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" t 21-1)" sin(nxx) 
l.(4Bpts.) (a) Show that the full Fourier series of f ( x )  = x3- x on [-1,1] is 

g n=i (m)'~ 

5 (b) On the same coordinate axes, sketch the graph of f and the sum of the first three nonzero terms of 
the full Fburierseriesof f on [-1,1):' > I  

i (c) Discuss the L2 -convergence, or lack thereof, for the full Fourier series of / on [-1 ,I]. 
a (d) Discuss the pointwise convergence, or lack thereof, for the full Fourier series of f on [-I, 11, 
7 (e) Discuss the uniform convergence, or lack thereof, for the full Fourier series of f on [-1,1]. 

" ( - I )~  
5 (f) Use the results a b e  to help compute the brn of the series 

k = o  (2k + 1)3 ' 
- I 

i (g)  Use the results above tohelp compute the sum 0f:the series z- 
-6' 





Please recall that the Laplacim of u in polar coordinates is v2u = while in 

spherical coordinates it is V'U 
1 aZu 

2.(30 pts.) Let 0 < a < h < a. Salve V'U = 1 in R : a2 < x2 + y2 + z' < b2 subject to u = 0 on an, 



3.(30 pts.) Solve V2v = 0 in the cube 0 < i < 1, -0 <:j < I, 0 z < 1 given that u satipfies the 
inhomogeneous Dirichlet condition u(x,O,z) = 4sin'(nx)sin2(nr) if 0 5 x 5 1, 0 5 2 5 1, and u 
htisfies homogeneous Neumanq bauo'dary c&ndi@oos on the other f i ie  faces. Hint: You may h d  the 
', I I '  . .  . 8 :  - 

' . ,  I .  

identity' 2sin2(B) =I-ws(20) &M. , .. -- . , . , ,  





0 - pts.). Solve u, - u = 0 m - 1 < x < 1, 0 < t < m, subject to the boundary conditions 
@ 3 and u,(l,r)aT(-l,r) if t 2.0, and the initial condition u(x,O) - x - x  if - 1 5 x 5 1 , 

Furthermore, show that this solution is unique. Hint: You may find the results of problem 1 useful. 





X u  + M - 0 in (a, b) with any symmetric BC. 

Now let f ( x )  be any function defined on a 5 x 5 b. Consider the Fourier serin 
for the problem ( 1) with any given boundary conditions that are symmetric. We 
now state a convergence theorem for each of the three modes of convergence. 
They are ~ l y  proved in the next d o n .  

fheorem 2. Uniform Convergence The Fourier series 1 A, XAx) con verges 
to f (x)  uniformly on [a, b ]  provided thar 

(i) f(x) ,  f'(x), andp(x) exist and are continuous for a 5 x 5 b and 
(ii) f ( x )  satisfies the pven boundary conditions. 

neorern 3. L2 Convergence The Fourier series converges to {(x)  in the 
man-square a n s e  in (a,  6) provided only that f (x )  is any function for which 

[/(r)12 d* is finite. 

Theorem 4. Pointwise Convergence of Classfa Fourier krfes 
) Theclassical Fourier series (ful1orsineorcosine)convergesto f (x)  

pointwise on (a, b), provided that f (x )  is a cootinuous function on 
a 5 x 5 b and f ( x )  is piecewise continuous on a 5 x s 6. 

Iii) More generally, irf(x) itself is only piemwise continuous on a I x I b 
and J'(x) is also piecewise continuous on a 5 x 5 by then the c h i d  
Fourier series converges at every point x (--m < x ( m). The sum is 

A, X,(x) = $ [ f ( x  +) + f ( x  -)I for all a < x < b. (9) 
n 

The sum is 4 [ f d x  -t) + f,(x-)] for an- < x < 03, where f d x )  is 
the extended function (pridic ,  odd periodic, or even wriodicl. 

Theorem 400. I f  f(x) is a function of period 21 on tbe line for wbich f ( x )  and 
f (x) are piecewise continuous, then the classical fuU Fourier series converges to  
41 f ( x + )  + f i x - ) ]  for -m  < x < a .  


