
Mathematics 325 Final Exam Name: ';Pz. G~1.o*r 
Summer 2008 

1.(25 pts.) (a) Solve the equation cos(x)u, + ysin(x)uy = 0 subject to u(0, y) = e-Y' for - m < y < oo. 

(b) In which region of the xy - plane is the solution uniquely determined? 



2.(25 pts.) Consider the partial differential equation u, - 324, - 4uw = 0. 
(a) Classify 'its order and type (linear, nonlinear, homogeneous,~inhomog~~&us, parabolic, etc.) 
(b) Find, if possible, its general solution in the xy - plane. 
(c) Find, if possible, its solution which satisfies u(x,O) = 2 and u,(x, 0) = -3x2 if -a < x < m. 
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3.(25 pts.) A homogeneous solid material occupying D = ((x, y,r) E 8' : 4 S x2 + y2 + z2 < 100) is 

completely insulated and its initial temperature at position (x, y, I) in D is ZOO/,/-. 

(a) Write (without proof or derivation) the partial differential equation and initialhoundary conditions 
that completely govern the temperature u ( x ,  y, z,t) at position (x, y, z) in D and time t 2 0. 

(b) Use Gauss' divergence theorem to help show that the heat energy H (I) = I k p ( x ,  y , r , t ) d ~  of 
D 

the material in D at time t is a constant h c t i o n  of time. Here c and p denote the (constant) specific 
heat and mass density, respectively, of the material in D. 
Bonus (10 pts.). Compute the (constant) steady-state temperature that the material in D reaches after a 
long time. 



4.(25 pts.) Use Fourier transform methods to find a solution to 
<+u,Qo for - m < x < m , O < . y < m ,  ' 

which satisfies 
1 . .  

and 6 lim u(x, y )  = 0 for each x b (*, qo).& . 
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5.(25 pts.) Solve V'U = 0 in the cube 0 < x < 1, 0 < y < 1, 0 < z < 1 given that u satisfies the + 

@ inhomogeneous ~iriehiet condition u(x, 0, z )  - 4 sin2 ((nx) sin2 (nz )  if  0 < x 5 1, 0 2 z i 1. and u 
Neumann boundary conditions on the other five faces. (Hint: You may find the 
cos(29) use l l . )  
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6.(25 pts.) (a) Show that the full Fourier series of f (x) = x3 - x on [-I,\] is 

n=1 Ow3 
7 (b) Show that the full Fourier series of f converges uniformly to f on [-I, 11. 

. " 
5 (c) Use the results above to help compute the sum of the series 

k=O (2 k + ' 

5 (d) Use Parseval's identity and the results above to help compute the sum of the series 4. 
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7.(25 pts.). Solve 0 

u,-u,=O in - l < x c l ,  O<t<oo, 
subject to the boundary conditions 

0 @ u(1,t) = u(-1,t) and u,(l,t) = u,(-l,t) if t 2 0, 
and the initial condition 

(Hint: You may find the results of problem 6 uSeM.) a .  . 

Bonus (10 pts.). Show that the solution to the above is unique. 
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8.(25 pts.) (a) Solve V2u = 0 inside the unit disk, subject to the boundary copdition . . 
( 1  if O<B<n, 

; (b) What is the value of the solution to part (a) at the center of the disk? Support your answer. 
. -H- 



A Brief Table of Fourier Transforms 

if -b < x  < b, 

otherwise. 

if c < x < d ,  

otherwise. 

if 0 < x s b ,  
D. if b < x  < 2b, 

otherwise. 

if b < x < c, 
F. 

otherwise. 

i f  c < x < d ,  
H. 

otherwise. 
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J. (a  > 0 )  

X 



X" + AX = 0 in (a, b) with any symmetric BC. 

Now let f(x) be any function defined on a 5 x 5 b. Consider the Fourier series 
for the problem (1) with any given boundary conditions that are symmetric. We 
now state a convergence theorem for each of the three modes of convergence. 
They are partly proved in the next section. 

Theorem 2. Uniform Convergence The Fourier series Z AnXn(x) converges 
to f(x) uniformly on [a, b] provided that 

(i) f(x), f'(x), andf"(x) exist and are continuous for a 5 x 5 b and 
(ii) f(x) satisfies the given boundary conditions. 

Theorem 3. L2 Convergence The Fourier series converges to f(x) in the 
mean-square sense in (a, b) provided only that f(x) is any function for which 

C b  l/(x)l2 dr is finite. 

Theorem 4. Pointwise Convergence of Classical Fourier Series 
(i) The classical Fourier series (full or sine or cosine) converges to f(x) 

pointwise on (a, b), provided that f(x) is a continuous function on 
a 5 x 5 b andf'(x) is piecewise continuous on a S x S b. 

(ii) More generally, iff(x) itself is only piecewise continuous on a s x s b 
andf'(x) is also piecewise continuous on a 5 x 5 b, then the classical 
Fourier series converges at every point x (-03 < x < 03). The sum is 

~ A , X , ( x ) = ; I [ f ( x + ) + f ( x - ) I  fo ra l l a<x<b .  (9) 
n 

The sum is ;I [ f&(x+) + f,(x-)] for all -03 < x < 03, where f*(x) is 
the extended function (periodic, odd periodic, or even peridc). 

Theorem 4w. Iff (x) is a function of period 21 on the line for which f (x) and 
f (x) are piecewise continuous, then the classical full Fourier series converges to 
$[ f(x+) +f(x-)I for -" < x < ". 




