Mathematics 325 Final Exam Name: Dy Q’Y‘OVJ
Summer 2011

The first two pages of this exam contain eight problems which are of equal value ... 25 points each. The
last two pages of this exam consist of a table of Fourier transforms and some Fourier series convergence
theorems. Furthermore, you may find one or more of the following identities useful on this exam.

cos’ (0)= % +]§cos(29)

sin’ () = %sin (0) —%sin(w)

Viu = li(r %j+—1— O'u

¥ or

21

il 2pl) 1S 1o
r*or\" or) r’sin(p)op (/) d¢p ) r’sin’(p) 86’
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1.(25 pts.) Solve + —20-— =0 subject to u(0,y)=25y>+64y* and —(0, y)=-10y + 48y’
(25 pts.) o ay Var j (0,y)=25y" +64y ax( ») y+48y

for all real y.
2

2.(25 pts.) Solve %—gy—z =0 in 0<x <o, —w< y <o, subjectto u(0,y)=e" forallreal y.

o
3.(25 pts.) (a) Solve %—;l—o in-l<y<l, 0<x<oo, subjectto u(x,—l)@

ou @ ou

6y( = ay(x ,1) for x>0 and u(0, y)®cos2(7ry) for -1<y<1.

(b) Show that the solution to the problem in part (a) is unique.

(x,1) and

4.(25 pts.) (a) Show that the Fourier cosine series of the function f(y)=y*-2»” on the interval
0<y<lis
__7+ﬁ 3 (—1)“+I cos(nzy)

4

5 #= n
(b) Discuss the convergence or lack thereof for the Fourier cosine series of f on 0< y <1. Be sure to
give reasons for your answers for all three types of convergence: uniform, L?, and pointwise.

0 d'u

5.(25 pts.) Use Fourier transform methods to solve —l; +— =01in —0<x <o, 0 <y <o, subject to
ox” Oy

(50)-|

and hmu(x y) =0 for each real number x. Note: For full credit, do not leave any unevaluated
o

integrals in your final answer.

1 if 0<x<],
0 otherwise,



A2 4
6.(25 pts.) Solve ;xL; 8_u =0 in 0<x<ow, 0<y<]l, subject to 5(x ,0)=0

)@ @6u

D

x,1) and

?3;3—( —(x,1) for x>0 and u(0,y)= y* -2y and %(o,y)@o for 0< y<1. Note: You
may find the results of problem 4 useful.
Bonus (10 pts.): Show that there is at most one solution to the above problem.

]
7.(25 pts.) Solve VquI in the spherical shell 1< x* +y* +2° <4 subject to the conditions that u
vanishes on the inner boundary, i.e. W20 if v+ y* +z* =1, and the normal derivative of u vanishes

on the outer boundary, i.e. —?—@O if x* +y*+2° =4.
n

8.(25 pts.) (a) Solve V2u@0 inthe cube O<x <7, 0<y<m, 0<z<7, given that
u(x,y,7)=sin(x)sin’ (y) if 0<x <, 0<y <, and that u satisfies homogeneous Dirichlet

boundary conditions on the other five faces of the cube.
(b) State the maximum-minimum principle for harmonic functions and use it to show that there is at
most one solution to the problem in part (a).



Fourier Series Convergence Theorems

Consider the eigenvalue problem

(D) X"(x)+ZX(x)=Oina<x<b
with any symmetric boundary conditions of the form

) {a]f(a)wLﬂlf(b)+}’1f'(a)+51./"(b) =0
\ (@) + B, (B)+7,1"(a)+6,/'(6) =0

and let @ = {X X5, X 3,...} be the complete orthogonal set of eigenfunctions for (1)-(2). Let f be

any absolutely integrable function defined on a < x <b. Consider the Fourier series for f with
respect to @

24X, (%)

n=l

where

A =<LA—> (n=12,3,..).
’ <)(N’Xn>

Theorem 2. (Uniform Convergence) If
(@ f(x),f'(x), and f"(x) exist and are continuous for a<x <} and

(ii) f satisfies the given symmetric boundary conditions,

then the Fourier series of f converges uniformly to f on [a,b] .

Theorem 3. (I’ —Convergence) If
* dv <o

f 1/ (x)

then the Fourier series of f convergesto f in the mean-square sense in (a,b).

Theorem 4. (Pointwise Convergence of Classical Fourier Series)
(i) If f is a continuous function on a<x<bh and f'is piecewise continuous on a < x < b, then the

classical Fourier series (full, sine, or cosine) at x converges pointwise to f (x) in the open interval

a<x<b.

(i) If f is a piecewise continuous function on a < x<b and f'is piecewise continuous on
a < x < b, then the classical Fourier series (full, sine, or cosine) converges pointwise at every point x
in (—oo,oo) . The sum of the Fourier series is

o))

for all x in the open interval (a,b).

Theorem 4. If f is a function of period 2/ on the real line for which f and f” are piecewise

() 1)

for every real x.

continuous, then the classical full Fourier series converges to
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A Brief Table of Fourier Transforms

/(x)

if —b<x<b,

otherwise.

if c<x<d,

0 otherwise.

0
S (@>0)

if 0<x<b,
if b<x<2b,

X
2b—x
0 otherwise.

ax

= if x>0,
otherwise.
“ if b<x<e,

otherwise.

0

sin (ax)

“f —b<x<b,
0 otherwise.
o if e<x<d,
otherwise.
d (a > 0)
a>0
=) (@>0)

i(E-a)2m

elc(u—.{f) eld(a—_f)

Le—éz/(tia)

J2a

0 if |¢2a,
Z if |¢<a

2
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t{.
Lef{;zﬁ"" s ZZ L =5L + 42
Hpe. TeE AL 8 1} a; an,
1= tty +x b :
ad 2 3—+ e B

x> ox 31, %

T PIE Horefre fecomes
|G R A G R) -(4%) = o
(253 ag) b = o
5%)= @
jﬂ"tava:&n.a once  FVES %“; = CI(S ) 0«*& Dvl'ca(a:(")“a ‘64”\ amm
W = jc,(i)(lf*" c) = f3)+ a(.'[) wheve. f and szlcz’fm“
of a smafc Yeel . an&ngﬂa , fhe gue.@/ sdution o the PPE is

“0qy)= §(8y-x)+ glty+r).
Nobe Hhet 2% o - £ 15y + 2’(+7+><). We need 4o choose. £

ox

MX ﬁ So M
# 25% by’ = w(0,9) = F6y)+ ¢{t)

ano\ 15 s, L hee
o) oy + #897= 5= (09)= ~F(5)) + g(4y)

for all vedl Y- :Dt'gdenﬁaifrta <) U‘JAS



(Jedek) 503+ szl: 5&’(@)++3/(47) :
A(io\mz 5 4imes %u&im () 4o %;Miiem (reskeke) (ecds 4o
432 57_: 93/(‘*9\
184" = 4ly)
3(y) = 3/(4‘)\
32 = 3/(%) ;

c&nsal/uwajl an negration Ule[ols 3(_2) = 23+—c fov all veal Z., |
SuLf ("‘mifing ‘ﬁuis Mo G‘) Froolu.oc,s

254" + "4‘53 = f(5j)+(4-7)3+ C
50 2,5‘3’”—; $5y) + ¢
5y ) = Fy) +c
and hence F (&) =2"-¢ Forall ved 2.
Tt folbws from

wbey) = £ (Sy-x) + 2(4'5*%)

that ) p
uxy) = (Sv'x) -c + (‘fy-l-x)-}—c

“fa9) = (Sy <) + (43*%)3 J




By A solbion fo w ki =0 in -wex<w iR, selistying
% L % J v U

K_(\?‘,O>‘:.<,p(r‘) fov —<x <80 s
&0

o R )
w(=%) = \ﬁ‘%—r—— S e ‘f(j

ab least for contimcons bownded funckions ¢ - Therefove

o0 Z
-(:‘1"‘,) L of

S e tx . (A 0['1" &(x,—b) e—i’(t,/x)]
- 00

b “‘("a‘j)"

‘I'n'x

15 & Canddate for a So(u.{isn +o our Proucm. <N°{{ M ‘f(’T'):e:;r
;5 COnéinuou.s Lul? Ml: Loww\e,ol ONn ~ < T < od

owy Sa(u&em at the end 67( the Pn”cm ) Then

u(49) = qf.—"—J dr .,

, 50 we will need fo check

<

Co»uflch'ma the square in 7 in the c%fo"en(r of the in.{:e?ra-noq/ we have.

z 2
51—' Z’F:’ - frl—- 27x = ’s"z—- Z.'r'(éxﬂ)) 4 (éx hﬂ) - (éx-hj) +3"

= (T @) = (Bolhrang o) +

14 = (T 6x—j)z—- 4-><(‘ix+3j\,

Phoes e SR .
1% Wiy ) = 1 S &g e e,x no('r'. Leb P= —J

e )., ax
rn‘” o\f,__: j_%:;) as ¢'__>+°o/F_>+w) av&a&’r’ -00 so oloesf./llwfc—fo,«c_
o
Ix+3Yy 'Fz Qx-\—?:j

24 wisy) = 6J_ﬂ7 5 © c{? =€ '

v (et g =1 L Ly 20



:&3 (4) We we m?amjhm q&‘ Vﬂ(q&ig@‘ We seek neatrvial sdudions to the ‘lfwmoau\eous
T *)

portion & the Ffou.ém, O-®-@, o the form u(x9) = () Ty). fquﬁ{w‘,ing (%)
into (O Bielol.s X'(v‘)'ﬂ\,)— X(x)f@) =0 ey -&@& _ "f((;/‘d) kot = X

— = D

Xey Hy)
Svjys{:&uhna @) into @ leads to X-Q"){_Y(')"Y("‘)]:O for dl x2z0 S0 we

must have  T0) = TE1) for nonbrivial selukions . s:mliaij,subse‘ra.iz«a @) wto 3
leads +o T() = T/(0). Torefore we mush selve the coupled sustem
Soppoe_—— T) + %Y(2>:o, ()T, B()=TE),
XY+ NE(x)=0.
Tt ot e leomel fhab tho cipnveucs il eigorfirions for T2
with Yeriodic, boundary conditions o (A 2)= {1,1) are:
An = ("“’)z (n=o,, ’7'-—)/

Yo(j)-‘—‘ and, Y;())z ancoS(merL'\m(mv) (n=123,...)

J

arL(tmrv constante)

TCSFCO{'AV&‘D i ﬂ\,e/ wfr%f)on).tna e_cywab’en n X becomes

2z
X'ere X =0
" ~hw)x
and Hhe %wz\fm\ sdution is X O)=ce . Thes

l&ob‘m) = X;(Z‘)Yo(‘j) = 1 .
.(nn')x[

W (qy) = 'K“(,‘) Z;Qj) = e o.ncos(nﬂ':’)+ thménrv ):] (r\:t,z,? .

ave Sdukions o O-®-@. Th &s)o\’f:os(’t’im Friwcif(e, then shews thet
N )
Wxy) = a* T &' x[ancos Q‘W\j)‘l"[ﬁ',\sb\(nﬂ\g)]
n=i
solves O-®-® fov any M%“ Nzt aed any cheice of eonstants a'DIQULI)"'
o) QN ,\7 . We yeed to cheese N andk HW.&..,L,,IS so that @ is

N



Sd'lsgieJ. That is ; o +i\47i'f

N
—'7:4- Leos(2my) = Cos (7y) = w(2y) = a+ Z[“,\CM("“‘))‘FL.‘SM(MT%J

V\‘_‘l

‘,FOY all 3 in [")'] . 35 .lnsvw‘hon/ e S&M N=2. axw(
4,24, a=bzo, a=4, mdboo sfic

wlqy) =

k.
2

solves ©-©-0)-4) .

(\L) Let V=v(xY) be another solukion +o ©®-0-® ard, consider fhe
Lunchion W(ky)= Wixy) = V04y) Fov - ¢y2i,0sx<00. Then W solves

©
Wx—wbj = & c‘F -|<j<( o(xCoO}
®©
w (>0 = W) MJLw(x-.) w(x ) QT S
®

W ( )3) = & i{ -ty 2,

Le{; Ex) :lg (%y) )0\31; denobe the vook-mean s:bme +€M}’ev44w “
«{

W : L Then AE” | A‘h
of the silubion W sk x2o0. o= j— e )dy = [ 2wt
@ | 1ir N m&l—aﬂxian Ly f"*ﬁ Ix -1 -1
= | T ey £ ’
= J 14 ’”dﬂ = lw(".y)wj(x,‘))\ - ij;'(x,.j)ola

O% OM\A® Y=-i =l

A —
[w(x |>w (= () - Wx 15\4 (%, ()] 2_\}'. W‘L(X,\’}O\U < 0, Thws

—
—

@
E EQ‘) s & (ieé\(W\gn*gzmahw on X 2z O Sso 0% Féc)< E(o) = 0
+the v«wskﬁ%eo umolees '

Conmtu.&ﬂ Yo Wl4y) = w(xy)-v(xy) =0 fov all "2y ank 02x<0. Tie. fhe
solukien s wm‘Lwe o the ?ruuem mn ?aﬂ@).



4 S -
i ®) &5):3”3 B d Qo*"Z(L\COS(nW\)) o Ofys[

where ao=£§(y)43=(153’—§§)\l; “Load, fev nzl

15
A, = lu(of‘éj)cos(nm/q)AD . Wn{'e, (3542‘}) = (o (\VIITE\) 'ﬂ\u\ intearnbing Lj
ra«r'\'zs ’fow\f times ?\I&S ’

| | l
\Lg‘f&ﬂdj ) U‘?@)' f/?//k fl/cyl- g(uﬂ\o 5 L ’[&c)yalj |

G) . (3

— sin( ) G) “ 4
But ¢y = ——;";(“—‘1-)50 ¢ C=o=g 0, ‘ffy):‘%f—/rj so f)=o=f),
7 = -sin{ Ay s /
‘F@) .._(_n_:*-r-)-?- o @)= 0 =) )c(’)g):z{.j 5 {DZO): o and
) _ cos(rmy) G)_pru e (G)

) 2;+/c3>(5)-_6;);‘1)so Gj" ff#fj”)ca?)l
|

and joj‘mcf(t,)&j = 2+J s(*y) = O, Thuefore

ot

= —)“3()*)7(!)

|
o

l 1

@)
Gy 2 ljo‘F(v)CoSQ““ﬁAU = Q”Sja)(f@)aj =~zf"2s>yu> = —zgm’c‘\“ ~ ‘*8(4;“
Can.fezv;.e»ﬁy, fhe Fourier cosine series fof f m [O,(—} is

G

da |
Ct) coslomy)

wt

T
‘F('j) xy+ wt

™

il

n={

(L) We use Hhe uniform con\/e\@moe resdt (Tleovem 2. Note fhat

+ 2 / 3 2 / p
T =y-agt, for =44y, el Sly= ngo 4 s £5aks”
MNe Cothinuows on {0/ l] . Wk’lo\ra flco):o = f"(\) So 5: sA&IS'gx'e_s
-H\Q, s:jmmekric, \aomoaucms Wy CQ“A*"“'M’;/ ‘f,@’):O and cy/(‘) = 0/



-

‘;"Y' T= _%1 on {0,1} "‘ML‘L‘ 6‘“%"&&5 'H’Le "V‘H‘an"“d set i: (tos(mj)}w.
'ﬂws p \73 ’]Lurem Z) ‘“\(/:[owfie/ Cosine series jcﬂ ’f on U, f) cgywc»:c}cs
(M\;g'bfm(j {'o S: m [O/(] . 5mce, uM‘\fWM Cm\/&(Jauce (a.{‘, lca.st O va\a\eA

V\‘::o

Iu‘:cfvak} lm?\(es Lz and ?em Wise. con\'@féwwj it fol\ows that the
s do £ o bl the - songe end

'Few/(w (oSthe.  Sevies »Fw & (oNve

5 dt Yox\»{u(sc SMSL .



’ffi S“’YFOS"- %{” uzulyy) is a Sc(v:hm to Ahs FroL\evv\ Than

©
“Xx(x"»* )9 "')>=O for all ~w<x<m, 0<y<0, u(xe) (F(”) {

( v}-oo«g/
(&) O-Q).)

We {a.lzz, J({\g Fo«mef —{YN’\SS:OWY\ G’S’ @

anol. Lim u(x,3)®o §av Wl ~0Ex <00,
Yo

wlm (%""’"l lbx 5’(&){)‘\/5) 4 Eg‘(u
"55'6)(3 ard ji(“xyj)@ S uw@,g)e o\x = 2 (-};S u(x,»))e. M\:g&i‘(‘}x’
tt )C‘(ows M
Y F (6 + é%jcuw) =0
fé;’f(w) - $FwG = o.

TLL %&Wbl sdlution 6? Hazs SmA—od&v O J (w’d& \""""“e{"“ g‘) S
3 -3 ,
$@)@)= @) + e Aypbing @ ve heve

oo - 4 -%y
e _'_S woye dx = bim ) = lim Qe,(z)e% c3)e )
yro ﬁ?_w Yreo b..,oo

Con%m‘bb) ¢ =0 f 370 ad c(3)=0 ' 3<0  so

-By
e’ § i»o -15ly
Fwl) = } = Ab)e
c@e? i 5<o
AW\«sz @ \eads fo
s -3l
s j«(?) _,WS w(x, O)e, dx 5 5’(,“)(3’ = AB)e \ = AB).

y=o
wr& a=
Tas ) ewbrﬂ C in fhe tdle of Fowsiey transhor W{‘\L convelution theovem Mf(fj

Ftee)= Fige)e = SO = m I st o))
(8 —3‘(1‘. O g cf)(i)




/J(%(bgv(e./ % AVE(Sion *K\w{e,m ZMP\(& Ahat ‘fw ~%x<od and 3>o)

o) = 2w g)i

T (_)z-+57_
o
X — __Lﬁ —3—’1—"1 q):(?-)d&
™) (%-2
R Ea
|
_ J_J e
N (x—%)"at—:)"
)
N e T i e
‘—'—g‘ and 25| S w= fox )
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P8

_i_k_é__ We use the method of Se?amﬁm % variables. W seele nonbtivia] sdebions

of the 'homoawéous F"f"‘?ioﬂ °§ the (T"rousem/ 0-0% ’@/“@’@) ’v‘g‘ e fc*’w
i )
Wy E KTy Shithiing @ n © gles T %+ BAT =0 or
B L T < costad = X, Sbibinding @ 1 @ yidls FWT =0 Ay
X () TH)
x20, so &x Mwb'ivia,\ solubions Jo exist we must L\a.vefl@) =0, Stmllarljlsulasti.
{Mhma @ n @,@)(5), am\@ leads to -}c\-e conditiens Y’O):O/ YO)(Q): o:szz)/

a,m{ X,@) =0 fw the existence os: Whi\/faj soludions . ncw:& We La,vc-‘&a. CeuT\f_A
Etju\alwc 'Prblolem

Sustem , P
‘a é@hj)-ﬁ* Xf(t)):o/ Y = O=Y(')) 'ZG)(?)“0=Y0%|)I

X”(r) _>\X(?<)=O) X_/(o)—.:.o .

On Exam T_IT’ we learned that T = "%&_ - Sjmmebricm-ﬂw swlospwe_
V‘-:{t?é 64[0/\]: Cf{"):O‘—'CfI(J) / ?G\CO)=O=<YO)U)} au-o\ has eiégnvwlw_s

An: —-Q\W)“- and Co\(res‘)mo\ing cfaw‘g\.moaﬂs ‘f,\(‘)):“5(""v) wheve. WSR2 w5
The Coms‘vc\lma Froue»q n x 1s then

X“//(%)-i- h4ﬂ+z;\(7‘): o, X“I(o) =0
with. Solwkion X ()= Cos(wlwzx) , bo a cmstant facker. Therfove

u, (4 y) = Xh(x)z‘w) = cos(nWB)COS(’n‘wzx‘) (n=0y2,...)

solves @-@—@-@—@ —@/ and, % fhe Svky«yoé(*im Yvivwi?‘g, 4he same is e
of the formal series
w(x,«j) = &, eosfrmy)eos @»ﬂzx)

wheve the a,\ls are. a,(b{Jcmr\\j constanbs . We need 4o chosse Fhe constants so fhat
Fhe wmhomoaeneeus eondition () s sakisfied -

4 % i
3 ——Zj = w(o)‘)> - 0L°+ Z Q.V\COSQ‘W5> fﬂ' all °‘—‘—j £l .

—_—MNay ——



n¥|
- 48D
B:j frob\em 4 we sheuld choose q = -'775‘ and a,= s for nz|,

Thus

o n( 2 2
~ =) CosnT Y Jeosn
KLX/B) - Z— + ﬁﬂ (' S(V\ ‘7) ( W’:)_

IS w4 e wt

solves ©-@-0)-®-6)-0-0 .

Bonws :  Lek V=viey) be ancther soludion o @-@-@)-@® €O -D and consler
W(%,b) = u@,u»-—v(x,v) . Than W satisSies

.
Y = < x<
Yoo T Tygyy T © R
12

@ @ @ .
W (x}o)-:_o :—_wj(x)l) a.V\A\ w"j\j (X,O) = O '—'—'WSB‘) >, ‘) I’S:' X;o)

w(o,x))@ o @Wx(o/‘j‘) i bEy L.

4.
z

{
Leb E(.X) = S [w: (x,\)\) + Wy\;(x,”)}in Le_ Hhe "'o{'lj eucraj Lunckion of the
solution w ab ox > 0. Then

l

%\% = SD [wx(x' Do)+ w?‘j(x/ﬂw?j%(x"’)]&ﬂ '

H%whn% LJ Ym/ks Jwice 3;\:&5
I |

{
5 Wy Wy )Yy = (M5 Vg o | DMy gy (o).
(v} b:O o

Difjerentiating @ and (©) with vespeet Yo x produces wij»o) =0 =W, (91) For xzo,
ufmz these velations -loseﬂwv with @ avxa\ @ 3'\&(&5

(o e~ " szk = g G W (o) =y L0 ) = i (), o Do e

= 0 .
|

JE _ [
Therefore o = 50 W, Gy, (eg)dy + Sowx(*:‘))wym@a) dy =



)

\S %(m(wax(x,q)Jr w‘}‘ﬁ‘j(x'%}\ﬁ - 5

o/

L,j , Cmectuen{;lb E(x)= E() for all x20. Tf we diferentiote @

. ! : (L. . ) " ;
"thc,e, wxm Yess)edt o fj we oytaun w”(o/j‘) =0 -f:vr all o:’:yfl_ Then

l
E(O) = Jigo{ w:(o,j) 4+ W‘J‘; (0/3\:\&3 =0

t?:) (1) and (14). Hence | for all x 20,

— 2 8
o= Ex= _lz: So[ w (r,t,)-\— WV‘:J (x,«,)}&j
so the wmis\r(mg theorem 'my\ics w:(X,j\-l— ww; <4) =0 For all o%y<l and)
all ofx<os, Thas wx(x,cj) = 0= wv\j(x,u,) and & follews Hhat WQC,cj)=c‘(j+cL
Lot some. Constarbs c axw\c,z and all 0Ly £l 0% x <, Buf @ shows $hak

c‘—:_ 0= (‘,L and so u,(x,c)y— V(x,j) - w(x/«.)) o) far al o<x <es, 05551 i

0 ol 2
/Mlél w(x9) = —;7; ¥ %Z &) 605@1'2)605(““") is the ux\lv-\e (da%\al)
w3 W

sdukion o ©-©-@-@® € -©D



&7 Since. ‘l""i ’PDE Ye_z;am a,M\ l?owmd\a(ﬁ Gonoh.{;tens ave wvariant undey

thfms /LILOW(’J H\e, oﬂam\ We &k?ao{i a 50‘:,«,&9?\ that 15 W\o{efevwlew{’ of

the sphevical cmm\ma:i'c asz[es 6 Mc])/ and ote’wv\s “lAJ on the radial
coovdinale. . Tn s owse we weldd have 2w

'1
= 0 = & b“' -
A @ 26 CF bﬁ" e)ifx
an éonseqyuewﬂ\j e PPE ¢° W2l  woud besame.
G o
2
4 2 ({1?& =2 (sm(cf) | oK _
y*ov Y Ystmfb‘f (15\»‘1- ypr T |
oy ) T ow Lt
AN 333 -7
- . 5 zbw (3 a
‘Lw{iua(«hon 9fves vy &= = 4+ ¢ so - X 4 S
Y > oY 3 v ]
— 2
" ] noo = X . ¢ -
J 'é&gfﬂ*wg aﬁd‘v\ 3% w ‘ L4 c‘,_ . A?rlalng 'H\L BC@
and, Mh-ﬂa that 2w _ a;“'_ fov kaaes centered at the oviain , we have
=l éﬁ‘. X c - 3'— e = “9‘
O = <3 4 _#) - 3-(—- _1%_ Cmsaya.cnt(n/ ¢ = :
Y= r=2
S0 w= ri{——g-\ AF([ He BC®@ yields
b 3y % F ‘3"?{ ' 8
', 8 | 8 17
= — 2 2 (o i e o e = =
(o) w h((o+3r+ L) = 6+3+¢1’)50 2T =,
Y= Y=

2
Thas \u(v,ejc]o): I‘;+ _3% - -—i solves ©-® 3).

Th  cartesion eaaﬁhwtal fhe slubion g

2 2 L
x+tu +2 g
“Cmp)= = b == -
A 3Jx’3n’+&




# 1> (a.)We, wse Szﬁarm\'lm og varia.ue_s, Ne/ Seek )wnjcv'\viaj solu‘:(m\s +0@M¢Q
fe five \,n.a.m,.egweeu,g. Dividhlet goww)\axv conditions of the form %(’ﬁy,%)(?x(ﬂﬁb)z(e)
Sw[)sti\’u:&nﬁ @ wto Uidoks

-y b ey = BT S0V2) ¢ T2

) ot o | l o
6 = = .Y__g) + ?‘__@ = costanb = A and, ”Y@)= 2(%),&

-

) Ty Wy 2

—a
—

tonsrant = /,., ConSeei,uen{-lj, we are led to the Cewf(eo\ sbs‘cem

(F e ABA=0, Te1= 0= Xm )
@”(m pEp=0, TE=o0 = Y@OD
2‘//@).__ ()4-[4,)2(1):0/ 2(0)“: O .

<No&c,: Smb&wy\% & nto the hom‘bencou.s Divichleb B.L. w( ©,4,2)= 0 fov
all 0£y<x ogzsm zaivcs EOX &) =0 0LYER 0£2AT. C’onwvw,n-ﬂj
K (o) =0 is hecessavy fov a wonbcivial selution of the form @), The othey Fouy
condibiens Xixy=0 = 'f@) = Y@”"‘ 2() follow ™ a similay manney fvom the
L\omogweous D\‘rifl\ld: bwo\a(v cond.itims m He )cms 2:0/ y= O/ 9._...—,—(/ andd X =TT )
The tivded &iaeuvalwc Vfoums in the éowrlu\ <\:)4¢m above. have stlukions «s follows «
A= L7 E )= sinldx)  (R=hz3,00)
e o, L= o) (msiyyen).
For a alvu\ vdue o§ Xi am& /"m ; the éoxrcsrovolina solution o
i
zﬁ,m@) - (Aﬂf (“m) 21;»«(%) =0, ng(z) =°,

1s (“1’ to & comstant fackor) Zﬂ,m@") = sink (%J e '“1\) o Thas

o Ci2) = T T, @)= sinfoersinmy)sinh (= L4 <)

(/235)7-/3).,. 3 WY R Fye '>



Solves D and He five L»omoaenms Pivdet B.C.s/ as does %“fbma.l";ol'uﬁan

o oo

Wy 2) = Z_:Z AA)MsfnUG) sin@g)sinﬁ(%lm‘)

Sl omz|

whete cach A,Qr-\ s a costant . We want fo cheose the constands so that
Jhe nenhmoamws Pivichlet B C, @ s Me'(:) M?s/

. 3 s ; .
gmtx){ —%Jll(l’)-iﬁlﬂ(.jy)} = STHUS]jm;(‘j) = u.(x)j} 1\") fw al| 0% x"‘W/ 0575“—

Hence
o °Q

%SW)SW(tj) - #Sb\(r«\ﬂ“@\ﬂ = Z Z A}?. ”\5?'\2\*(7?1 ﬂ-+m’)5‘\\(ﬂ-7<)sm(w\j)
L=z1 m= !

for all 02x <, oéy&'n“. QD ins?wbon)

3
I
X:l m=3 ~ L — A‘ sin‘\(’ﬁm) A - -1
(R=1, m=3) T )3 = 27 k)
and all othev Ay =0 - This means fhat
. Wy 2) = B’iir\éx)s«‘r(‘,)siuf»(%fi) . s:\a(;c)sinbb)sinh(am)
N 4 sinh(r 1% Foinh (0

solves fhe Fvouem n '}mf’c(‘t).

(b) (Mm]mm-nihlmwm (Princ'\?lc, for Haxwenic F»méiov\s) et D be a Loumolco\
oYch set in TR“ witle closure D= DUD. T’f w= w(®) is a solution 4o
Vzu:o inD such Hhak w15 conbinuons 0‘45 +hen

e w(E) = owex WY and o WR) = e w(®)
ReD % e3P XeD XedD



Suppese Bk w=v(xy,z) were anihrer sdukion fo fhe r(ouem n Far‘ﬁ (2)
whidh is Conbinuous on Hhe ebe o€x=T 0L Y ST, 022270, Then
\/J(xm}?) = “("t‘j/"')"\’("/‘l/z) s a gdution to
ylw =0 n 04K<T o< \/.,<-r\') 0<Z<T,
Wiy, 2)= 0 on the six ))mAMD Saces of fhe cube
and W is Conbimuous e 0 EXST, 0£Y<T 0¢ 2 4T BJ the Mmarimum -

MNimum lev\cfc?(e {a« L\am«mio «flw}dms/ W=0 on O‘.‘_x.éf/ oéyff/oéz-s—;r

,“M«(q,&:a(e V()c’\)) g) - Ut(x)\.),-z) - 31«*6‘)5%)&\&(2&) _ ﬂ(")ﬂv@&z"‘i(ﬁm)
4 b (1043) tewch (er5 )

So theve s o»{v one sauwbion to the Yﬁi’\em n M@'l !



Mah 325
f:(vm‘ Exa.wx

Sumwmey 20|

/& = 137.1
-

= 43,

N = 23

Distvibution of Scores

voduate
Range Leker (rvade
174 — 200 A
146 — (73 B
lzg — 1%5 e
loo — 119 a
o - 99 =

Un Jz\fj vaduate
Leftey Gvad e

A

O 0 ® o

F‘fﬁuenc;
b

a o a9



