Mathematics 325 Exam III Name: Py Gfoy\j
Summer 2010 (I pt)
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1.(33 pts.) Consider the second derivative operator T = T on the vector space of functions
ax-

V= {f e C*[0.1]): 7 (0)=0= _}‘"[l)} equipped with the usual inner product: (/. g) = ‘[_f(x)g(x)cir ;

(a) Show that 7 is symmetric on V.
(b) Show thatif f is areal-valued functionin ¥ then f(1)f"(1)-7(0)/"(0)<0.

(c) In light of (a), what can you say about the eigenvalues of 77 on V' ?

(d) In light of (b), what can you say about the eigenvalues of 7 on V' ?

(e) In light of (a), what can you say about eigenfunctions of 7 on ¥ corresponding to distinct
eigenvalues?

(f) Show that the eigenfunctions of 7" on ¥ are, up to a constant factor, f, (x)= Sin((2n —1)71'.\'[2)

where n=1,2,3,.... What are the corresponding eigenvalues of 77 on V' ?
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2.(33 pts.) (a) Show that the generalized Fourier series of f'(x)=x(x-2) on [0.1] with respect to the
: -32 2n—1)7x/2
complete orthogonal set @ = {sin((ln—l]nxﬁ)} on [0 1] is /(- : me(((” ))zn )
e T am 2n-1)

(b) Show that this generalized Fourier series converges uniformly to f on [O.]].

-l n+l
(¢) Use the results of (a) and (b) to help find the sum of the series Z{( ) )
(20 -1

Bonus (5 pts.): Use the results of (a) to help find the sum of the series Z l

=] (2n -1 )h .

(a} J’A& %MW% ')C wrt, E o [0/1} £

) ~ L2 Aq6)

n=

_ L5 (n=1,23,...) . Mote #al
‘hrRM.b An <(5>"”‘5)m> J

I
l -
<?"‘) (Fn> = J M“‘?G“")“”/z—)&;«, = '(O [—;—_ - i—c,n(@-n—:)ﬂx)]i;g = i - 5‘:(5?;;):

- L. %mmw ispabing Ly s T gl o "
m

<Jf.' 9;“> j x(u—l)ﬁm((n—l)ﬂx/z.)f-{x = —%nﬂ)ﬂ Jz‘(’("‘*@n_‘
cor (Ga-0FR/) 1

0, j (en-irr (c,_.,, )’”{@'“"‘)W"/L)Ax

= =8 -~ g -16 . J
L ((zn-mrsw(@ e \ L foe

|
5 f-(x-:)

(?—Hﬁ

(2n-t )‘Il'k/a.

@r-O7 (zn-0T
i x i
- 16
3 .
An - (2-'1-1')’1\' _ -3 (l‘l‘:‘j,z,['j},__ ) AD #& 40“)“19\),4%6
= L

(oVER)




(b)  Hw e Jheoem o o d,.w,,,amje( %;j’&
bt fl)= x(x-2) , Fla= 20)  ad FT) = Ve cobinusur/

functioa v 02 x 21 Fusamor ﬂwo%m
X(o)=0 ok Xl)=0 ﬁ"”‘"%‘“‘ﬁ*‘o“"% Xk) + A E()= o
o 0< x< | e salishied ﬂaf
fer= o(e-2)=0 , )= 2(-1)=o0.
J%ﬂ%a, iy Hat e Fourivv pories ﬁf wrd E
BT, B, weens adpslhife (4.

-3z m(@n-DT 2
) x(xee) = T mlne

/ﬁ(,ﬂ,‘p‘e X am [o,f], de'sa R o o) 3“9.44)

-3 Z fv;w(@-rl-l')'f‘['/z.)

'7[3 n=| (‘1‘.‘*\—-03
v o nH
ﬂ/l—ﬁmwﬂdﬂfj, —TLB ~ Z c—l)
32 3|
n=1 @-n—l)

a ab b,
Bonws . At spply ponacaels oy, 37| A [IZ00ldn = Jlfm]cix
fo He omplts othogondd pustim: T = {zﬂ};:{ ,,;;@..-M%)L‘ =

; (<) = x(x-» [o i - -3 ok n—()T; :.Y{x-z x -:
o 1) 0 E 2 e o
: ¥ Ay Y 2 - S S g |
‘%JWMBW"J‘W%”%?‘[M b i m f_ Al i B)L I
n=g
i b = f..‘i - T _| =°
SO o U D S KT
=




(33 pts.) Solve u, —u =0 for 0<x <1, 0<t<oo, subject to the boundawcondmons

u(0,¢ 20w, (1,¢) for r20 and the initial conditions u(x, 0)@ x(x=2) and u, (x,0 @) for 0<x<1.
You may use the results of problems 1 and 2 even if you were not able to successfully solve them.
Bonus (10 pts.): Is the solution to the above initial-boundary value problem unique? Justify your answer
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Convergence Theorems

Consider the eigenvalue problem

(1) X"(x)+AX (x)=0 in a < x <b with any symmetric boundary conditions

and let @ = {_.\’1 X,..X....} be the complete orthogonal set of eigenfunctions for (1). Let / be any

absolutely integrable function defined on « < x<b. Consider the Fourier series for f* with respect to
D

where
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Theorem 2. (Uniform Convergence) If
(i) f(x)./"(x), and /"(x) exist and are continuous for a < x<b and

(ii) /* satisfies the given symmetric boundary conditions,

then the Fourier series of f converges uniformly to f* on [a,b].

Theorem 3. (L' —Convergence) If
b
2
‘ﬂj (\)| dx <o
i
then the Fourier series of f converges to / in the mean-square sense in (a,h).

Theorem 4. (Pointwise Convergence of Classical Fourier Series)

(i) If f is a continuous functionon ¢ < x<h and ["is piecewise continuous on « < x £ b, then the
classical Fourier series (full, sine, or cosine) at x converges pointwise to .f'(.r) in the open interval
a<x<b.

(11) If f is a piecewise continuous functionon ¢ <x<b and /" is piecewise continuous on
a < x < b, then the classical Fourier series (full, sine, or cosine) converges pointwise at every point x in
(—0,). The sum of the Fourier series is

$ax.(5)=2 (x)+/(x)

2
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for all x in the open interval (a,b).

Theorem 4. If f isa function of period 2/ on the real line for which f and /" are piecewise

S )+ s (x)

continuous, then the classical full Fourier series converges to for every real x.



