Mathematics 313 Midterm Exam Name: Pr. Grow
Spring 2011

On this exam. no proofs are required to support your answers if you are asked to state a theorem. write
a tormula. or give an example.

[.(34 pts.)"(a) Define the phrase " £ is a countable set™.
(b) Give an example of a subset £ of the real numbers R which is countable and dense in R .
= (c) Define the phrase " £ is a subset of R of measure zero".

5 (d) Give an example of a subset £ of R which is countable and not of measure zero or state a
theorem showing why this is impossible.

< (e) Give an example of a subset £ of R which 1s not countable and has measure zero or state a
theorem showing why this is impossible.

 (f) If f 1san increasing real function on [a,b], state a theorem which characterizes the set of points
at which f is continuous.

¢ (g) If f isanincreasing real function on [a,b], state Lebesgue's theorem characterizing the set of
points at which f is differentiable.

Solve ONE of the following two problems, 2A or 2B. CIRCLE the number of the problem that you
want me to grade.

2A.(33 pts.) Let f be a bounded real function on {a,b] and let @ be an increasing real function on
(a,b].
- (a) Give a careful and complete definition of the phrase “ f* is Riemann-Stieltjes integrable with

b
respect to @ on [a,b]”. (Note: Make sure that symbols such as U( P, f,a), L(P, f,a), | fda, and
P

b .
J'fda that appear in your definition are carefully defined.)

b
7 (b) State a theorem which guarantees the existence of j fda .

a

4 (c) If f is continuous on [0,1] and a(x)= Zzl—n H(x -1 +—21—"—) , then write a formula for the value of

n=)

I
J fda. (Here H denotes the unit Heaviside step function.)
0

2B.(33 pts.) Let f be a bounded real function on [a,b] and let @ be a function of bounded variation
on [a,b].

5 (a) Define what it means for & to be of bounded variation on [a, b].

- (b) Give an example of a function which is differentiable but not of bounded variation on [a,b].

5 (¢) State a condition on a differentiable function will guarantee that it is of bounded variation on [a,5].
> (d) State Jordan’s theorem relating functions of bounded variation and increasing functions.

5 (e) How is the Riemann-Stieltjes integral of f with respect to & on [a,b] defined in terms of
Riemann-Stieltjes integrals with increasing integrators?

L (f) If f is Riemann integrable on [0,1} and « is differentiable with &' Riemann integrable on [0,1],

1
then write a formula for the value of J' fda.
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