Mathematics 325 Exam II Name: Dr. Grew
Summer 2009
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1.(25 pts.) (a) Let u=u(x,f) be a classical solution to the diffusion equation u, —u_ =0 in the strip
0<x<l1, 0<t <o, such that u(0,/)=0=wu,_(1,¢) if t >20. Show that the energy of the solution u,

given by E(f) = ]'uz(x,r)cbr, is a nonincreasing function on the interval 0<t <. 0]
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(b) Use part (a) to help show that there is at most one classical solution to the following problem.
u—u, = f(x,t) if 0<x<l, 0<t<oo,
(%) { u(0,0)=g() and u (1,1)=h(r) if 0<t <o,
u(x,0)=¢(x) if 0<x<1.
(Here f,g,h, and ¢ are fixed continuous functions.)
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2.(25 pts.) Solve the heat equation in the upper half-plane

u—-u, =0 if —o<x<om, 0<t<oo,
subject to the initial condition

u(x,0)=x* if —o<x<®.
Note: You may find the following facts useful.
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3.(25 pts.) Use the Fourier transform method to derive a formula for the solution to the following initial
value problem.

u,—-u_+tu=0 if —o<x<w, 0<t <o,
u(x, 0)@f(x) if —co<x<oo.
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4.(25 pts.) Solve the diffusion problem in ‘{,Be strip
u-u,=0 if 0<x<l, 0<t<om,
subject to the mixed boundary conditions (gm et at the left end, Neumann at the right end)
u(0,)=0>u (1,¢) if 0<r<w, _
and the initial condition

u(x,O)@?;sin(f;-]—sin[i;EJ if 0<x<1.

(Note: The solution to this problem is unique by problem 1 on this exam.)
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A Brief Table of Fourier Transforms

f (x)

{ 1 if -b < x < b,

0 otherwise.
1 1f @ € % < d;
0 otherwise.
(a > 0)
x2+a

x i£ 0 <« x = b,
2b - x if b < x <« 2b,
0 . otherwise.
Tax if x > 0,
0 otherwise.
(a > 0)

if b« x <« @,

otherwise.
etd% if -b < x < b,
0 otherwise.
s if &< ® < d.
0 otherwise.
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