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1. Introduction

For a regression problem with univariate response Y and p-dimensional predictors X = (Xi, ... ,Xp)T, we consider the
following generalized multi-index model

Y =g(BiX, ..., BiX; o), (1.1)

where g (-) is an unknown link function, 8 = (B4, ..., B;) isapxdmatrix,d < p,and the random error € is independent with

X. Model (1.1) is a very general semiparametric model which includes the multi-index model [12,27] and the single-index
model [11,29] withY = g(,BTX) + € as special cases. One is usually concerned with estimation of indices g, the total number
of indices d and the link function g(-) [9]. We, however, focus on testing if two multi-index models share identical indices
(subspaces). Specifically, consider two d-dimensional multi-index models for two populations (groups):

Y =g1(BiX, ..., BiX; €), forgroupl;

Y =g('X,...,EX; ¢), forgroup2. (1.2)
Since the identifiable parameters here are the subspaces spanned by the columns of and & = (&4, ..., &,), rather than 8
and & themselves, we develop a test of null hypothesis

span(B) = span(§), (1.3)
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where both B and & are p x d matrices. This hypothesis is similar in nature to the null hypothesis of common principal
component subspaces for Common PCA considered in [20].

A hypothesis test of this type might be of special interest in many applications involving two datasets, where the same
variables are being measured on objects from two different groups, and for which it is of interest to determine how similar
the two groups are with respect to the span of the indices of predictor vectors regardless of the unknown link functions.

Consider the AIS dataset discussed by Weisberg [24], which contains information on the lean body mass L and other
physical and hematological measurements (X), from 102 male and 100 female elite Australian athletes who trained at the
Australian Institute of Sport. We investigate how the relationship between the body fat and various predictors varies with
gender. Suppose that subject matter knowledge and prior modeling experience suggest that a d-dimensional multi-index
model of the form (1.1) applies to both female and male groups, naturally, we would like to know if the equivalent set of
indices of the hematological measurements serve for both genders. Informal comparisons such as those based upon graphical
methods can be carried out. However, such comparisons might become unwieldy when d is greater than 2, and the resulting
conclusions could be overly subjective. Hence, a formal test seems necessary here. This is the motivation for our development
of a test statistic for the null hypothesis in (1.3).

We propose a link-free test for testing hypothesis of (1.3) via a sufficient dimension reduction approach [15,3]. For
a regression problem, the scope of sufficient dimension reduction is to seek a minimal set of indices of X, say f7X =
(ﬂ{x, C, ﬁ§X), for which the distribution of Y |BTX is the same as the original regression Y | X, without assuming a paramet-
ric model. Numerous approaches are available in the literature including sliced inverse regression (SIR; [15]), sliced aver-
age variance estimation (SAVE; [5]), minimum average variance estimation (MAVE; [28]), directional regression (DR; [18]),
likelihood acquired directions (LAD; [4]), and dimension reduction via central solution space [16].

The rest of this article is organized as follows. In Section 2, we give a brief review of sufficient dimension reduction
methods. Specifically, we focus on those methods based upon a spectral decomposition [25]. In Section 3, we present our
link-free test statistic for null hypothesis (1.3). The asymptotic distribution of our test statistic is also discussed. We illustrate
the performance of our method with Monte Carlo studies in Section 4. We then apply our method to the AIS dataset. Brief
conclusions and a discussion on the future research directions are given in Section 5. For ease of exposition, we defer some
technical details to Appendix.

2. A brief review on sufficient dimension reduction: the spectral decomposition approach

In this section, we give a brief review on how to use sufficient dimension reduction to make inference about span(f) in
model (1.1). In particular, we consider three commonly used sufficient dimension reduction methods: SIR, SAVE and DR.

Let ¥ = Var(X), p = E(X), and Z be the standardized predictor X~1/2(X — ). Many moment based sufficient dimension
reduction methods may be formulated as the solution to the following eigendecomposition problem:

My, =Am;, i=1,...,p,

where M, is the Z scale method-specific candidate matrix. Assuming the linearity condition [15] holds, which is a mild
condition imposed on the marginal distribution of the predictors alone, the eigenvectors (74, ..., §4) corresponding to
the non-zero eigenvalues A; > - -- > A4 form a basis of the Z scale central subspace $yz. Then by the invariance property
Syix = X7 1/28y, as described by Cook [3], B = (X712, ..., X~1/2y,) forms a basis for 8yx. The linearity condition,
which basically requires that E(X| ﬂTX) is alinear function of BTX, is a common assumption in dimension reduction methods
and holds for elliptically contoured predictors [8]. Additionally, Hall and Li [ 10] showed that as the number of predictors p
increases, the linearity condition holds to a reasonable approximation in many problems.

For the three sufficient dimension reduction methods that target 8yz, the corresponding candidate matrices are
summarized below:

Sliced Inverse Regression: M, = Var{E(Z|Y)};
Sliced Average Variance Estimation: M, = E{I, — Var(Z|Y)}?;
Directional Regression: M, = 2E{E*(ZZ")} + 2E*{E(Z|Y)E(Z"|Y)}
+ 2E{E(Z"|Y)E(Z|Y)}E{E(ZIY)E(Z"|Y)} — 2.

Although in the literature, people tend to work with standardized predictors, for our purpose, it is easier to describe
the candidate matrices in terms of the original predictor X. Since we will make use of the eigenprojection corresponding
to the non-zero eigenvalues, the B; = X~'/2y, provided by the above approach are orthonormal under the inner-product
of (a, b) = a’ Xb, but not the regular dot product, which induces unnecessary difficulty to the development of our test
statistic. In this paper, we work directly with the original predictor X, and, as such, use the following symmetric candidate
matrices M:

SIR: M= X War(EX|")}Z7";
SAVE: M = X 'E{¥ — VarX|Y)}*Z~!;
DR: M= X 'EQ2¥ — E(X - X)X -X)T|Y,Y))? =z,
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where (7, )?) is an independent copy of (Y, X). The eigenvectors B, ..., B, corresponding to the first d nonzero eigenvalues
of M form a basis of 8y|x, and are orthonormal with respect to the standard inner-product. The corresponding sample

version of M, M can then be spectrally decomposed to obtain an estimate of span(f). Notice that these symmetric candidate
matrices are not exactly the same as those traditionally used in the sufficient dimension reduction literature. Their symmetry
facilitates the derivation of the asymptotic distribution of our test statistic. Interested readers may refer to [ 16,17] for further
details.

3. Alink-free test for common indices

Throughout this article, we assume that Model (1.2) holds for the two populations under consideration. Let (Y2, Xf' ), j=

1, ..., ng be a simple random sample of size n, from the gth population (Y%, X¢), g = 1, 2. Also, let X, = é . X, and

Eg = é Z?ﬁl(xf — )_(g)(X‘f — )_(g)T, g =1, 2. Let M, denote the method-specific candidate matrix for the gth population,
Agt = Aga-r = Ag > Ag@+1) = -+ = Agp = 0 be the eigenvalues of My, and n,; be the normalized eigenvector
corresponding to Ag. Define eigenprojections Pyy = nglngl + -+ ngdngTd, Qi = I, — Py, and let ﬁgi denote the
corresponding sample version of #;, then Py can be estimated by’l;gd = ﬁgl flgT1 +-- 4+ f]gdfy;d. Let At denote the generalized
inverse of matrix A, from the perturbation theory [14,23], we then have

~ d _1
Pgy = Pga + Z [”giﬂgiAg()“gil — M) + (hgl — Mg)+Ag’7gi’7£i] +0p (ng 2)
i=1
where A; = l’\7lg —M,.

Note that the approach we take is similar to that in Yu, Zhu and Wen [30] but is motivated by a set of methodologies
developed in Schott [22,20,21] for making inference about common principal component subspaces.

Let W = trace(P4Q24P14), we have the following proposition:

Proposition 1. Assume that the data (X5, ng),forj =1,...,ng g = 1, 2, are a simple random sample from (X&, Y&) with
finite fourth order moments, then the null hypothesis (1.3) is true if and only if W = 0.

Proof.

W =0 < trace(P14Q2¢Qx4P14) =0
< trace((P14Qzq)(P14Qq)") =0
— P1yQq =0
P14Q,; = 0 implies that span(P14) € span(P,4). Because span(Py4) and span(P,4) have common dimension d, P14 = Pyq
and hence (1.3) is true.
On the other hand, span() = span(p) if and only if P;; = P,4, which (1.3) implies that P14Q,; = 0, and hence
W=0 0O
We considerﬁd@d, where @d =1, —ﬁm = Zf:dH ﬁg,ﬁ;,, and let T = nW, where W = trace(ﬁ1dazdﬁ1d). Letn =mny
+ny,a; = % a, = % As Yuetal. [30] pointed out, A; = My — M, can be expressed via the influence function approach as:
A; = IV[g —M; = E,, [M; (X8, Y%)] —|—op(ng1/2), whereE,{.} = % 2?21 {.}. This approach is key to the further development of
our test statistic. The explicit formulas for M in the modified SIR, SAVE and DR are given in the Appendix. Let vec(A) denote
the operator which stacks the columns of matrix A to form a vector, the following lemma gives the asymptotic distribution

of \/nvec(P14Qzq).

Lemma 1. Assume that the data (Xlg, Yig),for i=1,...,ng areasimple random sample from (X&, Y#) with finite fourth order
moments, then under null hypothesis (1.3), we have

VnvecP1aQu) —> N(O. W),
where ¥ = a1¥1 + @, ¥, ¥ = Ug(DgU;, @, = E{ vec(M; (X8,Y%)) vec(Mg (X8, Y®))T} is the asymptotic covariance matrix of
d _
VMg vec(Ag), and Uy = 3 i, ZII::d+1 )”gil(ngk"ng) ® (ngingiT)'

Proof. LetR, = Zf’:][ngin;iAg(xgil —M,)" + (gl — M) TAgnny] forg =1, 2.
Therefore

Py =P +Rs + 0p (n_%)

o~ 1
Py =Py + Ry + 0, (nff)
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and
vec(P14Qu) = vec((Pig + R)(Qu — R) + 0, (n %)
= vec(P1aQus — PiaRe + RiQ) + 0, (n7).
According to the null hypothesis (1.3), P14 = Pyq, hence P14Qy¢ = 0. Then
vec(P14Qz) = vec(—PiaR; + RiQuq) + 0, (n’%) :

Since (gl —Mg)™ = 3 %15 21, (hei — Agl) gl and Age = O whenk > d + 1, we have

d p d p
= Z Z "gi’/;Ag)‘g;‘]"gkn;k‘I'Z Z Vng'IngAg)&;]"gi’T;i-
i=1 k=dt i=1 k=d+1
Hence,
d p d p
vec(P14Qu) = vec( Z Z Maitlai’ Ay e’ +Z Z nlinliTAl)‘l_ilnlk"lkT)

i=1 k=d+1 i=1 k=d+1
)4

d dp
Z Z A5 e @ mygmy”) vec(Ay) — Z Z 251 (e @ myimy”) vec(Ay).
=1 k=

d+1 i=1 k=d+1

By the Central Limit Theorem, we can conclude
d

)4
Vg (Z > g gy’ ® ng,-ng,-T>vec(Ag)) > N0, ¥y),

i=1 k=d+1
o)
d p
NN (Z D g g © ngngi’)vec<Ag>) 25 N(O, ag¥y)
i=1 k=d+1
that is
d p
Vn (Z Z )‘gl(”gk”ng ® ”gi"giT) VeC(Ag)) —D> N0, a,¥;).
i=1 k=d+1

Since group 1 and group 2 are independent, we then have:
Vnvec(P1gQsq) —> N(0, W). O
Theorem 1 provides the asymptotic result concerning our test statistic T = nWw.

Theorem 1. Assume the conditions of Proposition 1 hold, then under null hypothesis (1.3), we have

d(p—d)
T— Y wx’ (),
i=1
where wq > -+ - > wq(p—q) are the eigenvalues of W.

Proof.

T

ntrace (@m@d) @mazd)T) = nvec @mﬁzd)T vec (i;1d62d)
(ﬁ vec (l;ldazd)T) (v/nvec (P14Qa))

By Lemma 1, under null hypothesis (1.3), the conclusion is obvious. O

A consistent estimate of ¥, W can be obtained by substituting sample estimates for the unknown quantities. The weights
w;’s can be consistently estimated using the eigenvalues of ¥. In the simulation studies which follow we compare the
observed value of the test statistic T to the percentage points of Zd(p D% DiX; 2(1) to approximate the p-value of our test.
We may also use the modified test statistics proposed by Bentler and Xie [1] to approximate the tail probabilities.
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Table 4.1
Estimated Test Levels (in percentages) for Model I withd = 1.
Sample size Model Iwithp = 4 Model I withp = 8
Test Nominal Level (%) Test Nominal Level (%)
1 5 10 1 5 10
SIR 1.50 5.50 9.30 SIR 1.20 4.50 9.10
ny =ny = 200 SAVE 0.90 4.60 10.6 SAVE 1.40 5.30 9.60
DR 1.40 5.30 10.8 DR 1.60 4.60 9.50
SIR 0.80 4.60 9.40 SIR 1.30 450 10.5
ny, = ny = 400 SAVE 0.80 4.70 104 SAVE 1.40 5.50 9.50
DR 0.80 5.20 9.70 DR 0.70 4.70 10.3
SIR 1.10 4.90 10.3 SIR 0.90 5.20 9.80
ny = ny = 600 SAVE 0.90 5.20 9.90 SAVE 1.10 4.90 10.1
DR 1.10 5.00 9.80 DR 1.20 5.10 10.1
Table 4.2
Estimated Test Levels (in percentages) for Model II.
Sample size Model I withp = 4 Model I withp = 8
Test Nominal Level (%) Test Nominal Level (%)
1 5 10 1 5 10
SIR 1.20 4.70 104 SIR 0.80 5.40 9.60
ny = ny, = 200 SAVE 0.80 4.50 9.50 SAVE 1.30 5.50 109
DR 0.90 5.40 9.50 DR 0.80 4.70 10.3
SIR 1.20 4.60 103 SIR 1.40 4.50 9.70
ny = ny = 400 SAVE 1.30 5.20 9.70 SAVE 0.80 4.70 9.70
DR 0.80 470 10.3 DR 1.30 4.60 9.70
SIR 1.10 5.20 9.90 SIR 0.90 4.90 10.1
ny = n, = 600 SAVE 1.00 4.90 9.80 SAVE 1.20 4.80 9.80
DR 1.00 5.00 9.80 DR 0.90 5.10 10.1

4. Numerical studies
4.1. Simulation studies

Throughout our simulation studies, the random error € is assumed to be standard normal and is independent of X. The
dimension of the predictor vector p is taken to be 4 and 8, the number of slices h = 4. We summarize the results over 1000
replications for each simulation study. We compare the performance of our proposed tests among the three sufficient
dimension reduction methods with different choices of n and p.

4.1.1. Estimated test levels

In this subsection, we evaluate the performance of our test statistic under three different models when the null hypothesis
(1.3) holds.
Model I: We first consider the following model with one dimensional structure for both groups. The predictor vector

X = (X4, ..., X,) is generated from standard multivariate normal.
y = expX1 + X + X3) + €1, for group 1;
T 110sin(X; + X5 + X3) + €3, forgroup2.

Table 4.1 shows the estimated test levels via our test statistics. As the group sizes n; and n, increase, the estimated levels are
getting closer to the nominal levels. For example, when p = 4 and the nominal level is 1%, the estimated levels for modified
SIR are 1.5%, 0.8% and 1.1% respectively for sample sizes 200, 400 and 600. Also it is not a surprise that the performance
of our tests slightly deteriorates as p increases. All three dimension reduction methods perform reasonably well for all
combinations of p and n.

Model II: In this model, the predictor vector X = (Xj, ..., Xp) follows a multivariate normal distribution with mean 0,
and the correlation between X; and X; is 05 i =1,...,p;j = 1,...,p. The two groups share common indices and
d=1.

y = exp(2X; + X,) + €1, forgroup1;
T |1X1 +0.5X; + €, for group 2.

Table 4.2 presents the estimated significance levels for Model II. Even though the components of independent variables
are correlated, significance levels are still close to nominal levels which means our methods work well for models with
correlated predictors. When n; = n, = 600, the test method based on modified DR performs the best.
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Table 4.3
Estimated Test Levels (in percentages) for Model III.
Sample size Model Il withp = 4 Model Il withp = 8
Test Nominal Level (%) Test Nominal Level (%)
1 5 10 1 5 10
SIR 1.20 5.40 10.3 SIR 0.80 4.60 10.5
n; = ny = 200 SAVE 0.80 4.50 9.80 SAVE 0.80 5.30 9.60
DR 0.70 470 10.5 DR 1.30 4.60 10.8
SIR 1.20 5.20 10.2 SIR 0.80 5.40 10.2
ny, = ny = 400 SAVE 0.80 5.40 103 SAVE 1.40 4.70 9.60
DR 0.70 4.90 9.70 DR 1.20 4.70 9.50
SIR 1.10 4.90 9.90 SIR 0.90 4.90 10.3
n; = ny = 600 SAVE 0.90 5.10 10.0 SAVE 1.10 4.80 9.70
DR 1.10 4.90 9.80 DR 1.00 5.20 9.70
Table 4.4
Estimated Test Levels (in percentages) for Model IV.
Sample size Model IV withp = 4 Model IV withp = 8
Test Nominal Level (%) Test Nominal Level (%)
1 5 10 1 5 10
SIR 0.90 7.50 17.2 SIR 0.80 6.80 18.2
ny =ny = 200 SAVE 1.40 4.50 9.50 SAVE 0.60 4.20 9.40
DR 0.70 5.60 9.60 DR 1.60 5.60 11.2
SIR 1.30 6.00 15.4 SIR 0.70 7.80 16.0
n; = ny = 400 SAVE 0.90 5.30 9.60 SAVE 1.30 5.60 9.60
DR 0.90 5.30 10.2 DR 0.80 4.70 9.70
SIR 0.90 7.80 14.4 SIR 0.80 8.20 15.8
n; = ny = 600 SAVE 1.10 4.90 9.80 SAVE 0.90 5.10 10.2
DR 1.00 490 9.90 DR 1.00 5.20 10.1

Model III: We now consider a two-dimensional model as follows:

Y = 1.5(55 + X1)(2 + X3) + 0.5¢;, forgroup1;
T 1200 +X1)(3 4+ X3) + 0.5€,, for group 2.

X1 = W,X; =V + 0.5W where W and V are independent with V drawn from a ¢ distribution and W from a standard
exponential distribution. The rest of predictors are iid standard normals. Different versions of this model were also studied
by Li [15], Wen and Cook [26] and others. This is a difficult test case for dimension reduction since some predictors are
skewed or heavy tailed, and are prone to outliers. As shown in Table 4.3, the performance of our test statistics for all of the
three dimension reduction approaches is acceptable.

Model IV: This model considers a one-dimensional model with symmetric structure in X which is drawn from standard
multivariate normal distribution. Table 4.4 presents the estimated significance levels for Model IV. Because SIR is known to
fail when the response surface is symmetric about the origin, the estimated test levels for this model using SIR are relatively
far from nominal levels, while test methods with SAVE and DR candidate matrices both perform well.

v — X124+ 1+ 0.5¢;, forgroup1;
T 2x:2 + e, for group 2.

4.1.2. Estimated power

We examine the power of our test under the alternative hypothesis in this subsection. Two models are considered. The
predictors X for both models follow the standard multivariate normal.

Model V:

Y — exp(X1 + Xp)sign(X; + X,—1) + 0.5¢q, for group 1;
Tl @2X: —3X,)/(0.5 + (14 3X; —Xp,l)z) + 0.5¢,, forgroup2.

The two populations in this model have the same structural dimension d = 2, however, they do not share the same set
of indices. We can see from Table 4.5 that when d is correctly specified as 2, the power of different settings of n and p for our
test statistic using the three dimension reduction methods, are all reasonably good. When d is underspecified, unreported
simulation studies show that the power of our test is also good.

Model VI:

Y — exp(X1 + Xp)sign(X; + X,—1) + 0.5¢q, for group 1;
T X+ X,)/(0.5+ (14 X3 — X,_1)?) + 0.5¢,,  for group 2.
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Table 4.5
Estimated Power at 5% Nominal Levels for Model V at d = 2.
Sample size SIR SAVE DR
p=4 p=38 p=4 p=38 p=4 p=38
ny = ny = 200 0.887 0.901 0.910 0.920 0.935 0.960
ny, = ny = 400 0.965 0.935 0.980 0.956 0.980 0.996
ny, = ny, = 600 0.998 0.995 0.993 0.978 0.994 0.998
Table 4.6
Estimated Power at 5% Nominal Levels for Model VI atd = 2.
Sample size SIR SAVE DR
p=4 p=38 p=4 p=38 p=4 p=38
ny = ny = 200 0.889 0.915 0.932 0.935 0.905 0.925
ny, = ny = 400 0.905 0.940 0.935 0.960 0.920 0.950
ny = ny = 600 0.925 0.956 0.968 0.965 0.954 0.940
<
<
~ -
=
=5 ©7
>
o
I
<
I+ . : : .
-4 -2 0 2 4
Vi X

Fig.4.1. AIS Data: V], X vs. ¥] /X, x for females, o for males.

Model VI is also two-dimensional. However, in this model, the two populations share one set of common index X; + X, and
only differ with respect to the second set of index. Table 4.6 showed the power of our test with d = 2. As we can see, the
power of our test increases as the sample size n increases. Again, our tests perform reasonably well and are able to detect
the different indices between the two populations for most of the time.

4.2. AlS data revisited

We return to the AIS dataset discussed in Section 1. This dataset was originally introduced by Nevill and Holder [19], and
studied by Cook and Weisberg [6,7], Chiaromonte, Cook and Li [2] and others. We are interested in investigating how the
relationship between the lean body mass L and various predictors including the logarithms of height, weight, red cell count,
white cell count and hemoglobin vary across gender. Studies in Chiaromonte, Cook and Li [2] show that there is only one
relevant linear combination of predictors for both male and female groups, so a one-dimensional single-index model of the
form (1.1) can be applied to both groups. We then conduct our link-free tests via SIR, SAVE and DR to AIS data. All three
methods suggest that we cannot reject the null hypothesis (1.3) at significance level 0.05 (p-values are 0.76, 0.54 and 0.65
for SIR, SAVE and DR, respectively).

Our result is consistent with that of Chiaromonte, Cook and Li [2] where the same conclusion was drawn via an informal
analysis. Chiaromonte, Cook and Li [2] applied SIR to the conditional regression of L on X for males and females separately,
identifying only one relevant predictor in each group, f/{mx and V{fx. The sample correlation between the two estimated
SIR predictors is 0.96, suggesting that relevant linear combinations for males and females are the same. Fig. 4.1 shows the
summary plot of the estimated SIR predictors for males and females.

5. Summary

In this article, we consider a test for common indices in multi-index models with unknown link functions via suffi-
cient dimension reduction approach. Specifically, we focus on testing if two different multi-index models share identical
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indices. This hypothesis is of particular interest in practice where data from both populations share a common set of ex-
planatory variables. Although Common PCA and partial dimension reduction methods can be adopted to make inference in
multi-population dimension reduction problems, they both have drawbacks. Common PCA does not take into account the
information of dependent variables, and partial dimension reduction methods focus on obtaining the direct sum of all the
conditional central subspaces which could not deal with testing for a set of common indices across the populations.

We propose a link free test via SIR, SAVE and DR. The asymptotic distribution of our test statistic is also derived. Numerical
studies indicate that our method works well in practice, both in terms of test level and power, and in particular works best
when applied with the DR candidate matrix. Furthermore, we applied our method to the AIS data and found that men and
female populations share the same set of common index which is consistent with the work in Chiaromonte, Cook and Li [2].
Research on developing methods for testing problems similar to (1.3) but for more than two groups are under way.
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Appendix

The explicit formulas of candidate matrices for SIR, SAVE and DR are given in this section. It suffices to derive the ex-
pansion of M for the gth population. For ease of exposition, we drop the subscript g in the discussion which follows. Also
notice that our kernel matrices are different from those used in [30].

Divide the range of Y into h slices {J1,...,Js}. Let pp = E{I(Y € Jo}, # = EX), Uy = E{X — wI(Y € Ji)} and
Vi = E{(X— ) (X—w)"I(Y € Ji)}. Denote p, = E{I(Y € Jo)}, it = Ex(X), Ur = Eo{(X— @)I(Y € Jy)} and Vi, = E {(X— fi)
(X — )TI(Y € J)} be the corresponding sample estimators. .

The following lemma is useful for deriving the asymptotic expansion of M.

1 ~_

Lemma2. [et 3* = X— )X —p)' — 5,27 = -3 23w =X—p,pt = (Y €J)) —po U = XI(Y € Ji) — Uy
— Xpi — 1(Y € Ji) + pi, Vi = XXTI(Y € Jo) — E[XXTI(Y € J)] — E[XI(Y € JOIXT — (XI(Y € Jo) — 2E[XI(Y € Jo)) u” —
XE[X'I(Y € Jo] — n(XTI(Y € i) —2E[XI(Y € J]) + X—w)w"E[I(Y €J)] + X —w) E[I(Y €J)] + pp'
(Y € o) —E[I(Y € JD.
Then we have the following expansions:

3= X+ E 2" +0p(n77);
3 =y E(Z Y oy 2);

iL =un+ E.(n*) + Op(n71/2)§ ﬁk =pr+ En(p:) + Op(n71/2)§

Ui = U+ E(U) +0,(n%); Ve = Vi + Eq (V) + 0, (0 12);

B =py ' — Eapip) + o)y B =pi? — Ea(2ppp}) + 0p(n”1?);

b’ =1 — EaGpip}) + 0p(n~1/?).
Proof. Most of these asymptotic expansions can be derived by the Von Mises expansion in combination with Theorem

6.6.30in[13,18]. Following [ 18], we use S* (F) to indicate the Frechet derivative; for example, E*g(X, F) denotes the Frechet
derivative offg(X, F)dF. Here we just validate expressions for U;; and V}. Let Ry = I (Y € Ji), we have:

Uy =E"[(X — p) Ry]
= XRy — E[XRy] — Xpi — E[X] (Rx — 2py)
=XRy —E[(X— p + p) Re] — Xpr — E[X] (R — 2p)
= XRe — E[(X — p) Re] — pepi — Xpre — Rk + 2epy
= XRy — Uy — Xpr — MRy + ppi.

Also,
Vi =E* [(X—p) X— )" R] =E*[XX"R¢] — E* [Xu"R] — E* [uX"Re] + E* [ Ry] .
Note that
E* [XX"R] = XX'Re — E [XX'Ry],
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and E* [Xu"Ry] is the Frechet derivative of
E[Xn'R] = E[XRe] '
So,
E* [Xn'Ri] = E[XRi] (X — )" + (XRi — E[XRe]) '
= E[XRe] X" + (XRy — 2E[XRy]) .
E* [wX"Ry] is the Frechet derivative of
E[uX"R] = nE[X"R(].
So it follows that
E*[uX"Re] = X — W) E[X"Re] + o (X"Re — E[X"Ry])
= XE [X'R¢] + p (X"Re — 2E[X"R¢]) .
E* [ iRy ] is the Frechet derivative of
E[mu'Re] = pu'E[Ri],
so that
E*[ru'R] = X = w) n'E[R] + 1 (X = w)" E[Re] + pp” (Re — E[Re]) -
All of this yields
E*[(X — ) X — )" Ri] = XX'R¢ — E[XX"R¢] — E[XRe] X — (XR — 2E [XRi]) "
—XE[X"R] — i (X"Re — 2E[X"R¢])
+ X =) RER]+p X =) E[R]+pp’ R —E[R]). O

Asymptotic expansion of l\//\lsm

Define Agg = Z,h:] PEX—plY e DEEX—plY e D} = ;1:1 p; 'UU] . Then Mg = X' Agr £~ . The corresponding

. -~ ~_ o~~~ o~ Ai]A A71 .. . -~ o~
sample estimators are Agg = Z?:l D lU,U,T and Mgr = ¥ AggX . The explicit expansion forms of Agk and Mg are
given in the following.

AR A
7 +- 1

v T
I

Lemma 3. Let A%, = Y|, ( ) then we have the expansion Agg = Asig + En(A%g) 4 0,(n" /).

Theorem 2. My can be expanded asymptotically as Mgz = Mg + Ey (M) +0,(nV2), where M, = X ' AgpZ ™! 4 7!
AL E 1 4+ Z 7 AgpE L

Proof of Theorem 2. With the expansion given in Lemma 2, the conclusion can be easily derived by invoking Lemma 3. O
Asymptotic expansion of lvls,qu

Let Asave = E{X — Var(X|8(Y))}?, where §(Y) = ZL (Y €])). Then Mspyr = X' Ague 2L

2 T T
Lemmad. Aswe = ZAse+AseE— 2+, where I' = Y, (I} =} =i+ T with I} = Y, 17 = "0, rp = 2000
1 1
uyuluu’
P
Proof of Lemma 4.

Asae = X% — XE[Var(X|Y)] — E[Var(X|Y)]X + E[Var(X|Y)?]

h TN 2
V, uu
=22—z(z—As,R>—(z—As,R)HZp,(p—’— ;2’) :
I=1 ! !

With more algebraic calculations, one can easily derive the stated result. O
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~1 a1 =1 ~4 -~ . . .
Let I'), I';, I';, T'; and Asaye be the sample estimators of F}, I‘,Z, F,3, I‘;‘ and Asaye, respectively. The associated Frechet
derivatives are

A TZ2N VA VAR TA Vi
ey W W

Pzz Di b
viuul  vigul  vorul o v
(rlz)*: 2p1 1Y; + 1 2! 1 + I 12 i + I 121 ,
p, D; D; b
uulv, urutv, ooy, oulve
(1_,13,)*: ZP, 1Y, l+ I 2[ l+ [ 12 l+ I 12 l,
P] p; pi b
vk piuuluul  uruluul oyl uulurul o guolourT
(Fl) =-3 4 + 3 + 3 + 3 + 3 .
Dy D; D D b

Lemma5. Let I* = Y\ {(I'})* — (F})* — ([})* + (FH)*} and
Alpye = ZAp + T Agi + Asw T* + Ay X — EX* — T* ¥ 4 I'*. Then we have Aspye = Asave + En(Afyye) +0p(n"72).

Proof of Lemma 5. The conclusion can be derived by Lemmas 2-4. Details are omitted. O
Theorem 3. l\//\ISAVE can be expanded asymptotically as
Msave = Maave + En (Miaye) + 0p(n~172),
where My, = X* ' Agaye Z71 4+ Z 1AL 2 4+ Z Aqaye 251
Proof of Theorem 3. With the expansion in Lemma 2, the conclusion can be easily derived by invoking Lemma 5. O
Asymptotic expansion of I\7IDR
The candidate matrix of directional regression is

h 2 h T\ 2 h T h T
_ Vi Uy, Uy Uy, -1
MDR=21{2§ p,(——z) +2<§ ) +2(§ § b
=1 Di Di Di Di

=1 =1 =1

We first rewrite Mpy as given in the following lemma.
Lemma 6. My can be reformulated as Mpg = X! Apg X2~ 1, where

h h TN 2 h T h T
Z ZUU ZUU ZUU
ADR:Z Fll _222+2< Ipl> +2< ; l)( %>.
I 1 I

=1 I=1 =1 =1

Proof of Lemma 6. The conclusion can be derived by further algebraic calculations. We omit the details here. O

Let ZDR and IVIDR be the sample estimators of Apg and Mpy respectively.

Lemma 7. Define

JINPS SRS TP TIPS ob ot UL L SEPS ob o) ;UL

=1 =1 k=1 pipx =1 k=1 pip
u:u'u Ul " L yuTu Ul "L uuTuiul
42 Bt Bt et $ 42 L Xk 49 et et St 4
Zkz o ZZ TR 30 Dy
LA " p;Uj U UL UTU,UkUk " & pruTuuul
+ 2 L2 -2 e 2k
U U Ul " u'uru Ul LIRS IR 1A Ut 0
42 et Bt e 4 42 42 1 k >k
Z]; PipPk ;; PiPk ;; D1k

v’y U’
+2 it Bt et el O )
RIS

Then we have the expansion Apg = Apg + Eqn(Abg) + 0p(n1/2).
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Proof of Lemma 7. The conclusion can be derived by Lemmas 2, 3 and 6. Details are omitted. O

Theorem 4. lVlDR can be expanded asymptotically as
Mpg = Mpg + En(Mpg) + 0,(n~1/2),
where M, = 2* " Apr Z7 + ZT1AS T+ B AR D

Proof of Theorem 4. With the expansion given in Lemma 2, the conclusion can be easily derived by invoking Lemma 7. O
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