wiathematics 325 Final Exam Name: :Df . Gfow
Summer 2013

On this exam you may find one or more of the following identities useful.
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1.(25 pts.) Solve the partial differential equation (1 +x° )ux +2xy*u, =0 subject to the auxiliary condition
u(0,y)=y" if y>0.

2.(25 pts.) (a) Classify the type — elliptic, hyperbolic, or parabolic — of the partial differential equation

| U, —2u, +u, +u —u,=4e’".
(b) If possible, derive the general solution in the plane of the partial differential equation in part (a). If this
is not possible, explain why.

3.(25 pts.) A homogeneous solid material occupies the region between two concentric spheres,
Dz{(x,y,z)eIR3 D4 +y 42 SIOO},
is completely insulated, and has initial temperature at any position (x, y,z) in D given by
200
iy 42 '
(a) Write the partial differential equation and initial/boundary conditions that completely govern the
temperature u(x, y,z,t) at position (x,y,z) in D and time ¢ > 0.
(b) Use the divergence theorem to help show that the total heat energy

H(t) = _“.J.cpu (x, y,z,t)dV

of the material in D at time ¢ is a constant function of time. Here ¢ and p denote the (constant) specific
heat and mass density, respectively, of the material in D.
(c) Compute the (constant) steady-state temperature that the material in D reaches after a long time.

4.(25 pts.) Solve the heat equation in the upper half-plane
u,—u, =0 if —o<x<oo, 0<t<oo,
subject to the initial condition
u(x,0)=x if —o<x<oo,

5.(25 pts.) Use Fourier transform techniques to derive a formula for the solution to the initial value
problem:

ut—uxx+2tu=f(x,t) if —co<x<wo, 0<t<0,

u(x,0)=0 if —oo<x <00,




6.(25 pts.) Let p(x)=2x>—x* for 0<x<1.
(a) Show that the Fourier cosine series for ¢ on [0,1] is

l+ﬁ NS cos(mzx).
15 74 nt

(b) Show that the Fourier cosine series for ¢ is uniformly convergent to ¢ on [0,1].

7.(25 pts.) (a) Find a solution to the one-dimensional wave equation
u,—u,=01if 0<x<l, 0<t<oo,

subject to the homogeneous boundary/initial conditions
uA0,)=0=u_{1,4)if +>0and

V’x \V’It} QLI uf
and the nonhomogeneous initial condition
u(x,0)=2x"-x* if 0<x<1.
Hint: You may find the results of problem 6 useful.

(b) Is your solution to the problem in part (a) the only one possible? Give a complete justification of your
answer.

8.(25 pts.) The material in a spherical shell with inner radius 1 and outer radius 2 has a steady-state
temperature distribution. The material is held at 100 degrees Celsius on its inner boundary. On its outer
boundary, the temperature distribution of the material satisfies a normal derivative condition

Vu-n=—x
where « is a positive constant.
(a) Find the steady-state temperature distribution function for the material.
(b) What are the hottest and coldest temperatures in the material? Justify your answers.
(c) Is it possible to choose & so that the temperature on the outer boundary is 20 degrees Celsius? Support
your answer with reasons.




A Brief Table of Fourier Transforms
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1 if —b<x<b,
0 otherwise.

1 if e<x<d,
0 otherwise.

S (@)

x if 0<x<b,
2b—x if b<x<2b,
0 otherwise.

ax

(=

ax

Q

e if x>0,
otherwise.
{ if b<x<ec,

0 otherwise.

o

e€” if —b<x<b,
otherwise.

Q

o if e<x<d,
0 otherwise.
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Fourier Series Convergence Theorems

Consider the eigenvalue problem

q)) X"(x)+/’LX(x)=Oina<x<b

with any symmetric boundary conditions of the form

@) {Oﬁf (@+Bf(B)+ 7./ (@)+6,f(B)=0
a f(@)+B,f(b)+7,f (@)+6,f'(b)=0

and let ®={X,,X,,X;,..} be the complete orthogonal set of eigenfunctions for (1)-(2). Let f be any
absolutely integrable function defined on a < x <b. Consider the Fourier series for f with respectto @ :

0
b v

24X, (%)

n=1

where

X
A =<—<§-—Xn—>> (n=1,2,3,.).

Theorem 2. (Uniform Convergence) If
(@ f(x),f'(x), and f"(x) exist and are continuous for a<x<b and

(i) f satisfies the given symmetric boundary conditions,
then the Fourier series of f converges uniformlyto f on [a,b] .

Theorem 3. (I} —Convergence) If
b
[l (x)f dx<oo
then the Fourier series of f converges to f in the mean-square sense in (a,b).

Theorem 4. (Pointwise Convergence of Classical Fourier Series)
(1) If £ is a continuous function on a < x<b and f"is piecewise continuous on a < x < b, then the

classical Fourier series (full, sine, or cosine) at x converges pointwise to f(x) in the open interval a<x<b.

(1) If f is a piecewise continuous function on a< x<b and f"is piecewise continuous on a < x< b, then
the classical Fourier series (full, sine, or cosine) converges pointwise at every point x in (-—oo,oo). The sum
of the Fourier series is

S 4x,(x)=2 (’”)Zf ()

n=1

for all x in the open interval (a,b).

Theorem 4. If f is a function of period 2/ on the real line for which /" and f' are piecewise continuous,

f&) /()

then the classical full Fourier series converges to

for every real x.




Hq U+x")ux+ Zx:)"uv =0 , w(oy) = .33 if y>o .

o—

The chavacteristic curves of  abyy)w, + L(x,’)uv —0 are B;“M 1,3
‘%(.,._ kg’l‘!.). _ Ta ocur ecase, this is dy — _7;’_‘3_3' #IBL‘A:J:j

a(3y) Ax 4 x>

2 dx
I4x*

. =1 ot
so —L= () e = Yy = TS . Mona any chavacteristic

J
ewrve ‘l'he, solukion W:K(x,y) of the F.o\.e,. is constant . Al’"‘a “"j such curve

2\

w(ry) = w(& 9= w( ) = VASOK
Te 3ma4«1 soution of Yhe V.A.e,, is thus
- 2
o wory) = F (5 = #007))

wheve f s an arL't{rWy WHWM(J augefcn&a«ue ‘fu.vxc\'ian of « sina\e,
veal variable. We a,n[a he aawxilia\rb condition 4o obtain

P = w(om = F(gREA) =) g

3 .
S Sy, F= 1 e have §@)= (F)= Ton fr Ko

’Ilm,Eet (2

-1
-—___—_'___——--

wr= 5 (5 - In(14:2)) = L)




Y=x
#2, u,‘x-—zuxv + “5g * o ~wy = 4e

a——

) B-4AC = (2)-4()p) =0 T pde i ko]

@) Wa“*fao’cor” the oyewl‘ofs ‘m dhe T-al.e. as follows .

P

2- _ _b_: D " 2 _ 2 g—x
(g;t— 2';,‘53 ) ¥ (ax 95)
(3 3Ny {22\ = 4ed
> ;v) \)x 9)) e )
Lt | 3 =(Br-ay)=-(ox-y)= xby,
'Lﬁ Ax + (hj = X‘& .

The chain yule 1M?lics ‘ﬂ\udige«cw{:fd o?em{vr exffessionS;
> - PR 03

% 9"'55 3 M
0 _ %2 _n:)__i__g“

—

ThereSore %_x—_g_ =(/%/ > (?/3 %-VO:

‘rd €. Can be mwﬂﬁw in the ivl— coovdinakes as

For on alternake sodulion see the
*%&{5_“' 23;:1; = 461 {bv*om vf—tke.ugx(.?ay j
L&Hina %_“; =V, s reduces the T-ol-& to a fivst-ovder Yroylem-.

4?% oy = 4e
Z" 4 _Lv = évL .
1 A
S 5 L
An m&e«alakmﬁ &w*or s r—(‘[) = 1 = e 1 so m“u';f%:"]’ -Hwoualn.




l):) '{’he, Dvﬁeam(:iwﬁ ’fav\'o( ni e\A-S

L iy -1
% >
e‘?)’_+1.olv = e .
T o
bk he et mober 15 ot cxad aresions D W)= e By 4 3
St member 15 ant expression . = \& V)= e avy te W

'[L.,(e,fwe we have

N -
%—'L(e V) = €

and iw‘cu,rakiov\ 6‘0\ ds
: Lk
e,.lv—-:ge 0"’\2-1614—(,‘(;)

1 A

5o

V= -2e +efz)e
Bt v= .aa_:_‘\ , S0 subs{it{v&ln?s n the u‘lmo.’don above and. D&ezfdma a‘we,;

" -_S%‘_}Lot = S(—ze:ylwcl(z)ej%' )A.l

= :LZL- 2¢c8)e Ly c(3)

As a function o xw\q\vl we have

o~ 1y
&(ﬁ\ﬂ: ,’Le,b + '9‘(7‘&336 J )'\" %(x-%v)l
o\l%e«ewﬁaue funclions

where § MA% ave wf\?l’wﬁj fuwice COV\’C;uuous\j
of & dnoole veal variade .

evm———

Mk silbion method stbig b () F55 ¢ 230 = 4e Loy

Te bu\o(a.x sdukion f Hhe seeond ovdey lineor uvhﬂ-t‘teﬂ () has the fovm
w() = w+ uYQL) where w_ 1S the 8&@\(«\ sthubion of the associated




2 W)
kwwﬁo\u\\s en"mﬁ»n 4‘2&1'\’ 2‘%\5 ‘g(O and “-Y s any kat\adav solution (i.e,

d
witheut afb(mx‘b mhnts)'\oF the mln.pmoameeus %u.w‘:ien @) . We look for
&gmwﬁa] {funckion sdubions 4o @¥: w -:-e,ﬂl' heve Y is a censtart, Thon
Mool and 2% PN , $o suLs&h&iwa n @iy gives
fft@ﬂl— + 9.\’@"1 =0

= zév((zw+‘n)r .o,

'ﬂ\zvafwe, =0 oy Y = -—17._. l—iwcz ucz c‘(§3€%+ cz(;) w'ucm c:l am)f\l
¢, ave M(oltmf:j “constants " which moy vd\fj with the ?Mmabcr Z.

To find a ?Ay'\icu!ax sdution of (%), we use the method of wndetermines
Coefficients . Loo\zwa ak the risk‘o membey of (), we exveot a ?ax{:;f_w‘a;r
solukion BS: the 'onM ur = ,‘\e-,vl where A is a constant 4o be delermined
Ton2wp = A ank Fap o RS We vt o chasse A sothak up

9 )yl'»
sives @2,
42% 4 2% "re',vL
3'[" 31
4(AeV) #2(-Ac) = e
anel=4¢'l
$0 we 64)(: a  solukion LD okeos‘w\g A=2, Therefove

v -
W= utu = e v (3) + 2¢ .

P

[1\& sdukion is Jinished as befeore }



'5‘3 A f,A.e, and initia / bowmlarj conditions 3”\'““.‘“3 the -\'em?em.hfe

w= Wiy, 2, ) e
V:u.

" - —\O
S - - . - . 2 2 2
O .
VH, = O ‘f "z“‘\,zf 2"=4- oy 00 and tzo
@ KOO M L 2z T
\‘-("1‘1/%;0) = = "f 4 < X"‘y +z < joo .
Jx’+j‘+z‘

fu®
Ot e e L W frvisaa

- SS \chVu.oV'\o\S = 55 l'(c(\‘)(o)als =
Bsa Goaness oD %@ 2P
ot

. fhrefore ]H(:H He) = constant fw ol £vo0.

{9} (c) et U = flim U-(X,\;,%/t) loe the (Genﬂ’an‘b) steady-stake -femyem:}ufe

E>00

ak all ?otv\ks wm D, Since Hej= HE Fov all t>o0,

H(e) =
)= {::”H(Zt) o Sg ceuot\r ch() %-V:Mu)o\v Sgc U;OO\V
= CQU 1l (D) = c()U.,o (%1\' iy - *—’N(?-f) = U 77 (192).

®
, T o

LY
B epuxu, 2.0 2 |
o Ho)= 5 § epubspeV 2 355%“ = - | 5 gcgagm\?wr.xe

- Q( Ae)( sm?&ﬂ(j :zoowlr\) = colemo) 1 ioor?| )- colfoonie)




GQ@OOWX‘%): C«? o

lo® Z..?

o = (#9)(36)
® 992,

900
3i

(his is a?rmxlmaie,‘ Y 29 )




3

7&4- "‘{»'“)«:O [ —“<X<s6/o<'{;<06/
w(x o) = x i k<<,

Bb ‘(‘ke. fwvaa ‘fof 50\\»(’.‘91\ ‘l’o ‘Hﬂb kew‘: %M‘Elm n —H\e uﬂ)er L‘“‘f P‘M\e,

(> 4]
o Wt iHEn'wa 3(5)&3’
with k=1 and qly) = 33/ we ka:ve,

() wixt) = L 3'&6 4t 33‘13 .
(Adval(v ) ')‘ke ‘fofm«la 1s onlt) Bmmn’ceu\ -"0 6,\6\0\ [/ ¥ Saldaen ?romaleA cI)

bownded and continuous on the enfire veal ling . Smce our funckion cf@"j
iS nob bounded, we will need 4o check owr answer. )

J o LG'& ?:: :: wn the (n(:%fw‘ in ék) '“\!M 0\17 Mo\ FP+X’3
So o6 _’? 3
(I wixt) = #S e (ﬁzf*x)dr
-0
| L i Vs () a(ﬁ'e Aol x3}al
= &) @l s o< dp
% 2 o4 2 0
; _ 4@ of 12t x 3H’Ex§ P 35 -p
O ,_ﬁgwe ?A‘J‘\' j Talf'i' YAF+J£E—: a

Bd; 5 4‘)0\? = 0 — S C’V?*f since the in{'erarma\s axe 00\0\ 'Fu.nc(:\'ms/

W) = x & bbx

v
Ckuk; l&{_—u = bx ~bx ':‘./D ) u.(x)o)-; 3

XX




©
-1‘:_1-5-_ { Wy Vo +2bu = flxyt) f -w<ix<ew, o<t

w (> 0) =®o 'l‘f ~0d < x <04,

Sw“;ose ws wixe) 15 a sdutien +o D-@ and dake the Fourier tvansferm
(w’v\k Vefv?uk to X) O‘F G-

F{ wy - g+ 200]6) = F(F 0N

v
'y
a
4
")
v
)
GX
¥,
CE
{
“+h>
—~~
)
-
Sy

2 A
%) %é‘cw)(s) + (;4—1&)3‘6*)(3) = £(@t).
s is & Fivst ovder [inear dige(ewb(u( ecvlw{:tm M the 'c.mlcyandenb vax| a,lolf, t.

inteavating factor is N
o ey (G™+2b)dt Ttat

,u(_b) = ¢ = <
Nulh?‘nm (%) ‘)3 e m&obwkma fackev and cemhmna devins 3.\@,5
t gt""t St t A
(%) 9 ( e w)(ﬂ‘)' e 33‘(“‘)(5“’ @n{:)c 3(“ e 5,0 .
é‘b
Iu{:c?vdsiua \qus
r 2 t
t+d T A
g ' Fw) = j * —5-’(5;\')&1' + c(s).

(o]
P ion above leads Yo
AYY\aH\% @ """ 'H‘\ {}V\w{' “L \ : " 1’
o 3 'Fbj"(’w)(s)\ - (So ¥ ?6,'70&1’ & CG))\ - c,G)
'TLW-S t=o =0

t
- * ' t §-PA
& FWe)= e J ﬂjo ¥ +T'S’(;;r')cl'r'- J 1/ ’ £(s7)dr

o

AYMMb Q_“{;yv T in -I'ke, Fowviev {'\musfofm -{wue.‘.

Jor=

-

-a.(_\

l




wih -7 = :1-La_) ov e“'vaJmHj = L gives

. 1E-1
- ) 2
Z -5¢-n
( L e Wt v))G,: e
Ja¢-T)
Su)vsk'.’m{:tn?) this in (O produces i}
(I

-7

€ 2 2 -
Fom= | A =L UE 0 O

«*

The convolubion ?ﬂ‘l«d’g 05" ‘Fowie\/ "tfm‘g'o\'ms/ 3’1’\_)‘:‘)('5)3_,(6)(’)=-!;w4 (5*8\)@))
‘h\lﬂ\ 'm?\a,s . ‘
t 1"1"\‘,‘, -%.r)
- ‘ 46- .
3'(“3(3)'; i e }(Jmc % 5 ( /"))(I)al'r'
* e ‘% )
Gs) = e e k¥ -T)!olrv
505‘(\141‘&—14 L))o

ju’cev&ma}na e ovder of the ‘m‘ce?,ml:lans — vecall that the Fourier
“LVAMEWM 15 an ‘w*bb(al with T%‘u‘? to x ovev the lnl-erval -0 Lx <od —

idds .
v I
79 o w - ._g'—————‘“‘ - * ‘ (1
@ S = F( So L e §(om) r)(s)

and, MWWHJ the 't:,\/efsifn ,_Mmzs: %—i\les
, T-t =
w(x,t) = S 5’—"‘——-———(6“”’ H(vﬂ) () dv
' o JAnG-D

t g O -_(’-L('_'ﬁ?z)—s: A
— < e 4b-T r T
So J4w(b'-r)g (‘j, \)O\j




£6 g0 = 2 X W o&xEl.

——

(\y;ﬁz @) ‘The Fourier Cosine sevies for a Sunckion g o (o &) is

oo
BRX
a + 2—_". a,\cos(,_i_

(&)

)
e a= w&&.. = 2] geema. (n20)
" Leos(amer/2), @3(mC/0)7 °
\ = < % 1> _ I_(XCDf)(kX.
and 0 2_1-_/;_—3 l)o )
fuowf case A=1 seo R s t ,
o-3% _ 71
S cr(x j(lx, x x=<%’%)\o- fl—;‘ 15

PR
- .z,j ‘{’(f)coS(nm)o\x | ff'(!‘)=+x—4x3
= 1{ ‘f(")sz"ﬁf" \ - —’{;‘ 5°‘f(")=o=i0)\l
nw (o] ‘ o ?d&)z".—‘z-xz
“
) "L"‘[ ‘@M - L(")”W“SWMX = 2%

[ OU A

| 2 «.éﬂ(x) = -4
- I/x ingrftx) | L1\ @ () sim(r o\x :
. MU% ;gwswﬁ] Uj |

(et 4 Py cf(wx)a‘f;TCY:’\?:"‘:;::N-
= -—(:;—;3{—- ,(_7‘3\::5('\“)(\\0_‘_ ;‘k& ‘
i ,
= 4x Coo(nK %)
T o) S \O)
“1'3( 1) £ wzl




’ﬂw@fwe, the Fouvier tsine sevies for P on [es (') is

[ <]
WS e 0, ¢ L dpeosfm) = | 5 F 48 I: ENeos(m)
. () 5 1\-‘\“ — _______...._-“+

P

noy

1) G) :E - { 1/ (,os(!\'x)lcos@«wx)l 695(31‘*'), . o }» is 'H"C com?(eke. or'\’hoaanl/‘

Sgtwg_fiamgma\ims for

() T+ XE() =0 in

0 <x<

with the smmmﬂz\'ﬁo (Nmmn} hownd “Y condutions
by &) Ter=o ad x=o0

o) . Nete = &) = 9-)2'-%4-
| (”0‘) = 4><- 43 fhese derivetives exist and. ave

I’L><

?1(("3 = Conkinn owns &cv‘ oEns| |
() C?/C") = 0 = (f,(‘) 50 ¢ satiskies the \Oou—wo\o/‘:) conditions (2)
Tos Theovem 2% 'MY\ie,s that the Fourier cosme series

as’ we,“

O'S: <T covwawracs M\&bfmij Yo <‘> on \-_0/ \—3




©
w,— — 1 L % L <
b~ e T © i§ o< I)o<t Yy

%7

ux(_O,ﬂ @ o @-— u.x(bt) ¥t zo0,
ut(x,O)Q o if o £x%l,
u,(x,o)(? 255 - <F if ot x%1.

(i) (@) We use SeYa.mt'\on of variables . We seek nontrivial selukions of

C‘)'@@?@—WM u(xt) = BE)TE). Substihbing in ©

wes
u " X T _
5 \:b - X ® 'b) =0 — PREER-A AN c,ons‘\'mt = >\.
EET @) (T8 =7 o )

Su‘vs’d{'u{mz wm® -6 ‘3140\3
wh TOTR)=0 i tzo.

X'eyTh) =0 ’
-Hf\ak 'X_,@)': XM=o0 .

Tn ovdeyr to have @ Mn‘t\(‘Wiw\ solution / t 'fouows
Slml\a.d\j, m\ﬁsb\h&iv\z n ® gve

'X(*)T((Q) —o0 if o=x=l
and hence T ‘0) =0 wm ovdeyr to have a nonkyividd solution . Coﬂcdj,,z

'Htcse, 'S:ad:s,vm have
/" @ / ® @ /
X+ A¥l)=0 , TO=07 X,
TY¢)1+ XT&)(;DO/ T’co)@o )

(Nobe thak ©-©-® is an eiawvduc problem > T the et book, seckion
4.2 ik 15 shown that the ctaemlolma and aicbev\funcl:ions of T= -:\_;_

with, Newmann loo\m&axj conditiens @) wre, resYecHVelj ,
A= (“W\)" and X, )= eos(mx) (m=orty, ) .
Substiduding A= s i) m @ vie Find s genend seluion 3
T® = o eos(rRt) + %‘,\sin(v\fr’c\ .
A?‘;Lalnﬁ ©, ve s Yaab Ty = coslort) o NE o2)3, - -
(v.? Yo a tonstant MBY\L) Mawaj\,



Consegvu,@wjt\:), u,n(%,(:) = Xn(f)'_\;(ﬁ) = coskmtx) cos (MT t) ( h=0,42, ... )
solves O-O-0-® . Te swyorfos(h'o“ ?r:w;vgle +hen gives @ Sormal sdudon

to
@ 3&&(0\5
o= W cos (=) f ozxsy,

n=y
Bb YVOb\ew\ £, we way take

n

» = 48CH .

a= I amd M E £ mxl.
" s ! wtnt

Hewce a4 sdukion +o O-®-O-®-6 s

°0 »
7 . 18 z ) cos(ix)eo(nTd) '

4
EE S nt

w(t) =

(o1 () The solukion do @-®-@-@-B drtained abeve is unique . To see this,
SWYYDSe ot w=v(xt) weve anothey solubion and o\éfiwe wixt) = u(x,t)—v(,se)‘
Then W solves

x = © i o <x<|,0ct<,
12 3
Wx(_o)‘b)r. 6= WXQ)‘b) l'g' t ZO/

)
w(x,o)@ o@w_b(x,o) & o£x%],

let \
) = & { [y e s witldx (£20)
(o]

be, {he enefébv —S:uvwl:iov\ o-? W en [o/ oo). "ﬂum

i
e i o)




1 t
% - _t’: 50 %{lw:(wb)-!- w:(x,t)lo\x = XD“ Wé"l")‘“’té"'*') + \nlx(x,t)w"t@‘)ﬂ}o\x .
Vvsiﬂ%@) Yo substitube fov Wit n the ‘m&a&rmo\ of %:A \eit mz\:uLe-(\;e vF. :tke .y
avmﬁovx above and lwhamfwb \)3 Yaw‘bs the seco eYm m inteqyo
with U= wx(%,b) and dV = w)‘%(x,-b)akx, we ‘gwu\ |

}
e R A

&

s
Pa Xl 4

= w (w18 W (oD (o)

= 0

@ and @) . fheveSore the enevay of w is a constand funckion em [6,%0)

by
So t
02 B&) =E@) = § [ w0 & W Groldx = o
(o)

l93 > and differentiakion of @: w(xe)=0 § otxgi mplies
W, (x0)=o0 K osxszl. CM%M“HJ, the V““‘S"flnz $heovem Zie\o\s

that W&";*a\: &= "":(";*'3 for all 02xs1 and esch £20 50

W ¢) = constank in 0€xs| 0<tLw, Buk (D then 63\1@5 W(xi) = O

W oexgl,0¢t<e, That i) wlxb) = V(xt) Sor all o£x2| and 024< 00 ,




e (a) The 54’&&5—- stake {:em?e_m:\'u\’e disbribution = W(xy,2) of Hhe

moderial n the sf\'\eriew\ shell satisfies
Vzug—?o i |<x‘+;,"+z“<1.)
\A.(-?lco 14 x"+\f'+ 2t = 0

Yun=-K x"+\)"+ 'z 4,

Since The re.%\en ) ‘Mr"dai diffevendial ul/um'tlow and ioounoiaxj conditions are
wvariant undey votations abeut the ov‘talvt , We ex?ect that any. solukion

Yo ©®-®-GQ) o each ?o(vd: depends only on the distance of that point $rom
4he ovis'm . Le. , M _SY!'\eYQuJ Coowro\imi:esz we ix?u,h w-.-.u@)l ‘“deyewdmb
D'f e am)\?. Then 9“/31’ =0 and bw/ae =0 so (M bct‘—emes

— T = t@_("buf) 3 | sinfe) D 2 .
- Yu= L y oW \L L sin(g) 2w \ . du - 12 d
OE VW= 5 ¥singp) 8 9 9<f> * vsiwp 2% ¢t (Y u)

oY
M“‘“Y\n-m‘b ‘9-3 vt N“A “W‘%Vﬂft‘\% aic\a\s
> ow

=Y .
(?K—) C.‘ bY

IV\ S?\\eﬂ(:svl Coofdi'\ake_s) @ Lame.s 2-"—". = =K ‘vf- Yy=2a. Consuiwvﬂ:‘

Pl

¢ = ‘rz?)% = —4K . Substibubing n G0 gives

v=2

- -— bl b\d\-
+K — Y‘ ava— -
oY

Rewfm\/\a‘mg and, "m-\zct(aﬁn% ‘a,‘\e\As »
R 2

Y? Y
AW\BM% @ Yvoo\w.cs

K
oo = | = ‘%u,)‘ = 4K+e,
Y=y Y=y

s0 = loo=4K end (w) = “'—K.Jrloo—‘ﬂ&\ ¥ 1gr<z,
* Y

(This sdukion is unique. See the nete o the last pege of these. scutions. )




/@,) Since W)= ﬁ-\-;oo-ﬁK 15 harmonic n the regiom 1< <2
Y

ana\ conbinuous on "d:s GloSu.(e 147y s 2.} 'ﬂ\e Maxhuum/m'mimum

Yr(uc's?\e stakes the holtest and coldest Lemperatures must sccur on the
boundanies of Hhe Ye%lon . Hence

w o= w(@) = 4K + lo0 — 4K = 100
Mmax T

!

andk

W wmoa

= u@)= 4'_% 4 00 = 4K = lo0- 2K |

(¢)y T$ we choose K = 40, then the work n ‘Mrt (by shows

fhat u) = 100-2K = loo ~80 = 20 Celsius. Therefore it is possible
%o choose K so the tmgexa}w(e on the ouwter bouvaA-Yj is 20 Azavce,s
Celsius.




wn #8
Note: The sowbion to G)—@—(;)Y\:'mi«l/m. To see flis, suppose thak
wzu(y,2) and w=V(xy ) wee sdutiens to O-@-(3) and leb
Wl ) = w4, ®) - v 09y,2).
Then W sdves

Lt E = )SS \Qw\zoW’ where :D={@,w,%>eIR3: L& X4 Yy £ = +}'
)
Recall fhe ‘\Acwﬁ{'v 6(-? 5'3\ = V}?ﬁ‘k ‘;‘V% . Reawuwgina leads Yo
V—Ya% = V(??ﬁ) - &V% and Sel(:ina ’f:%: W gives
\Vw\ IW-IwW = "ﬁ-(w'v*w)— WYW.

Sulosh'\u'\:m% W fhe e,xY\(ess'\on for E 9no\ \A,Sihg@ ?Voiuoes

= (f [ F- (W) = wo]aV = ff F-(wPw)dY:
D B)
Aﬂ)bymb Rauss' o\fwuae,nce 4heovern \aidas

E = $S WIWnAD .

oD

n the v=1 Yorhe\n of 3'9 O tm?\\e.s WVVJ N =0. Onthe v=2
?or't\ev\ o 2D, @ \m‘r\tes WVW n=0. Huce E =0 and the
vamskmﬁ theorem I.MY(W,S VW\ o mD. CMS%MW(:‘:j W = Cownstant
m D, Condition @ fhen 3\9‘0\5 W=0 m D e, u‘(""b%) = V(xy,®)

gor all (44,3 in D,




Modh 325
Final Exam

Summer 2013

numbey -\u\tmb exam = @
medion = 139

Cmean = 1349
standard deviatien = 28.8

Distvibubion & Scores

Gradwate
174 -200 A
146 ~173 B
120 — 145 C
100 —~ 119 C
o -1 F

\Lﬂd&vsfa)ww.k,
(etter Grude

A
B
B
C
D

Frequence



