
Mathematics 325 Final Exam Name: 3 ~ -  q f o d  
Summer 20 1 1 

The first two pages of this exam contain eight problems which are of equal value ... 25 points each. The 
last two pages of this exam consist of a table of Fourier transforms and some Fourier series convergence 
theorems. Furthermore, you may find one or more of the following identities useful on this exam. 

aZu a2u d2u du 2 
1.(25 pts.) Solve - +-- 20- = 0 subject to u (0, y )  = 25y2 + 64y3 and -(0, y )  = -10y + 48y 

ay2 d ~ a y  ax2 ax 
for all real y. 

au a2u 
2.(25 pts.) Solve - - - = 0 in 0 < x < m, - m < y < m, subject to u (0, y )  = e3Y for all real y.  

ax ;ty2 

du d2u@ 0 
3.(25 pts.) (a) Solve ---=O in - I <  y<1,  O<x<m,  subjectto u(x , - l )=u(x , l )  and 

dx av2 
d 

du @ au 0 
-(x,-I)=-(x,1) for x t O  and u(0,y)=cos2(7ry) for - 1 l y S l .  
;ty au 
(b) Show that the solution to the problem in part (a) is unique. 

4.(25 pts.) (a) Show that the Fourier cosine series of the function f ( y )  = y4 - 2y2 on the interval 

O l y l l  is 

(b) Discuss the convergence or lack thereof for the Fourier cosine series of f on 0 I y I 1 . Be sure to 

give reasons for your answers for all three types of convergence: uniform, L ~ ,  and pointwise. 

d2u d2u 
5.(25 pts.) Use Fourier transform methods to solve - + - = 0 in -m < x < m, 0 < y < m, subject to 

dx2 ay2 
1 if O < x < l ,  

u (x ,  0 )  = 
0 otherwise, 

and lim u (x,  y )  = 0 for each real number x . Note: For full credit, do not leave any unevaluated 
Y-'* 

integrals in your final answer. 



a4~0 L ~ U  @ @ a u  
6.(25 pts.) Solve - + - = 0 in 0 < x < m, 0 < y  < 1, subject to -(x,O) = 0 = -(x,l) and ax2 ay4 ay ay 

@@a3u  @ ,4 a~ 8 
-(x,o)=o=-(x,l) for x>O and u(0 ,y )= -2y2 and - ( o , ~ ) = o  for 0 5  y s l .  Note: You 
ay3 ay3 dx 
may find the results of problem 4 useful. 
Bonus ( 1  0 pts.): Show that there is at most one solution to the above problem. 

@ 7.(25 pts.) Solve v 2 u  = 1 in the spherical shell 1 < x2 + y2 + z2 < 4 subject to the conditions that u 
0 vanishes on the inner boundary, i.e. u = 0 if x2 + y2 + z2 = 1, and the normal derivative of u vanishes 

au Q on the outer boundary, i.e. - = 0 if x2 + y2 + z2 = 4. 
an 

0 8.(25 pts.) (a) Solve v 2 u  = 0 in the cube 0 < x < n, 0 < y < n, 0 < z < n-, given that 
0 u ( x ,  y, n) = sin(x) sin3 ( y  ) if 0 5 x 5 n, 0 5 y < r, and that u satisfies homogeneous Dirichlet 

boundary conditions on the other five faces of the cube. 
(b) State the maximum-minimum principle for harmonic functions and use it to show that there is at 
most one solution to the problem in part (a). 



Fourier Series Convergence Theorems 

Consider the eigenvalue problem 

(1) XW(x)+AX(x)=O in a < x < b  
with any symmetric boundary conditions of the form 

and let @ = {x,, X2, X, ,...) be the complete orthogonal set of eigenhctions for (1)-(2). Let f be 

any absolutely integrable function defined on a I x I b . Consider the Fourier series for f with 
respect to @ : 

where 

Theorem 2. (Uniform Convergence) If 
(i) f (x), f '(x), and f" (x) exist and are continuous for a I x I b and 

(ii) f satisfies the given symmetric boundary conditions, 

then the Fourier series of f converges uniformly to f on [a, b] . 

Theorem 3. ( L~ - Convergence) If 

then the Fourier series of f converges to f in the mean-square sense in (a, b) . 

Theorem 4. (Pointwise Convergence of Classical Fourier Series) 
(i) If f is a continuous function on a I x I b and f '  is piecewise continuous on a 5 x I b , then the 

classical Fourier series (full, sine, or cosine) at x converges pointwise to f (x) in the open interval 

a < x i b .  
(ii) If f is a piecewise continuous function on a I x I b and f '  is piecewise continuous on 

a I x I b , then the classical Fourier series (full, sine, or cosine) converges pointwise at every point x 

in (-m,m). The sum of the Fourier series is 

for all x in the open interval (a, b) . 

Theorem 4 m. If f is a function of period 21 on the real line for which f and f '  are piecewise 

continuous, then the classical full Fourier series converges to 
r ( x + ) + f ( x - )  

for every real x . 
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A Brief Table of Fourier Transforms 

1 if - b < x < b ,  

0 otherwise. 

1 i f c < x < d ,  

0 otherwise. 

if O<x<b ,  

D. 2b-x i f b < x < 2 b ,  1: otherwise. 

if x > 0, 

otherwise. 

e" if b < x < c ,  

0 otherwise. 

e'" if c < x < d ,  

0 otherwise. 

sin (ax) 
J. 

X ( a  > 0) 

2 sin (6 ( r  - a ) )  L { - a  
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