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Mathematics 416 Final Exam Name: Dr. Gvow
Spring 2008

This is an open-textbook, open-notes test. That is, while solving the problems on this examination you
may refer to your textbooks, Royden’s Real Analysis and Karatzas and Shreve’s Brownian Motion and
Stochastic Calculus, or to the lecture notes you have taken for Math 416 this semester. Please solve any
three of the following four problems and circle the number of each problem you want me to grade.

Each problem is of equal value: 100 points. Thus, the total possible number of points on this
examination is 300.

1. Let E denote a Borel subset of a separable metric space (X, d), let m, (E) denote the Hausdorff
a —dimensional measure of E, and let P denote the Cantor ternary set in the interval [0,1].

2x (a) Show that inf {a:m,(E)=0}=sup{B:m,(E)=w}.

(Note: The common value of the preceding infimum and supremum is called the Hausdorff dimension of
the set E.)

v (b) If @ >1log(2)/log(3), show that m_(P)=0.
1. () If B=10g(2)/log(3), show that m,(P) = 1/2°.
1o (d) What is the Hausdorff dimenston of P?

2. Let f,,..., f, be measurable real-valued functions on a probability space (X A, p). Prove or
disprove: F ={f,,..., f,} is an independent family if and only if the cumulative joint distribution
function for the ordered n—tuple (£,,..., f,) satisfies

,,,,,

forall (1,,....1,) e R".

3.{@) Let fe L}(0,1) have the property that }(n) # 0 forall integers n. Show that the set of all
convolution products f g, as g ranges over I’(0,1), is dense in I*(0,1).
s= (b) Let f e I*(0,1) have the property that the set of all convolution products f g ,as g ranges

over I’(0,1), is dense in I?(0,1). Show that }’(n) #0 for all integers n.

~ 4..(a) Show that there is no function d eL'(]R") suchthat d* f = f forall fel (R").

5o (b) Show that there is a sequence of functions {d, }; < I'(R") such that d,  f - f in the
I (]R” )— norm foreach fe I (]R" )
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