
Mathematics 325 Final Exam Spring 2002 

This examination consists of 7 problems of equal value. You have 
the option of making this exam count either 200 or 300 points. Before 
turning in this exam paper, please indicate clearly your selection below. 

I want this examination to count ----- points- N~~~:BL&-H ----------- 

1. Consider the partial differential equation 

( * )  j z  ux + 2xyu = 0 . 
Y 

(a) What are the order (first, second, third, etc.) and type (linear or 
nonlinear) of ( * I ?  

(b) Find and sketch the graphs of three of the characteristic curves of 
( * I .  

(c) Find the general solution of ( * ) .  

(dl What is the solution to ( * )  satisfying u(0,y) = y3 for -m < y < m? 

2. Consider the partial differential equation 
( *  u - 4uxt + 4utt = 0. 

X X  

(a) Classify (*)'s order (first, second, third, etc.) and type (linear, 
nonlinear, hyperbolic, elliptic, etc.). 
(b) Find the general solution of ( * )  in the xt-plane. 
(c) Find the solution of (* )  that satisfies 

u(x,O) = 4x3 and u (x,O) = -4x 
2 

t 
for - m <  x < m. 

3. Find a solution to 
ut - U  = O  for -w < x < w a n d  0 < t < m, 

X X  

which satisfies u(x,O) = x4 for -m < x < m. You may find the following 
identities useful: 

4. (a) If f is an absolutely integrable function and b is a real number, 
show that the function g(x) = f(x-b) has Fourier transform 

= e -ifb - f  ( $ 1 .  
(b) Use Fourier transform methods to find a formula for the solution 

svbject to the initial condition u(x,O) = # ( X I  for -m < x < m. 

5. (a) Find a solution to@ 
u - u  = O  f o r O < x < l , O < t < m ,  
tt X X  

subject to 
- uxtO,t) = u (1,t) = 0 for t 2 0, 

X 

and 0 
u(x,O) cos(3nx) + ~ c o s ( ~ x ) ,  ut(x,O) 0 for 0 d x 5 1. 

( b )  Show that there is only one solution to the problem in (a). 



6. Consider the En-periodic function f given on one period by f(x) = 1x1 
if -n I x < n. 

(a) Calculate the full Fourier series of f on C-n,nl. 
( b )  Write the sum of the first three nonzero terms of the full Fourier 

series of f and sketch the graph of this sum on C-n,nl. On the same 
coordinate axes, .sketch the graph of f. 

(c) Does the full Fourier series of f converge to f in the mean square 
sense on C-n,nl? Why? 

(dl Does the full Fourier series of f converge to f pointwise on 
C-n,nl? Why? 

(el Does the full Fourier series of f converge to f uniformly on 
C-n,nl? Why? 

Q) 

I: 1 
(f) Use the results above to help find the sum 

k=o (2k+l) 
2 

C 
1 

(g) Use the results above to help find the sum 

k=o (2k+l)  4 

7. Find the steady-state temperature distribution inside an annular 
plate with inner radius 1 and outer radius 2 if the inner edge r = 1 is 
insulated and on the outer edge r = 2 the temperature is maintained as 
181 for -n 5 8 < n. (Hint: You should find the results of problem 6 
useful. ) 



A Brief Table of Fourier Transforms 

if -b < x  < b, 

otherwise. 

I :  if c < x < d ,  

otherwise. 

if O < x s b ,  
if b  < x  < 2b, 
otherwise. 

if x > 0, 

otherwise. 

(a > 0) 

if b < x < c ,  

otherwise. 

if -b < x  < b, 

otherwise. 

if c < x < d ,  

otherwise. CZ;; a - c  

sin (ax) 
(a > 0) 

X 



X" + M = 0 in (a, b) with any symmetric BC. ( 1  

Now let/(x) be any function defined on a 5 x 5 b. Consider the Fourier series 
for the problem ( 1) with any given boundary conditions that are symmetric. We 
now state a convergence theorem for each of the three modes of convergence. 
They are partly proved in the next section. 

Theorem 2. Uniform Convergence The Fourier series 2 AnXn(x) converges 
to f(x) uniformly on [a, b] provided that 

(i) /(x), /'(x), andf"(x) exist and are continuous for a 5 x 5 b and 
(ii) /(x) satisfies the given boundary conditions. 

Theorem 3. LZ Convergence The Fourier series converges to /(x) in the 
mean-square sense in (a, b) provided only thatf(x) is any function for which 

[ lf(x)12 dr is finite. (8) 

Theorem 4. Polntwise Convergence of Classical FourIer Series 
(i) The classical Fourier series (full or sine or cosine) converges tof(x) 

pointwise on (a, b), provided thatf(x) is a continuous function on 
a 5 x 5 b and/'(x) is piecewise continuous on a x S b. 

(ii) More generally, iff(x) itself is only piecewise continuous on a 5 x s b 
and f (x) is also piecewise continuous on a s x S b, then the classical 
Fourier series converges at every point x (-03 < x < 03). The sum is 

AnXn(x) = $[f(x+) +Ax-)] for all a < x < b. (9)  
n 

The sum is 3 [/,,(x+) + U x - ) ]  for all - 03 < x < 03, where f-(x) is 
the extended function (periodic, odd periodic, or even periodic). 

Theorem 403. Iff(x) is a function of period 21 on the line for which/(x) and 
f(x) are piecewise continuous, then the classical full Fourier series converges to 
+[/(x+) +f(x-)] for -03 < X < 03. 
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A - LJ% - C ~ S  

lo)= I $ti)= AX = f (~-&)e  dx L.t y =  x-b. 
G- = -4 6 d3=dz-. 
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