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History 2

Experiments and theory in 1912 finally revealed locations of atoms in crystalline solids.
Essential ingredients:

e Theory of diffraction grating.

e Skiing, and physics table at Café Lutz.

e Willingness to disobey supervisor, and belief that “experiment was safer than theory.”
e X-ray tubes, photographic plates, and experience with their use.

e Persistence.

e Coherent experiments dragging incoherent theory along behind.
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Terms 3

Bragg scattering, elastic and inelastic
Bragg angle

Bragg peak

Bragg planes
Atomic form factor
Reciprocal lattice
Miller indices
Structure factor
Extinctions

Ewald construction
LLaue method

Debye-Scherrer method, powder diffraction
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Scattering Theory 4
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Scattering Theory 5
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Plane wave travels toward solid, scatters off atoms. Coherent scattering pattern reveals
crystalline pattern.
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Scattering from a particleat theorigin s

Schiff page 115 or Jackson Eq. 9.8

o

W~ AeT RO 4 £ (f) —| (L1)
do
liom = — = |f(F)|? L2
f is atomic form factor.
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Scattering from particleat R 7

o L , gkolF—R
P ~ Ag Wtk Ridko(T=R) 4 f(p) =], (L3)
F—R|
For sufficiently larger,
L r o
ko|F — R zkor—kOF-R. (L4)
Using Eq. (L4) and defining
K=k, (L5)
and d=ky —kK (L6)
gives
o jkor +id-R
P ~ Ae 1Rt 4 () ¢ —1. (L7)
Note that
q = 2kpsiné. (L8)
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Many scattering particles

8
Assume multiple scattering and inelastic scattering can be ignored
o __@kor+ia-R
b ~ Ae 'wt[ékowzl:ﬁ(r) : } (L9)
Look away from incoming beam
| aikor+id-R
~ Agi! [ fi(f } . L10
(0 |Z 1 (F) - (L10)
Intensity per unit solid angle
| — Z f f e (R-R/) (L11)
1/
Eqg. (L11) is true no matter how atoms are arranged.
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Scattering from crystal 9
| = laom| > €4R 2, (L12)
|
Laue condition: find g so that for all atom locations R,
exp(ig-Ry) = 1 (L13)
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One-Dimensional Sum 10

N—1
Sq=) €& (L14)
|=0
N—1 -
g = » €™ (L15)
|=0
=¥y, = ) l+b (L16)
|=0
N—1 - _
= ) 14N (L17)
|=0
= Yq—1+eh (L18)
eiNaq_l
~ dNa/ZsinNag/2 (L20)
- €a/2 sinag/2
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One-Dimensional Sum

11

L = sin“Nag/2 (L21)
; sin“agq,/2
ghad 1

%9 = gGa_q (L22)

5P sin®Nag/2 (L23)
T sinfag/2
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One-Dimensional Sum 12
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One-Dimensional Sum 13

Peaks when
aq/2 =lr = q=2nl/a (L24)
View as sum of delta functions:
Ze"aq— > N—cS (q—2xl'/a). (L25)
I/ =— o0
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Scattering in three dimensions 14

Main result: when d = ko — k = K satisfies
exp[iK-R =1orK-R=2nl (L26)

there Is a strong scattering peak.

The scattering sum can be rewritten

Y eRI=3"N (Zﬂ)gd(q— K), (L27)
; R

Y,

When the vectors R lie in a Bravais lattice, then vectors K satisfying Eq. (L26) also lie in
a lattice— the reciprocal lattice.
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Scattering in three dimensions 15

First consider
K-R=0 (L28)

Once the of K is chosen, the R satisfying this condition lie in a plane passing
through the origin
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Scattering in three dimensions 16

The of K is restricted by the need to satisfy Eq. (L28) for all Bragg planes. In
the plane,

1181 + |28, (L29)

For any &; in an adjacent plane, suppose

d;-K = 2. (L30)
Then
K-R=K- (18, + 1,8 + |383) = 27ls. (L31)
Explicit construction:
- . ézxag A é3><51 A 51)(52
b, = 2#51.32X53 b2—27réz.a?,><al b3_27r§3-§1><§2 (L32a)
3
K = ) mb. (L32b)
=1
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Scattering in three dimensions 17

Reciprocal lattice of a simple cubic lattice of lattice spacing a is another simple cubic
lattice, of spacing 27 /a.

The reciprocal lattice of an fcc lattice of spacing a is, however, a bcc lattice of spacing
At /a

The reciprocal lattice of a bce lattice of spacing a is an fcc lattice of spacing 47 /a.
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Miller Indices 18

o |ijK] refers to a direction
IX+ Jy+kz (L33)
In the lattice specified by the three integers i, |, and k.

e (ijk) refers to a lattice plane perpendicular to [i jk]

o {ijk} refers to the family of lattice planes perpendicular to [i jk] and related by
symmetry.
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L atticewith a Basis 19

R=10 + 7 (L34)

Regrouping of basic sum first carried out by Laue

Zejq'-lfé _ Zejq'-(0|+17|/) (L35)
R

1’

_ (Z éa-ffu) <Z é@%) (L36)

| |/

Ny - (Ze—ia-(ﬁj—ﬁj/)> (Zeiq’-(q')’|17|/)> . (L37)
ji’

1’

Structure factor for the unit cell 1s

Fa=1) €77, (L38)
|

When K vanishes, have an extinction: Laue overlooked this possibility, leading to years
of confusion interpreting patterns.
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L atticewith a Basis

20
Example: Diamond
S L, a
91=(000), = Z(l 11). (L39)
S A A A7
K=l1—11-1)+lb—(-111)+I3—(1 -1 1). L40
1755 ( ) 12 ( ) 13 ( ) (L40)
Therefore,
T K = g(I1+I2+I3), (L41)
FIZ IS
Fe = [14+gmlitlatla)/z)2 (L42)
(4 ifly4l,+13=4.8.12,...
= ¢ 2 ifly+I>,+I3is0dd (L43)
\ 0 ifli+Il,+13=2,6,10,....
28th January 2003

(© 2003, Michael Marder



Experimental M ethods 21

Ewald construction
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Shining generic monochromatic X-ray upon crystal gives no scattering peaks
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L aue M ethod 22
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Rotating Crystal M ethod 23
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Rotating Crystal Method

24
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Powder Method 25

9 = sin"(K/2ko) (L44)

and the radius r on film of the scattering ring due to reciprocal lattice vector K is
r = Dtan(20). (L45)
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Moreon Scattering Experiments 26

X-rays  Neutrons Electrons
Charge 0 0 —e
Mass 0 1.67-107%" kg 9.11.10—3' kg
Typical energy 10 keV  0.03eV 100 keV
Typical wavelength 1A 1A 0.05A
Typical attenuation length 100 gm  5cm 1pm
Typical atomic form factor, f 10=3A 10~4A 10 A

Interactions of X-rays with matter

e (1+cos?20) ¢

Iatom(r) — m2ct 2 :I'nzCA’P(f) (L46)
= f(f) = % P(f) =2.82-10~/P(f) m (L47)
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Moreon Scattering Experiments 27
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Neutrons are almost completely isotropic. Elastic scattering (neutrons lose no enerqy)
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Moreon Scattering Experiments 28

gives very precise information about static structure. Inelastic scattering gives very
precise information about mechanical excitations. Neutrons are sensitive to the spins of
the nuclei from which they scatter.
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http://www.msfc.nasa.gov/NEWSROOM/background/facts/bonner1.html

/5 yearsof further advances... 29

Insertion of heavy atoms allows extremely complex crystals to be deciphered.
Crystallography Online

Structure of Hemoglobin

rasmol viewer for molecules

Computers do most of the work now (for better or worse)
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http://www.iucr.org/cww-top/crystal.index.html
http://www.biochem.ucl.ac.uk/bsm/pdbsum/1a00/main.html
http://www.rasmol.org

