
C r Mathematics 3 15 Final Exam, Part I Name: >.&OM 

Spring 2006 (1 ~ t . )  

This portion of the 200 point final examination is "closed books/notes". You are to turn in your 
solutions to the problems on this portion before receiving the second part, The suggested maximum 
time to spend on this portion of the exam is 60 minutes. 

1 .(33 pts.) (a) State Lebesgue's Monotone Convergence Theorem. 
(b) Give an example to show that the conclusion of the Monotone Convergence Theorem need not 

hold for pointwise increasing sequences of negative measurable functions. 
(c) State Fatou's Lemma. 
(d) Give an example to show that the inequality in the conclusion of Fatou's Lemma may actually be 

strict. 
(e) State Lebesgue's Dominated Convergence Theorem. 
(f) Use Fatou's Lemma to prove the Dominated Convergence Theorem. 

2.(33 pts.) Let f E L'[0,1]. 

(c) If 5 1 f (x)ldr = 0, show that f (x) = 0 a.e. in [0, I]. 
[0,11 

(d) If g(x) = f (x) a.e. in [O,l], show that g is a measurable function on [O,I], 1 lg(x)/dr < m, and 
l0.ll 

(a)Showthat 

3.(33 pts.) In each of the following, compute the Lebesgue integral of f over the set E,  or show that 
f is not integrable over E. Please justify the steps in your computations. 

13 if x E P (the Cantor set), 

J If (x)/ 
(b) Show that m ({x E [0, I ]  : If (x)l> 1)) 5 '0211 for all A>0.  

R 

i f(x)dr 
[0>11 

6 ilf(x)ldx 
IOSl 
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