <0.

Then,

oo 1
(hxz)(t) = / h(rt)z(t —7)dr = /t h(T)(1) dr

—00

:_/tl(_T-H)(l)dT: [_%+T]:=1

when 0 <t < 1.

Finally,

(h*z)(t)z/_Zh(r)m[t—‘r)d'r':(}, /\l -

when 1 < t.

Therefore,
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1, ift <-1;
- —t2/2—-t+1/2, f-1<t<0;
(h*:r)(t)— t2/2—-t+1/2, f0<t<];
0, ifl<t.

2. Consider the following function z(t), where —1 <t < 1.

—

z(t) = cos((m/2)t) for —1 <t < 1.

Spring 2007 3/8

(a) Determine the trigonometric fourier-series of z(t) for —1 <t < 1.

Solution:

The trigonometric fourier-series of z is in the form of an infinite sum, such that

o0
= Z an cos(nwt) + by sin(nwt)),

where

(3: 1> 1
ag = (1,1) ?/T:r(t}dt,

= ('T: COS(Rw(-))) B E

Qn = <cos(ﬂw(-)), cos(nw(.JD =T f;;:u"(t} cos(nwt) dt
= (z, sin(nw)) .2 .
- (sin(nwt-l), Sin(nwL-J» =7 [I"f(t) sin(nwt) dt

for n > 1, and

(Ia)= /Tf(t)g{t)dt.
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In our case T'=2 and w = 27/T =7, so

i 1 sin((m -
%=%[ﬁm&=%[ﬁ“W”m“=%Li%gmel

zguﬂﬂﬂﬁ@g_(gﬂﬂﬂjﬁﬂzz
2 /2 /2 m

2(m/2 —nn) 2(m/2 + nm)

2
2
_ lsin((ﬂ'/2 — nm)t) £ sin((m/2 + nm)t) ] t=1

sin((7/2 —nw)(1)) = sin((7/2 + mr)(_l))
2(w/2 — nw) 2(w/2 + nw)

B sin((r/2 — nm)(—1)) = sin((7/2 + nr)(-1))
2(w/2 — nr) 2(7/2 + nmw)
_ 2sin((m/2 —n7)) | 2sin((r/2+nw)) (=1)» (=1)7

(71'/2~—mr) 2Ar/2+nw)  (1-=2n)(x/2)  (1+2n)(x/2)

= (=12 1 1 ___ng 2 — (_1\n 4/m
=1 (1—2n+1+2n)_( 2 :rr(l—rin2 =(=1) (1—4n

and
9 [l . 1
by = 5]:{::@) sin(nwt) dt = .[-1 cos((m/2)t) sin(nmt) dt
B _cos((?r/2 —nm)t)  cos((m/2+ nm)t) -
h 2(w/2 — nm) 2(m/2+ nm) .
B _cos((:fr/2 - mr)(l)) B cos((ﬂ'/2 -+ n‘n’)(l))
h 2(w/2 — nm) 2(w/2 + nm)
cos((7/2 —nm)(=1)) cos((w/2+n7)(=1)) \| _ 5
"\ 2m/2=nm)  2(x/2+nm) S
So,

2 = (=14
1 P =1 <t<1.
z(t) =L E T cos(nmt) for -1 <t <1

n=1
(b) Determine and sketch its single-sided frequency representation.

Solution: Since the trigonometric fourier-series of z(t) is

s R 1)ﬂ4
=— t
7|-+ E 1_ cosmr)

n=1

4/8
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we can determine its single-sided frequency representation from the magnitudes and phases of
the cosine-term coefficients. Here, since all the sine terms have zero coefficients, we don't have
the extra step of combining the cosine and sine terms with the same frequencies into single
cosine terms with phase angles. However, negative cosine-coefficients give an additional phase
angle of , since

— cos(wt) = cos(wt + ).
In our case, the coefficient is negative for an even positive integer n. Therefore,
2/m ifn=0;
X —_ L] )
I (w)lw:““ {4/([1 —4n?|7), if nis a positive integer.

LX (w l = { 0, ifn=0ornisan odd positive integer;

w=nm m, if nis an even positive integer.

| X ()|

0 ® 27 3n 4m bm 67 w

£X(w)

+ T

m 27 3w 4w 57w 6w w

(¢) Determine the complex-exponential fourier-series of z(t) for —1 <t < 1.

Solution: The complex-exponential fourier-series of z(t) is given by

o0

= Y @™,

n=-oco
where w = 27 /T and

en = %Am(t)e‘j“w‘dt.
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In our case; T' = 2, w = 27/2 = m, and

1 ;
= = —jnwt
Cn T-/;a:(t)e dt

l y
cos( 7/2)t)e It dt

N‘.\ll—n

t=1

e 5'"“"‘ Jnucos((w/Q)) (7r/2)sin((7r/2)t))
(—jnw)? + (7/2)?

t=-1

’(e _;.-nu(l _jwcos((,,/g)(n) + (m/2) sin((7/2)(1)) ))

(—gnw)? + (m/2)?

e‘f"“"('”(—-jnw cos((m/2)(—1)) + (r/2) sin((‘rr/2)(—1)))
(—jnw)? + (7/2)?

(e - ()

T2 |\ n2r2 w24 |\ —n2r? 4 n2/4

- (5) (st ) (o) = 12 (25520 = P costom

4/ \n?/4 — n2x2? 1 —4n? 2

Since cos(nw) = (—1)", the complex-exponential fourier-series of x(t) is

() = Z (1 1)1122) et for — 1<t < 1.

(d) Determine and sketch its double-sided frequency representation.

Solution: Since the complex-exponential fourier-series of x(t) is
o0
(_1)n2 nmt
$)= ™,
2(®) _Z: (1—4n?)w '
n=—oc

we can determine its double-sided frequency representation from the magnitudes and phases of
the complex coefficients. Since the term (1 — 4n?) is negative except for n = 0, we get

2 ;
IX("“')L:M = H—Tgkr for all integer n, and
|0, ifn=0ornisan odd integer;
éX(w)L:mr N {W, if n # 0 and n is an even integer.
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A | X (w)]

2

™

—6r—bmr—dr=3r—-2r —w 0 7 27 3 4dn 5w 67 w

| £X(w)

+ T

—b6m —57 —dmw —37 -27 -7 ® 27 3m 4n bHw 6w w

3. Determine the fourier transform of z(¢) for —oo <t < o0, where

o(t) = {“"S(W/'Z)fi), if-1<t<1;

0, elsewhere.

7/8
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Solution: The fourier transform of z is

1

F[z](w) = [Z:x;(t)e'jm dt = / cos((m/2)t)e 7« dt

-1

et (—gwcos{(m/2)) + (a/2sin{(r/2)) ]
a (=jw)? + (m/2)? t==1

B [ e=iw(1) (—jwcos((w/?)(l)) +(n/2) sin((w/ﬂ)(l)))]

—w? + 2[4

) [elw(1)(—jwcos((7r/2)(-l)) - (w/:a)sm((«/z)(m)}

—w? +72/4
— e (m/2) el (—w/2) _ @ | gmiw
= ——W2+?T2/4 - _w2_+_7r2/4 _?1_2_40)2( B ),
or .
F [x](w} = cos(w).

8/8



