Mathematics 325 Final Exam Name: “Dr. G—row
Summer 2008

1.(25 pts.) (a) Solve the equation cos(x)u, + ysin(x)u, =0 subject to u(0,y)=¢" " for —o < y <o,
(b) In which region of the xy - plane is the solution uniquely determined?
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2.(25 pts.) Consider the partial differential equation u,, —3u, —4u , =0.

(a) Classify its order and type (linear, nonlinear, homogeneous, mhomogeneous parabolic, etc.).
(b) Find, if possible, its general solution in the xy — plane.

(c) Find, if possible, its solution which satisfies u(x,0)= P anci u,(x, 0) = -3x? if =0 <x <.
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3.(25 pts.) A homogeneous solid material occupying D = {(x, y,2)eR’: 4<x?+y*+22 < 100} is

completely insulated and its initial temperature at position (x,y,z) in D is 200/ \/xz +yt 427,
(a) Write (without proof or derivation) the partial differential equation and initial/boundary conditions
that completely govern the temperature u(x, y,z,¢) at position (x, y,z) in D and time 2 0.

(b) Use Gauss’ divergence theorem to help show that the heat energy H (¢)= I I jcpu (x,,2,6)dV of
D
the material in D at time ¢ is a constant function of time. Here ¢ and p denote the (constant) specific

heat and mass density, respectively, of the material in D.
Bonus (10 pts.). Compute the (constant) steady-state temperature that the matenal in D reaches after a

long time.
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4.(25 pts. ) Use Fourier transform methods to find a solution to

Cug +u, @y for —o<x<mw, 0<y<wm, ‘
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0 otherwise,
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525 pts.) Solve V’u=0 inthe cube 0<x <1, 0<y <1, 0<z<1 giventhat u satisfies the -

inhomogeneous D!gchle t condition u(x,0, z)®4 sin? (7 x)sin (n'z) if 0< x<1,0<z<1], and u_
satisfies homogeneous Neumann boundary conditions on the other five faces. (Hint: You may find the
identity 2sin“(8) = - cos(20) useful.) -

] 1.{ }o heve

Ne auk uMAMwagﬂﬂ w wixy,3)= SNy Z(z) L ﬂbW&mﬁu
1%@4&% : 0-0-0-@ -©-©. AMU:-}aM@ Leadsy 1o

X(s)ﬁ,)i(z)-f X(%)I(yJZ(aH XCx)ﬁ,,Z@)-o = X&) _ f_g_ Z@) _ )\
lx) Ty 2e) d

wd B B - %ﬁf%ﬁ—k = o Adobibdiy i 6,680, A® oL
Mma,#bmm@t«m)“ X\ y) Az) 4 MMDW%MM&W

X'ey=0=X"1), 201 0= 2, awd T'0)=0. JM

"”(r)+ \eyzo, Fle=o=¥ly, ¢ . [
Oy A '@+ p )=, Z0)=0=21), 7 i b ke
‘ Y'iv)—é\w)'ﬁg) =0 , YW=0., 9 b bo hece

Gl g, pedn v i, T B (83 . ol

1\1 = Ulﬂ)"} 'X_;(;q: ao(f.rx) u: o,1,2,... ) bz gl bhece |

o= () 2 (3)= wome) (meo,n,.) 15 gk e

| /L‘Wﬂ ,\+/~-— /\+/u —-1"(14-!“‘) mﬂommﬂaﬁu‘lﬁme&w)“g
opte applyy B BE. splde vﬂ, (y) = wk(wcg-umm) Ao o cotnd fotin

}o heve. .
(9 ps. ul(>y,2) = Z: Z: A cw(ﬂﬂx)wcmn)mk(nw MW )
Yo hece . 20 m=p

mwm b 0-0-O-0-©-O 1‘” o mﬁm‘t Ay,
(over)



Z:. E A M’v("ﬂ' Lem )m(lvx)a?@\wa) = u.(x/o);g)

ﬂom:o

= 4 ()G (T )

. = [| ..u,(wx)“l—c»(“%)]-

| - eo(snx) — e (2 24 ,w(urx)m(zm—)

'Mmﬁﬁlak,»Dé'}‘:;éla‘.Qog_;él’. o"‘%,.ﬁkﬂk” !‘! !

A‘o;o-g ! . | A°)° =
A ekl = - ‘ ’
%0 | = A = e = Ao_&
20 : /

A eoa&(—m): -1 | ¢ b (aw)

22 . >2 ' ~ - :

o -ce o ] A = —L—
Ai_‘tmk(—zmﬁ')= { on codh (20T

1

S wlyyr) = |- ek (#Ry-1) _ enlewn)eashex ) |

cé(m)m@“*)‘l”u%-a)l

o heve, . "’l‘(")  eadh(aw) enh(27iz)

pobues ©-0-© -0 .



;) | o oy o
6.(25 pts.) (a) Show that the full Fourier series of f(x)=x’~x on[-1,1]is le( lz S‘;("”x).
‘ : ¢ n=l n

7 (b) Show that the full Fourier series of f converges ‘unviformly to f on[-1,1].

7 (c) Use the results above to help compute the sum of the series Z (2(k 1)1)
k=0

5 (d) Use Parseval’s identity and the results above tobhelp compute, the sum of the series ZL

() Tla j«aww-ﬁfm a+ 7:."[0L w(»f%)+£h<ﬂ><)] -..&\.,
5,4 3

= (x—x)&x =0,

\ \?*r 4; =
tohece . <L' 17 2— OA "’\

o ' |
pts. A= <$’ w(“')z_ S (x —x)m(uwx')&x =0 ﬁw n=l,17),... y
fo hece . : Lemare.) entan .)} w | v o

‘ . ,—..A——\ ,—.A——'U .

3 ks, L = w ‘S(x -x)smﬁwx)cbc = S (¢ -x){-@ﬂr-)A)‘- =
HX:«. N o) ol ‘7 , — ) o

)

Q ‘7{3, }o here

b) J{“M’bww fv\)#biuﬂ %MW‘B fo (1) m

T = { 1, ot 5l em(em) m(3md), } il s ir B eompllle 1ot

66 ,g,,t,,,m#ﬂ,,m X6 = NE(x) Mrwo&ow

cmddwdy Z()=Z(-1) | E(')"'&(—s) Jhw‘w fer= Xom X po

M(“M“)Bc" . (over)

' |'v a.v— LAY {—ouvt . | 70 B n
R L X (wxmo\ . o9y = 26
oY =l ) oy

4 phs. bhes ° A o ' /srz)" I
s e = | (ZsEA) - 3exﬂzﬂax\
o) :;S@,.%w-,« | - e



Wm[-llq MMW fix)=3xz—l . | f’(x) bx

3 phs. fohece, whiclh e ol tonbimuouy) on [-1, 1] . MM)CW&W«/
5 k. Yo hece BL'smbi,]: Fl)=o0=fC) ek Fly=2=£(). Jﬁwjow
Tphs. 4o heve, Jheorewn 2, (ow Ke "WJM"M b s srann ) ;»ﬂu Mk
m?mng oX f Wﬁf%m [-1,3.
. =) = = l’(—';ﬁ;{wxs ' lex <
‘40"&;“. () xox =5l ?:—} o) #L 4& X l - Ak
P X= /7« M ﬂ” M ﬁ M n | )
t:o hece a()
2 L = ! 7’(") “"'(“T/z) I !
8 - ( ) ‘ ’ E (uﬂ-)!» | 2| o
. | N
= b Iz ('-g ) ‘”_((lh‘"k/t) + o
o kheo  (@ROTY
o o v A el e
= -3 = - 12(=1) ,_h,‘ .
o | ® kZ_ (Lhm)ﬂ3 T
= | = N L
S ph o here _3.; k n\( ) (m)a

b
Bv@mdau&u&ta |a|j11x + (\a\ ('n(-m‘)dx+ |L|Jﬁ.\@wx)h)~
’”e" jlfeﬂ)\*x Wﬁ”%mmw Z.]

!

| _%Wx J it

u-él)

em’

js»(m)olx - (1--c.,@m>\o\x- L ad j - ,.j -2

©

3 2 1
= * dx = af = —2’."—4—?_‘.)
= S (x—zx-b-x)x (3 =+ 5
o]
s iy }6’
‘Nb H.':|h : h=

r L
=

\

{ 2
3 Ex lo.S' 7““}

2(
._uf
Iz



7.25 pts ) Solve
U ~u,=01n. -1<x<], 0<t<o, .
subject to the boundary conditions ® O
u(L)=u(- lt)andu(lt) u (-1 if t 20,
and the initial condition
u(x, O)C‘Ex3 x if —-1<x<1.
(Hint: You may find the results of problem 6 useful.)

Bonus (10 pts.). Show that the solution to the problem above is unique.
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8.(25 pts ) (a) Solve Viu=0 1n51de the unit dlSk sub]ect to the boundary condltlon

1 if 0<O<n,
u,@)=<-1 if -7<0<0,

0 if #=0or7.

s (b) What is the value of the solution to part (a) at the center of the disk? Support your answer.
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A Brief Table of Fourier Transforms

1 if -b < x < b,
0 otherwise.

1 if ¢ « x < d,
0 otherwise.

1
(a > 0)
2
X“ + a
X if 0 < x = b,
{ 2b -~ x if b < x < 2b,
0 - otherwise.

e X if x > 0,
0 otherwise.

(a > 0)

e if b <« x < ¢,

0 otherwise.

{ et3X if -b < x < b,

0 otherwise.
et3X if ¢ « x < 4,
0 otherwise.
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X" + AX =0 in (a, b) with any symmetric BC. 1)

Now let f(x) be any function defined on a < x < b. Consider the Fourier series
for the problem (1) with any given boundary conditions that are symmetric. We
now state a convergence theorem for each of the three modes of convergence.
They are partly proved in the next section.

Theorem 2. Uniform Convergence The Fourier series T 4, X,(x) converges
to f(x) uniformly on [a, b] provided that
() f(x),f(x), and f”(x) exist and are continuous for 2 = x = b and

(i) f(x) satisfies the given boundary conditions.

Theorem 3. L2 Convergence The Fourier series converges to f(x) in the
mean-square sense in (a, b) provided only that f(x) is any function for which

b
f 1/(x)|? dx is finite. 8)

Theorem 4. Pointwise Convergence of Classical Fourier Series
(i) The classical Fourier series (full or sine or cosine) converges to f(x)
pointwise on (q, b), provided that f(x) is a continuous function on

a =< x =< band f'(x) is piecewise continuous on a < x < b.
(ii) More generally, if f(x) itself is only piecewise continuousona < x < b
and f7(x) is also piecewise continuous on a = x =< b, then the classical
Fourier series converges at every. point x (—® < x < ®), The sum is

Y A X (x) =4[ f(x+) + f(x=)] forala<x<b. (9)

Thesumis [ Jexd(x+) + foq(x—)] forall — < x < @, where f,(x) is
the extended function (periodic, odd periodic, or even periodic).

Theorem 4x. Iff(x) is a function of period 2/ on the line for which f(x) and
[*(x)are piecewise continuous, then the classical full Fourier series convergesto
L[/ (x+) + f(x=)] for =0 < x <o,
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