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Mathematics 325 Exam III 
Fall2012 

Name: J2 r:. (i-'({)W 

d2 
1.(30 pts.) Consider the operator T =- dJ:2 on v = { (/J E C2 [0, 1] : (/)

1 

( 0) = 0, (/J (1) = 0}. 

~ (a) Show that T is a symmetric operator on V; i.e. show that (Tf, g)=(/, Tg) for all f and g in V. 

fo (b) Are the eigenvalues of T on V real? Justi fy your answer. 

I, (c) Are the eigenfunctions of T on V corresponding to distinct eigenvalues orthogonal on ( 0,1)? Jus­

tify your answer. 
1 o (d) Are the eigenvalues ofT on V nonnegative? Justify your answer. 
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2.(35 pts.) On this problem, you may assume that the set of functions 

<D = { qy, (x) =cos ((2n + 1)7rx 12): n = 0,1,2, ... } 

is orthogonal on the interval [0,1]. The identity cos2 (A)= (1 + cos(2A)) ! 2 may also prove usef·ul. 

!v (a) Show that the Fourier series of the functi on f ( x) = 1- x2 with respect to <D on the interval [ 0,1 J is 

I 32 ( - 1 )"cos ( ( 2n + 1) nx 12) 

n=o ( 2n + 1/ n 3 

b (b) Does the Fourier series off with respect to cD converge unifom1ly to f on [0,1]? Justify your 

answer. 

~ (c) Does the Fourier series off with respect to cD converge pointwise to f on [0,1]? Justify your 

answer. 

5 (d) Does the Fourier series of f with respect to cr) converge in the L2 - sense to f on [ 0, 1]? Justify 

your answer. 
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Convergence Theorems 

Consider the eigenvalue problem 

(1) Xw ( x) +A-X ( x) = 0 in a< x < b with any symmetric boundary conditions 

and let <D = {X~> X 2 , X3 , ••. } be a complete orthogonal set of eigenfunctions for (1 ). Let f be any 

absolutely integrable function defined on a~ x ~b. Consider the Fourier series for f with respect to 

cD: 

where 
n=l 

A = (/,XII) 
II lx x) 

\ n' n 

Theorem 2. (Uniform Convergence) If 

(11 = 1,2,3, ... ). 

(i) f ( x), f' (x), and f" (x) ex ist and are continuous for a::; x::; b and 

(ii) f satisfies the given synm1etric boundary conditions, 

then the Fourier series off converges uniformly to I on [a, b]. 

Theorem 3. ( L2
- Convergence) If 

h 

fJJ(xtdx <C0 
(I 

then the Fourier series of I converges to I in the mean-square sense in (a , b). 

Theorem 4. (Pointwise Convergence of Class ical fourier Seri es) 
(i) Jf f is a continuous function on a::; x::; b and .f' is piecewise continuous on a::; x::; b, then the 

cl ass ical Fourier series (full, sine, or cosine) at x converges pointwi se to I(x) in the open interval 

a<x<b. 
(ii) If I is a piecewise continuous function on a::; x::; b and .f' is piecewise continuous on 

a::::; x::; b , then the classical Fourier series (full, sine, or cosine) converges pointwise at every point 

x in (-co, C0) . The sum of the Fourier series is 

~AX (x)=I(x+)+f(x-) 
~ n n 2 n=l 

for all x in the open interval (a,b). 

Theorem 4 co . If I is a function of period 2/ on the real line for which f and f' are piecewise 

f(x+)+ I(x- ) 
continuous, then the classical full Fourier series converges to 

2 
for every real x. 
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