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2.(35 pts.) Use Fourier transform methods to derive a formula for the solution to u + u = 0 if 
XX )'Y 

- oo < x < oo, 0 < y < oo, subject to the boundary condition u ( x, 0) = q> ( x) if -oo < x < oo and the decay 

condition lim u ( x, y) = 0 for each real number x. 
y -> oo 
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3.(30 pts.) (a) Let E(t) = ~ f {[rdx,t)J +[uu (x,t)J} dx denote the energy at time t ?. 0 of a solution 
0 

u = u ( x, t) to the problem: 

ll11 + u-=< = 0 if 0 < t <co, 0 < x < 1, 

u<(O,t)=O=u<(l,t) and u,u (O,t)=O=uux (l,t) if t ?. O, 

u(x,O)=O=u,(x,O) if O ~ x~l. 

Show that the energy function is a constant for t ?. 0 . 
(b) Use the result of part (a) to show that there is at most one solution to the problem: 

U11 + U uxx = j (X, f) if 0 < t <co, 0 < X < J, 

u<(O,t ) = g (t ), ux (l , t) = h(t) , uux (O,t) = m(t ), anduu_. (l , t) =n(t) i f t ~ O, 

u(x,O ) =r(x) and u,(x , O) =s (x) if O :::;x~ l. 

[Note: Even if you nre no t nble to so lve part (a), you mny use the result of part (a) in answering part (b).] 
I I 

c~) t-L.t-~ -rw J.E == 1 J._ rr v.:(><,t)+ U:("/·)\J_?< ~ 1 r ~J u.;(.x1t)~ ~:(~l->lJ..;><-
Jvt 1- J..t J L j -z. J o ~ l J 

0 

I 7 p{s . 

j l~.tt0c~~)~ulx,t) + ~.x~~,-t) ~~t ()<,t) J J.;x.. C*) Two ~,.,..-teav-~-t;~s ~~ f"",ts 
0 

. IV J..y ~\"· ' · I l "tr ~V -:<ft< . I I 

6-.J~S ~ ~ ~ ' J'x = U. ~ L \- r ~ ,l.t l..J_~-:= ( l.l. _ LA L -\A.. u.J.)l + Jk ~.)v( J X"1-- )(X t X)<. .X v ) X;>:. X X v \.... X)<: X._ XX)'( v >-.-x>o< v 
0 )(-::0 o >c=o o 

J>i~e'l'ea-b~rtj -tk b"""'"'cl.Mj ~~\~s ~(o;-t.) = o-::=: ~(1 ,*) fay- t ~o ~~ ~ fesre.d:.-

to b kolJ.~~ X f\ "J,_ ~\ve.S u. xt ( 0 1 ~) ::::: 0? ~\~xt (t J t-) fo.,.- t" ~ o . ~s J +e>je.-\ky-

~~ ~e be~.-~.~.o.:<j ~~~ \o\Xx>< lo;t) = 0 := ~, • .,.,_(!;"t) tor 1:, ?;.-o1 ~~~tj 
I 

( lAX)<. L.\,x-t - U.X><-,._ ~t,) \ 



lb) 5}'foS~ -\k-\:. U."= l-(.1(x1t) ~ ~.t.=~/i'<1 t) ".:\"'e .s-olu.-!iMS -fo ike. rv-ob(e.~ l\'\ (_b). 

~ l.t{')<,t.) = "' (x,-t) .... ~,; ()t., e) 5oNes -the. ~oe~ h~or~~ r,..~1le~ 
,_ ~t s' 

2r"\s . Lt~ + l.lX)C..)'')(. -=- D ~f o < x .c:.. I/ o-< i. <. b4 J 

z. fs. Ltx(o,~)-==O-=l.\.l<.(1 1 t) ~ ~(olt)=0==-1.\~(I;t) if t~ 
/ 

7tk l ~(">'1 0)-::: 0-=. 1At,(""1o) ·,f o~x~J. 

~ r~~) 1 fD'( u.ck f;~-\; ;:;.o J 

I I 

(t) ~)0 ( ~ht)+~x:(~,t)Jcl><- -:: E(~}-:: E(o) ~ ~J(~:(>',o) + k-;(x1 o)]J.)(. zp-t~ . 
0 

1k. tl'\~-tiaJ ~~~Q'\'\ IA.t; ("-1 o) = 0 f.,.,.- .J( D; ~ ~I ~ ~ ~J.e.~h~ ~><-(x1 o) .; ~ · 
\.WI~ 

f.,. .Ji o ! x ~ I • bt,.i...j I.· ,J.;lf «eo~.\::~~ ±"' t;J c.oJ;t;.., "-(>,o) = 0 ;f o ~ x 6 I 
J vJ i ~ to ( ) ~t-o\ J 

• f u j.. E . ""11 - • I . IJ . , - I 2-( l. .i pt . 
~~~'j ~ (") =- o. 11\..C... VA-n&51'.4d ~V\'\ 'Mpi<.s \.t-t ,.:,.c-)+ ~xx L"></t) -:::o frt ... {1 

0 ~X~ I ~ eo.ch Jix~ t ~0 • 1lv-.s kt c~/-t) = 0 -= ~x,., (><it-) f«< ~~~ 0 ~)(.~I ~ 

~It -t ~ o. IY\ fM'\:~c.~") 

~ t 
~>< 1 t) _ '.t(",o) -: ( u (x

1 
.,.-)J..'l' :::. J o 4't" -= o zrts. 

Jo t o 

for ,J( t,~o ~ ~ f;x~ ~LV\ loJIJ. Bvl ~.t--(x1 o)-:::o fw a.ll o~x-!:.1 

- ift . \ I{ .-<f I 
s 0 cto ,,\i l.S L-l(:><,.&) = 0 frrr .JI 0 ~ X~ I Q.""'\ A- t ~ 0. I~ ; s / 

\ ... , (><, t) ""' "/';"t.) l 
feiY cJ\ o £ x ~ 1 AJ., o ~ t 5o ~~~l.J:i«M5 h (_b) Cl-'fe 1.4.1\l~~e . 
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A Brief Table of Fourier Transforms 

f(x) 

g if -b<x<b, 

otherwise. 

g if c < x < d , 

othen:vise. 

(a> 0) ? J 
x- + o-

r if O<x::;b, 

~b-x if b<x<2b, 

otherwi se. 

{~ "' if x· > 0, 

otherwise. 

{~"' if h <X< C, 

otherwise. 

{~'"' if - b <x<b, 

otherwise. 

{ ~'"' if c<x<d, 

othen vise. 

-ax 2 

(a> 0) e 

(a>O) 
sin (ox ) 

X 

e -ic~ - e -id~ 

- I + 2e-ih?- e - 2,b? 

( (/ + ir; ) j2; 

(a- ic)c (a - if.)h e - -e -

{2 sin(b (r; - o)) 

y; r;-o 

1c(a-t. ) ~<i(n -c ) e - - e -

l -t.1 '(4a) --e - ' 
Ect 

if lr;l< o. 
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