Mathematics 325 Exam III Name:_D7. grow -
Summer 2011

Note: The last page of this exam contains statements of theorems for convergence of Fourier series.
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1.(33 pts.) Consider the operator 7 = —de“‘— on the space

V= {q) eC*0.1]: ¢'(0)=0=¢'(1) and " (0)=0= ga'”(l)} :
1
(a) Show that T is a symmetric operator on ¥, equipped with the usual inner product: (@, ) = j¢(x)zp (x)dx.

0

% (b) Are all the eigenvalues of 7 on V' real numbers? Justify your answer.
5 (c) Are all the eigenfunctions of 7 on V' corresponding to distinct eigenvalues orthogonal on [O,l]? Why?

& (d) Are all the eigenvalues of T on V' nonpositive? Justify your answer.
1; (¢) Compute all the eigenvalues and eigenfunctions for the operator 7 on V. (Hint: You may find
useful the fact that the general solution of ¢'“ (x)-a’p(x)=0 is

p(x)=c, cos(ax)+c,sin(ax)+c;cosh{ax)+c, sinh(ax)
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2.(33 pts.) (a) Show that the Fourier cosine series of the function f(x)=x*-5x"+7x* on the interval

[0,1] is
311440 & (=1) cos(nmx)
21 »* 4 n®

“ (b) Write the partial sum S, f (x) consisting of the first three terms in the Fourier cosine series of 1.

Sketch the graphs of f and S, f over the interval [0,1] on the same set of coordinate axes. (To save
time, raise your hand and I will come to your seat and grade your graphs from your calculator's display.)
71 (c¢) Discuss the convergence or lack thereof for the Fourier cosine series of f on [0,1]. Be sure to give

reasons for your answers for the three types of convergence: uniform, Z?, and pointwise.
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53.(34 pts.) Find a solution to ;
u,+u . =0 for 0<x<l, 0<t<oo,

subject to the boundary conditions

u_ (O,t)@o@ux (L) and u,, (O,t)@o@um (1,r) for 20
and the initial conditions ©
u(x,O)@x6 -5x*+7x* and 4, (x,0) =0 for 0<x<I.

You may use any results stated in problems 1 and 2, even if you could not successfully solve those
problems.

Bonus (10 pts.): Is there at most one solution to the above problem which is continuous on the strip
0<x<1, 0<t <0 ? Justify your answer.
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Convergence Theorems

Consider the eigenvalue problem
(D) X”(x)+/1X(x)=Oin a<x<bhb
with any symmetric boundary conditions of the form
{alf (@)+pf () +y f'(@)+6,f(0)=0
a,f(a)+ B f () +7,f(a)+6,/'(b)=0
and let ® = {X Xy X 3,...} be the complete orthogonal set of eigenfunctions for (1)-(2). Let f be

any absolutely integrable function defined on a <x <b. Consider the Fourier series for f with
respect to @ :

(2)

S 4,X,(x)

n=l|

where
4, = AL K)

o =1,2,35..)
n <‘/\,”‘ A,” > (}7 ), )

Theorem 2. (Uniform Convergence) If
) f(x),f'(x), and f"(x) exist and are continuous for a<x <b and

(i1) f satisfies the given symmetric boundary conditions,

then the Fourier series of f converges uniformly to / on [a,b].

Theorem 3. (L’ —Convergence) If
b
”}‘(\)’ dx <

then the Fourier series of f convergesto / in the mean-square sense in (a,b).

Theorem 4. (Pointwise Convergence of Classical Fourier Series)
(1) If f is a continuous functionon a < x <b and f'is piecewise continuous on a < x < b, then the

classical Fourier series (full, sine, or cosine) at x converges pointwise to f (x) in the open interval

a<x<b.
(i1) If f is a piecewise continuous function on a < x <b and f'is piecewise continuous on

a < x < b, then the classical Fourier series (full, sine, or cosine) converges pointwise at every point x

o S )
S 4,X, (x) = S

n=|

for all x in the open interval (a,b).

in (—o0,00). The sum of the Fourier series is

Theorem 4 . If f isa function of period 2/ on the real line for which f and f’ are piecewise

) ()
2

continuous, then the classical full Fourier series converges to for every real x.
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