Mathematics 325 Final Exam Name: D, Gvow
Summer 2004 (2 pts.)

1.(33 pts.) Consider a function of the form
u(x, y) = A’ + Byx’ + Cxy* + Dy’
where 4, B, C, and D are constants.
(a) Find the most general function of the above form that solves #, +u,, =0 in the xy —plane.
(b) Find a solution of u,, +u,, =0 in the xy—plane that satisfies #(x,0) = 2x* and u (x,0)}=3x" for
all —o0 < x <0,

o, \K) W = 3Ax + 233\: 4 Cj" and wy = Bx + 2-‘:#3 + 3173".
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2.(33 pts.) Consider the partial differential equation
*

U +u, —2u  +u ~u,=0.

(a) Classify the order and type (linear, nonlinear, homogeneous, inhomogeneous, elliptic, parabolic,
hyperbolic) of {¥*).

(b) Find, if possible, the general solution of (*) in the xy —plane.
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Hepts .
3.(33 pts.) (a) Use Fourier transform methods to derive the formula

- =
_ e ¥ p(n)dy

u(x,t) —_{ m

u,—ku, =0 in ~w<x<o and 0<t<wo
which satisfies the initial condition
u(x,0)=¢(x) for —w<x<eo,

17 pts . (b) Solve 4, ~u, =0 in —o<x<w and 0<¢<w, given that u(x,0)=éz:‘,, for —w<x<w.
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4.(33 pts.) Solve u, —u_=0 for 0<x<m and 0<f< G_3"1th the boundary conditions (0, t)@()
and u(z,t}=0 for ¢ >0, and the initial conditions u(x,0) >%(7 —x) and »,(x,00=0 for 0<x< 7.
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5.(33 pts.) Solve the problem of heat c&lductlon on a square;
u,—u, —u, ¥0 for O<x<z, O<y<z, 0<t<x,

given that for all times ¢ 2 O the temperature u =u(x, y,7) satisfies homogeneous Neumann boundary
conditions on the four edges of the square:

“"—20 for x=0,x=7f,y=0, andy:ﬂ,

and satisfies the initial condition
u(x,y,0) =cos’(x)cos’(y) for 0<x<nx, 0<y<7.
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6.(33 pts.) Solve the Poisson equation V’u =1 in the spherical shell 1 < r <3, given that =0 on r=1

and i =0 on r=3.
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Note: You may find useful the fact that the three-dimensional Laplacian in spherical polar coordinates is
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\ipts .
Bonus(33 pts.): (a) Use Fourier transform methods to show that, under appropriate hypotheses on the
function f, a solution to the inhomogeneous wave equation

i , @

u,~ctu_ = f(x,t) for —~o<x<o and —w<t<w
satisfying '
u(x,0)=0=u,(x,0) for ~w<x<ew

is given by -

1 t { x+eft-r}
u(x,t)=-i— [ f(y,r)dy]dr.
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16 gts, (b) Use the formula in part (a) to find a solution'to
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