Mathematics 325 ° Exam Il =~ Name: Dr. Gmy
Smer 2008

‘140 pts.) (a) Show that the full Fourier series of f(x)=x"~x on[-1,1]is Z 12(_13 51;13("73 x).
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graph of f and the sum of the first three nonzero terms of

5 (b) On the same coordinate axes, sketch the
the full Fourier series of f on[-1,1},

< (c) Discuss the I? —convergence, or lack thereof, for the full Fourier series of f on [-1,1].

§ (d) Discuss the pointwise convergence, or lack thereof, for the full Fourier series of f on [-1,1].

7 (e} Discuss the uniform convergence, or lack thereof, for the full Fourier series of f on [-1,1].
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Please recall that the Laplacian of u in polar coordinates is Vu = ——

o ou &u _
o rEJ-I.?F while in
2
spherical coordinates it is V’u = ~1-2—£[r2 %]+ 5 ,1 o sin(¢)-5£ +% 0 af i
reor\ or) risin(¢)o¢ o¢ ) rsin* (@) 06°

2.(30pts.) Let 0<a<h<wo. Solve Viu=1in R: @’ <x*+y* +z% <b’ subjectto u =0 on R,
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3.(30 pts.) Solve Vi =0 inthe cube 0<x <1, 0 <y<l, 0<z <l given that u satisfies the
inhomogeneous Dirichlet condition (x,0,2) = 4sin’(rx)sin’*(#z) if 0<x<1, 0<2<], and u
-satisfies homogeneous Neumann boundary conditions on the other five faces. Hint: You may find the

f

- identity 2sin’(8) =1-cos(26) useful. -
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Bonusé?yo pts.). Solve u, ~u @0 in —-1<x<1, 0<f <o, subject to the boundary conditions
u(1,0) S u(-1,1) and u_(1,0)="u_(-1,1) if £ >0, and the initial condition u(x,0*x’ —x if -1<x<]1.
Furthermore, show that this solution s unique. Hint: You may find the results of problem 1 useful,
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X" + JX =0 in {a, b) with any symmetric BC. 1))

Now let f{x) be any function defined on a < x < b. Consider the Fourier series
for the problem (1) with any given boundary conditions that are symmetric. We
now state a convergence theorem for each of the three modes of convergence.
They are partly proved in the next section.

Theorem 2. Uniform Convergence The Fourier series I 4, X, (x) converges
to f{x) uniformly on [a, b] provided that
(i) f(x), [*(x), and f"(x) exist and are continuous for g = x = b and

(ii} f(x) satisfies the given boundary conditions.

Theorem 3. L2 Convergence The Fourier series converges to f(x} in the
mean-square sense in {a, &) provided onty that f(x) is any function for which

b
f [f(x))? dx is finite. 8

Theorem 4. Potntwise Convergence of Classical Fourter Serfes
(1} The classical Fourier series (full or sine or cosine) converges to f{x)
pointwise on (a, b), provided that f(x) is a continuous function on

a = x = b and f"{x) is piecewise continuous on g < x < 4.
{(ii) More generally, il f{x}itselfis only piecewise continuousona < x < b
and f'(x) is also piecewise continuous on a = x = b, then the classical
Fourter series converges at every point x {(—® < x < o). The sum is

T A X0 = 4[fxH) +fx)] foralla<x<b  (9)

The sum s §[ fo x +) + fexx )] for all — = < x <, where £ (x}is
the extended function (pertodic, odd periodic, or even periodic).

Theorem 4o, If f/(x) is a funciion of period 2/ on the line for which f{x) and
J7{x) are piecewise continuous, then the classical full Fourier series converges to
L Ax4) + fix—)) for —o <x <o,



