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3.(25 pts.) A homogineous solid material occupying D = ( (x ,  y, z) E It3 : 4 i x2 + y2 + i2 i LOO} is 

completely insulated and its initial temperature at position (x, j, z )  in D is ZOO/,/-. 
(a) Write (without proof or derivation) the partial differential equation and initiaVboundary conditions 
that completely govern the temperature u (x, y, z,t) at position (x, y, z )  in D and time t 2 0. 

@) Use the divergence theorem to help show that the heat energy H (t) = IJJcpu (x, y, z, t ) dv of the 
D 

material in D at time t is a constant hc t ion  if tinik. Here c and p denote the (constant) specific heat 
and mass density, respectively, of the material in D. 
(c) Compute the (constant) tieady-state temperature that the material in D peaches after a long time. 
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7.(25 pts:) Cobsider the constant &tion ((XI= 100 on the closed interval [0,1], . 

(a) Show that the Fourier sine series of 4 on [0,1] is . . 

(b) Does the Fourier sine series of converge-to 4 in the L2 -sense on [O, I]? Justify your answer. 
(c) For which x in [0,1] does the Fourier sine series of 4 converge pointwise to ((x)? Justify your 
answer. 
(d) Does the ~ourier sine series of ( converge to ( uniformly on [0,1]? Justify your answer. 

" (-1)k .. 

(e) Use the results above to help find the sum of the series z- .. 
,,.2k+l . 
" 1  

(f) Use the results above to help find the sum of the series . (Hint: Parseval's identity.) 
k=o (2k + 1)2 





8.(25 pts.) Consider a metal rod of length 1 meter, insulated along its sides but not at its.ends, which is 
initially at temperature 100' C. Suddenly both ends are inserted in an ice bath of temperature 0' C. 
(a) Write the partial differential equation, boundary conditions, and initial condition that model the 
temperature u = u(x,t) of the rod at position x in [0,1] and time t > 0. 

7 (b) Find a formula for the temperature u = u(x;t) . @int: YOU may find the results of problem f useful.) 
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X" + AX = 0 in (a, b) with any symmetric BC. (1) 

Now let f(x) be any function defined on a I x 5 b. Consider the Fourie~series 
for the problem ( 1) with any given boundary conditions that are svrnmetiic. We 
now state a convergence theorem for each of the three modes of convergence. 
They are partly proved in the next section. 

Theorem 2. Uniform Convergence The Fourier series X A,XAx) converges 
to f(x) uniformly on [a, b] provided that 

(i) f(x), f'(x), andp(x)  exist and are continuous for a 5 x 5 b and 
(ii) f(x) satisfies the given boundary conditions. 

Theorem 3. L2 Convergence The Fourier series converges to f(x) in the 
mean-square sense in (a, b) provided only that f(x) is any function for which 

[ f(x)12 dr is finite. 

Theorem 4. Pointwise Convergence of Classical FourIer Series 
(i) The classical Fourier series (full or sine or cosine) converges to f (x) 

pointwise on (a, b), provided that f(x) is a continuous function on 
a 5 x s b and f (x) is piecewise continuous on a S x S b. 

(ii) More generally, iff(x) itseIf is only piecewise continuous on a S x s b 
andf'(x) is also piecewise continuous on a 5 x 5 b, then the classical 
Fourier series converges at every. point x (-Q) < x < Q)). The sum is 

C A, Xn(x) = JZ [ f (X +) + f (x-)] for all a < x < b. (9) 
n 

The sum is 4 [f,(x+) + fd(x-)] for all - Q, < x < Q), where f&(x) is 
the extended function (periodic, odd periodic, or even periodic). 

Theorem 4% If f(x) is a function of period 21 on the line for which f(x) and 
f'(x) are piecewise continuous, then the classical full Fourier series converges to 
+[ f(x+) + f(x-)] for -03 < x < Q). 




