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S1. Regularity conditions

To prove the theoretical results of this paper, we need some regularity

conditions. They are not the weakest possible conditions, but they are

imposed to facilitate the proofs.

(C1). (The density of the index variable) We assume that W has a compact

support. Then, on the support, we further assume that the probabil-

ity density function of W , denoted by f(W ), is bounded away from

0 and has continuous derivatives up to second order.

(C2). (The moment requirement) For any 1 ≤ j1, j2 ≤ p, there exists a

constant δ ∈ [0, 1], such that supw E{|Xj1(w)Xj2(w)|}2+δ < ∞.
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(C3). (Smoothness of the conditional mean) Assume that the conditional

mean mj(·) has continuous derivatives up to second order.

(C4). (Smoothness of the conditional variance) We assume that E{Xk1
j1
Xk2

j2
Xk3

j3
Xk4

j4
|W =

w} has continuous derivatives up to second order in w for k1, k2, k3, k4 ∈

{0, 1}, where j1, j2, j3, j4 are not necessarily different components in

the (X,W) vectors.

(C5). (Smoothness of the conditional indicator mean) Assume that the

conditional indicator mean E{X1(Y ∈ Jl)|W = w} has continuous

derivatives up to second order, where l = 1, . . . , H.

(C6). (Smoothness of the conditional indicator variance) We assume that

E{Xk1
j1
Xk2

j2
Xk3

j3

Xk4
j4
1(Ỹ = l)|W = w} has continuous derivatives up to second order

in w for k1, k2, k3, k4 ∈ {0, 1}, l = 1, . . . , H, where j1, j2, j3, j4 are not

necessarily different components in the (X,W) vectors.

(C7). (The bandwidth) h → 0 and nh5 → c > 0 for some c > 0.

(C8). (The kernel function) We assume that K(w) is a bounded proba-

bility density function symmetric about 0. Furthermore, for the δ in

(C2), we assume that
∫
K2+δ(v)vjdv < ∞, for j = 0, 1, 2. Lastly, for
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two arbitrary indices w1 and w2, we must have |K(w1) −K(w2)| ≤

Kc|w1 −w2| for some positive constant Kc.

(C9) The bootstrap estimator M∗ satisfies

(nh)1/2{vech(M∗)− vech(M̂)− vech(B∗)} d−→ N(0,VarF [vech{H(X, Y )}]).

(S1.1)

(C10) For any sequence of nonnegative random variables {Zn : n =

1, 2, . . .} involved hereafter, if Zn = O(cn) for some sequence {cn :

n ∈ N} with cn > 0, then E(c−1
n Zn) exists for each n and E(c−1

n Zn) =

O(1).

(C11)
∞∑
n=3

(h/ log log n)E{S2I(|S| > an)} < ∞, where S represents response

variable in nonparametric regression function and an = o{(nh−1 log log n)1/2/(log n)2}.

(C12) limϵ→0 lim supn→∞ supm∈Γn,ϵ
|h(m)/h(n) − 1| = 0, where Γn,ϵ = {m :

|m− n| ≤ ϵn}.

Both conditions (C1) and (C2) are standard technical assumptions [Yin

et al. (2010)], and conditions (C3), (C4), (C5) and (C6) are necessary

smoothness constraints [Fan (1993); Yao and Tong (1998)]. By condition

(C7) we know that the optimal convergence rate of n−1/5 can be used. Con-
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dition (C8) is a standard requirement for the kernel function [Yao and Tong

(1996)] , which is trivially satisfied by both Gaussian kernel and Epanech-

nikov kernel.

Condition (C9) is quite mild: it is satisfied if the statistical functional

M is Fréchet differentiable [Luo and Li (2016)], where B∗ represents the bias

term of M∗−M̂. Condition (C10) amounts to asserting that the asymptotic

behaviour of (nh)1/2(M∗ − M̂−B∗) mimics that of (nh)1/2(M̂−M−B),

where B represents the bias term of M̂ − M. The validity of this self-

similarity has been discussed [Bickel and Freedman (1981), Luo and Li

(2016)], where vech(·) is the vectorization of the upper triangular part of

a matrix and varF [vech{H(X, Y )}] is positive definite. Condition (C11)

and condition (C12) are widely used in law of the iterated logarithm for

nonparametric regression Hardle (1984). These conditions should not be

too restrictive on the applicability of our estimator.

S2. The proofs of the main results

Proof of Proposition 1. Following Li et al. (2003), for convenience,

we often use the abbreviation

E{f(X, Y )|g(X),W = w} , E{f(Xw, Yw)|g(Xw)}.
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In our case, we define

E(X|Y,W = w) = E(Xw|Yw), E{X|Y,BT(w)X,W = w} = E{Xw|Yw,B
T(w)Xw}.

Since Xw satisfies linear conditional mean (A1), given W = w, it’s easy for

us to get

E{Xw|BT(w)Xw} =
[
B(w){BT(w)ΣwB(w)}−1BT(w)Σw

]T
Xw.

Hence,

Σ−1
w {E(X|Y,W = w)−m(w)}

= Σ−1
w {E(Xw|Yw)− E(Xw)}

= Σ−1
w [E{E(Xw|Yw,B

T(w)Xw)|Yw} − E{E(Xw|BT(w)Xw)}]

= Σ−1
w [E{E(Xw|BT(w)Xw)|Yw} − E{E(Xw|BT(w)Xw)}]

= Σ−1
w [B(w){BT(w)ΣwB(w)}−1BT(w)Σw]

T{E(Xw|Yw)− E(Xw)}

= B(w){BT(w)ΣwB(w)}−1BT(w)ΣwΣ
−1
w {E(X|Y,W = w)−m(w)}.
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The second equality follows tower property about conditional expectation.

Then the third equality is based on the fact that

Yw Xw|BT(w)Xw.

Denote PB(w) = B(w){BT(w)ΣwB(w)}−1BT(w)Σw. Then we have,

Σ−1
w {E(X|Y,W = w)−m(w)} = PB(w)Σ

−1
w {E(X|Y,W = w)−m(w)}.

�

Proof of Proposition 2. At first, we need to prove the left side of the

equation (1.5),

E(X|Ỹ = l,w) =

∫
X
f(X, Ỹ = l,w)

f(Ỹ = l,w)
dX

=

∫
X
f(X,w|Ỹ = l)P(Ỹ = l)

f(w|Ỹ = l)P(Ỹ = l)
dX

=

∫
Xf(X,w|Ỹ = l)dX

f(w|Ỹ = l)
.
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Then we show the right side of the equation (1.5), since

E(1(Ỹ = l)|w) =

1(Ỹ = l)
H∑
k=1

f(w|Ỹ = k)P(Ỹ = k)

f(w)
=

f(w|Ỹ = l)P(Ỹ = l)

f(w)
,

(S2.2)

where f(w) is the density function of w. Hence

E(X1(Ỹ = l)|w) =

∫
X1(Ỹ = l)

f(X, Ỹ = l,w)

f(w)
dXdỸ

=

∫
X1(Ỹ = l)

H∑
k=1

f(X,w|Ỹ = k)P(Ỹ = k)

f(w)
dX

=

∫
Xf(X,w|Ỹ = l)P(Ỹ = l)

f(w)
.

(S2.3)

Thus, we get

E{X1(Ỹ = l)|w}
E{1(Ỹ = l)|w}

=

∫
Xf(X,w|Ỹ = l)P (Ỹ = l)dX/f(w)

f(w|Ỹ = l)P (Ỹ = l)/f(w)

=

∫
f(X,w|Ỹ = l)dX

f(w|Ỹ = l)
= E(X|Ỹ = l,w).

�
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Proof of Theorem 1. Denote ki(w) = K(wi−w
h

), we get

1

nh

n∑
i=1

ki(w) =
1

nh

n∑
i=1

K

(
wi −w

h

)
= f̂(w).

Then under condition (C1) and (C8), by Yin et al. (2010), we conclude that

|f̂(w)− f(w)| = OP

{√
log(n)
nh

+ h2

}
. Next under condition (C1), we have

uniformly for w ∈ G,

{
1

nh

n∑
i=1

ki(w)

}−1

= f−1(w)

{
1 +OP

(√
log(n)

nh
+ h2

)}
.

Define for j = 1, 2,

sj(w) =
1

nh

n∑
i=1

(
wi −w

h

)
K

(
wi −w

h

)
.

Then, by the same method as in Yin et al. (2010), we have

s1(w)− hṖl,wω2 = Op

(√
log(n)

nh
+ o(h)

)
= oP (h), (S2.4)

where ω2 =
∫∞
−∞w2K(w)dw. Next, by Lemma 2 of Yao and Tong (1998)

we know that

sup
w∈R

|s2(w)− f(w)ω2| = oP (1). (S2.5)
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By Taylor’s expansion, we then have

P̂l,w −Pl,w

=
1

nhf(w)

{
1 +OP

(√
log(n)

nh
+ h2

)}
n∑

i=1

K

(
wi −w

h

){
1(Ỹi = l)−Pl,wi

}
+

1

f(w)

{
1 +OP

(√
log(n)

nh
+ h2

)}{
hṖl,ws1(w) +

h2P̈l,w

2
s2(w) + o(h2)

}
(S2.6)

Then it follows by (S2.4) and (S2.5) that

P̂l,w −Pl,w = CP,w +BP,w +OP{R1(w)}. (S2.7)

where

CP,w =
1

nhf(w)

n∑
i=1

ki(w)
{
1(Ỹi = l)−Pl,wi

}
, BP,w =

h2ω2

2

(
2
ḟ(w)

f(w)
Ṗl,w + P̈l,w

)
,

and

R1(w) =
1

nf(w)

[∣∣∣∣∣
n∑

i=1

K

(
wi −w

h

)
{1(Ỹi = l)−Pl,wi

}

∣∣∣∣∣
]
+ o(h2).

P̂l,w −Pl,w follows by the similar argument. Then,

Ûl,w −Ul,w = CU,w +BU,w +OP{R2(w)}, (S2.8)
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where

CU,w =
1

nhf(w)

n∑
i=1

ki(w)
{
xi1(Ỹi = l)−Ul,wi

}
, BU,w =

h2ω2

2

(
2
ḟ(w)

f(w)
U̇l,w + Ül,w

)
,

and

R2(w) =
1

nf(w)

{∣∣∣∣∣
n∑

i=1

K

(
wi −w

h

)(
xi1(Ỹi = l)−Ul,wi

)∣∣∣∣∣
}

+ o(h2),

Yin et al. (2010) has already shown us that

m̂(w)−m(w) = Cm,w +Bm,w +OP{R3(w)}, Σ̂w −Σw = CΣ,w +BΣ,w +OP{R4(w)},

where

Cm,w =
1

nhf(w)

n∑
i=1

ki(w) {xi −m(wi)} , Bm,w =
h2ω2

2

(
2
ḟ(w)

f(w)
ṁ(w) + m̈(w)

)
,

CΣ,w =
1

nhf(w)

n∑
i=1

ki(w)
[
{xi − m̂(wi)} {xi − m̂(wi)}T −Σw − (wi −w)Σ̇w

]
,

BΣ,w = h2Σ̇wω2
ḟ(w)

f(w)
,
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and

R3(w) =
1

nf(w)

{∣∣∣∣∣
n∑

i=1

K

(
wi −w

h

)
(xi −m(wi))

∣∣∣∣∣
}

+ o(h2),

R4(w) =
1

nf(w)

{∣∣∣∣∣
n∑

i=1

K

(
wi −w

h

)[
{xi − m̂(wi)} {xi − m̂(wi)}T −Σw − (wi −w)Σ̇w

]∣∣∣∣∣
}

+ o(h2),

Thus

M̂SIR(w)−MSIR(w)

=
H∑
l=1

(
Ûl,wÛ

T
l,w

P̂l,w

−
H∑
l=1

Ul,wU
T
l,w

Pl,w

)
+m(w)m(w)T − m̂(w)m̂(w)T

=
H∑
l=1

{
(Ûl,w −Ul,w)U

T
l,w

Pl,w

+
Ul,w(Ûl,w −Ul,w)

T

Pl,w

− 1

P2
l,w

(P̂l,w −Pl,w)Ul,wU
T
l,w

}

− {m̂(w)−m(w)}m(w)T −m(w){m̂(w)−m(w)}T + oP

(
1√
nh

)
= BSIR(w) +CSIR(w) + oP

(
1√
nh

)
,

where

BSIR(w) =
H∑
l=1

{
BU,wU

T
l,w +Ul,wB

T
U,w

Pl,w

− 1

P2
l,w

BP,wUl,wU
T
l,w

}
−Bm,wm(w)T −m(w)BT

m,w,

(S2.9)
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and

CSIR(w) =
H∑
l=1

{
CU,wU

T
l,w +Ul,wB

T
U,w

Pl,w

− 1

P2
l,w

CP,wUl,wU
T
l,w

}
−Cm,wm(w)T −m(w)CT

m,w.

Following by the similar argument of Theorem 1 in Yin et al. (2010), we

have

√
nh
(
vech{M̂SIR(w)} − vech{MSIR(w)} − vech{BSIR(w)}

)
d−→ N(0, f−1(w)ω0C

SIR(w)),

(S2.10)

where

ω0 =

∫ ∞

−∞
K2(w)dw. (S2.11)

Hence

CSIR(w) = Cov [vech{CSIR(w)}|w] . (S2.12)

This completes the proof of the part one of Theorem 1, then we prove the

part two. Observe that λk(w) and βk(w) satisfy the following singular

value decomposition equation:

G(w)GT(w)βk(w) = λ2
k(w)βk(w), k = 1, . . . , p;
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where G(w) = Σ−1
w M(w). Hence,

Σ−1
w M(w)MT(w)Σ−1

w βk(w) = λ2
k(w)βk(w), k = 1, . . . , p;

where βT
k (w)βk(w) = 1 and βT

k (w)βρ(w) = 0 for k ̸= ρ. Similarly, in the

sample level, we have

Σ̂−1
w M̂(w)M̂T(w)Σ̂−1

w β̂k(w) = λ̂2
k(w)β̂k(w), k = 1, . . . , p;

and β̂T
k (w)β̂k(w) = 1 and β̂T

k (w)β̂ρ(w) = 0 for k ̸= ρ. The singular value

decomposition form in the sample level implies that

Σ−1
w M(w){Σ−1

w M(w)}T{β̂k(w)− βk(w)}+ (Σ̂−1
w −Σ−1

w )M(w)MT(w)Σ−1
w βk(w)

+Σ−1
w {M̂(w)−M(w)}MT(w)Σ−1

w βk(w) +Σ−1
w M(w)MT(w)(Σ̂−1

w −Σ−1
w )βk(w)

+Σ−1
w M(w){M̂(w)−M(w)}TΣ−1

w βk(w) = λk(w){λ̂k(w)− λk(w)}βk(w)

+{λ̂k(w)− λk(w)}λk(w)βk(w) + λ2
k(w){β̂k(w)− βk(w)}+ op(

1√
nh

),

(S2.13)

for k = 1, . . . , d. Multiply both sides of (S2.13) by βT
k (w) from the left, we

get

βT
k (w)

[
(Σ̂−1

w −Σ−1
w )M(w)MT(w)Σ−1

w +Σ−1
w {M̂(w)−M(w)}MT(w)Σ−1

w
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+Σ−1
w M(w)MT(w)(Σ̂−1

w −Σ−1
w ) +Σ−1

w M(w){M̂(w)−M(w)}TΣ−1
w

]
βk(w)

= {λ̂k(w)− λk(w)}λk(w) + λk{λ̂k(w)− λk(w)}+ op(
1√
nh

),

which further suggests that

λ̂k(w) =λk(w) +
βT
k (w)

2λk(w)

[
(Σ̂−1

w −Σ−1
w )M(w)MT(w)Σ−1

w

+Σ−1
w {M̂(w)−M(w)}MT(w)Σ−1

w +Σ−1
w M(w)MT(w)(Σ̂−1

w −Σ−1
w )

+Σ−1
w M(w){M̂(w)−M(w)TΣ−1

w }

]
βk(w) + op(

1√
nh

).

(S2.14)

By lemma A.2 of Cook and Ni (2005) we know that

Σ̂−1
w −Σ−1

w = −Σ−1
w (Σ̂w −Σw)Σ

−1
w + op(

1√
nh

).

Hence, equation (S2.14) becomes

λ̂k(w) =λk(w) +
βT
k (w)

2λk(w)

[
−Σ−1

w (Σ̂w −Σw)Σ
−1
w M(w)MT(w)Σ−1

w

+Σ−1
w {M̂(w)−M(w)}MT(w)Σ−1

w −Σ−1
w M(w)MT(w)Σ−1

w (Σ̂w −Σw)Σ
−1
w

+Σ−1
w M(w){M̂(w)−M(w)}TΣ−1

w

]
βk(w) + op(

1√
nh

),

=λk(w) +Cλk
(w) +Bλk

(w) + op(
1√
nh

)

(S2.15)
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where

Cλk
(w) =

βT
k (w)

2λk(w)

[
−Σ−1

w CΣ,wΣ
−1
w M(w)MT(w)Σ−1

w +Σ−1
w CM,wM

T(w)Σ−1
w

−Σ−1
w M(w)MT(w)Σ−1

w CΣ,wΣ
−1
w +Σ−1

w M(w)CT
M,wΣ

−1
w

]
βk(w),

(S2.16)

and

Bλk
(w) =

βT
k (w)

2λk(w)

[
−Σ−1

w BΣ,wΣ
−1
w M(w)MT(w)Σ−1

w +Σ−1
w BM,wM

T(w)Σ−1
w

−Σ−1
w M(w)MT(w)Σ−1

w BΣ,wΣ
−1
w +Σ−1

w M(w)BT
M,wΣ

−1
w

]
βk(w).

(S2.17)

Now we turn to the expansion of β̂k(w). Since (β1(w), . . . ,βp(w)) is a basis

of Rp, then there exists c∗kj for j = 1, . . . , p, such that β̂k(w) − βk(w) =∑p
j=1 c

∗
kjβj(w) and c∗kj = Op(

1√
nh

+ h2). We will derive the explicit form of

c∗kj in the next step. Note that (S2.13) can be rewritten as

[
Σ−1

w M(w)MT(w)Σ−1
w − λ2

k(w)
]∑p

j=1
c∗kjβj(w)

= λk(w)
{
λ̂k(w)− λk(w)

}
βk(w) +

{
λ̂k(w)− λk(w)

}
λk(w)βk(w)

+
[
Σ−1

w (Σ̂w −Σw)Σ
−1
w M(w)MT(w)Σ−1

w −Σ−1
w {M̂(w)−M(w)}MT(w)Σ−1

w

+Σ−1
w M(w)MT(w)Σ−1

w (Σ̂w −Σw)Σ
−1
w −Σ−1

w M(w){M̂(w)−M(w)}Σ−1
w

]
βk(w).

(S2.18)
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Denote

A(w) = Σ−1
w (Σ̂w −Σw)Σ

−1
w M(w)MT(w)Σ−1

w −Σ−1
w {M̂(w)−M(w)}MT(w)Σ−1

w

+Σ−1
w M(w)MT(w)Σ−1

w (Σ̂w −Σw)Σ
−1
w −Σ−1

w M(w){M̂(w)−M(w)}Σ−1
w .

Multiply both sides of (S2.18) by βT
j (w) (j ̸= k) from the left, we have

c∗kj =
βT
j (w)A(w)βk(w)

λ2
j(w)− λ2

k(w)
, j ̸= k;

in addition, βT
k (w)βk(w) = β̂T

k (w)β̂k(w) = 1 indicates that

0 = {
p∑

j=1

c∗kjβj(w)}Tβk(w) + βk(w)T{
p∑

j=1

c∗kjβj(w)},

which further implies that c∗kk = 0. Let

A1(w) = Σ−1
w BΣ,wΣ

−1
w M(w)MT(w)Σ−1

w −Σ−1
w BM,wM

T(w)Σ−1
w

+Σ−1
w M(w)MT(w)Σ−1

w BΣ,wΣ
−1
w −Σ−1

w M(w)BT
M,wΣ

−1
w ,

and

A2(w) = Σ−1
w CΣ,wΣ

−1
w M(w)MT(w)Σ−1

w −Σ−1
w CM,wM

T(w)Σ−1
w



17

+Σ−1
w M(w)MT(w)Σ−1

w CΣ,wΣ
−1
w −Σ−1

w M(w)CT
M,wΣ

−1
w .

Hence, we have

β̂k(w) = βk(w) +Bk(w) +Ck(w) + oP (
1√
nh

). (S2.19)

Denote

Bk(w) =
∑
j ̸=k

βj(w)βT
j (w)A1(w)βk(w)

λ2
j(w)− λ2

k(w)
, (S2.20)

and

Ck(w) =
∑
j ̸=k

βj(w)βT
j (w)A2(w)βk(w)

λ2
j(w)− λ2

k(w)
. (S2.21)

The asymptotic normality is then straightforward via the central limit the-

orem and

Σk(w) = Cov{Ck(w)|w}.

In partial variable dependent SIR, denote G(w) = Σ−1
w MSIR(w), then sub-
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stitute it into (S2.20) and (S2.21),

BSIR
k (w) =

∑
j ̸=k

βSIR
j (w){βSIR

j (w)}T

{λSIR
j (w)}2 − {λSIR

k (w)}2
[
Σ−1

w BΣ,wΣ
−1
w MSIR(w)MT

SIR(w)Σ−1
w

−Σ−1
w BSIR(w)MT

SIR(w)Σ−1
w +Σ−1

w MSIR(w)MT
SIR(w)Σ−1

w BΣ,wΣ
−1
w

−Σ−1
w MSIR(w)BT

SIR(w)Σ−1
w

]
βSIR
k (w),

(S2.22)

CSIR
k (w) =

∑
j ̸=k

βSIR
j (w){βSIR

j (w)}T

{λSIR
j (w)}2 − {λSIR

k (w)}2
[
Σ−1

w CΣ,wΣ
−1
w MSIR(w)MT

SIR(w)Σ−1
w

−Σ−1
w CSIR(w)MT

SIR(w)Σ−1
w +Σ−1

w MSIR(w)MT
SIR(w)Σ−1

w CΣ,wΣ
−1
w

−Σ−1
w MSIR(w)CT

SIR(w)Σ−1
w

]
βSIR
k (w).

Hence,

ΣSIR
k (w) = Cov{CSIR

k (w)|w} (S2.23)

�

Theorem 2 is closely related to the following two assertions:

(a) if λk(w) > λk+1(w), then f 0
n(k) = OP (

1
nh
) almost surely PS given

W = w;

(b) if λk(w) = λk+1(w), then f 0
n(k) = O+

P (cn) almost surely PS given
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W = w,

where cn = [log{log(n)}]−1 and O+
P symbols has been shown in Luo and Li

(2016). We will prove these assertions, and then prove Theorem 2 based on

them.

The nonparametric ladle estimator can pinpoint the rank of a matrix

more precisely than the other order-determination methods when they are

used for the nonparametric model. We established the consistency of the

nonparametric ladle estimator. The next Lemma regulates the order be-

tween the eigenvalues and the variability of eigenvectors. In particular, it

shows that distant eigenvalues are related to the small variability of eigen-

vectors. Ladle estimator allows asymmetric matrices, therefore we apply

it to Ĝ(w)ĜT(w), which amounts to replacing the eigenvalues and eigen-

vectors of Ĝ(w) by its squared singular values and singular vectors, since

G(w) is not a symmetric and semi-positive definite matrix.

Lemma 1. Let cn = {log(log n)}−1. If conditions (C9), (C10), (C11) and

(C12) hold, and G(w)G(w)T ∈ Rp×p is a positive semi-definite matrix of

rank d(w) ∈ {0, . . . , p−1}, then for any k = 1, . . . , p−1, the following rela-
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tion holds for almost every sequence S = {(Y1,X1,W1), (Y2,X2,W2), . . .} :

fn(w, k) =


OP (

1
nh
), λk(w) > λk+1(w);

O+
P (cn), λk(w) = λk+1(w);

where O+
P is defined in Luo and Li (2016).

Lemma 2. Let cn = {log(log n)}−1 and r = ⌊p/ log(p)⌋. For any positive

semi-definite candidate matrix G(w)G(w)T ∈ Rp×p of rank d(w), and for

each k ∈ {0, 1, . . . , r}, we have

ϕn(w, k) =


O+

P (1), if k < d(w);

OP (
1√
cnnh

), if k ≥ d(w);

almost surely PS .

The asymptotic behavior of fn(w, ·) is presented in Lemma 1 and Lemma

2 gives the asymptotic property of ϕn(w, ·). The proof of Lemma 1 and 2

are similar to that of Theorem 1 and Lemma F in Luo and Li (2016), thus

omitted here.

Lemma 3. For any i, j = 1, . . . , p with i ̸= j,

|βT
i (w)β̂j(w)|[λi(w)− λj(w)− {Bλj

(w) +B(w)}] = Op(
1√
nh

),
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where the closed form of Bλj
(w) and B(w) are provided in (S2.17) and

(S2.26) in the Appendix, respectively.

Proof of Lemma 3. Luo and Li (2016) has shown that

G(w)β̂j(w) = G(w)

{
p∑

i=1

rijβi(w)

}
=

p∑
i=1

rijλi(w)βi(w), (S2.24)

and

G(w)β̂j(w) = Ĝ(w)β̂j(w) + {G(w)− Ĝ(w)}β̂j(w) = λ̂j(w)β̂j(w) + {G(w)− Ĝ(w)}β̂j(w),

(S2.25)

where rij = βT
i (w)β̂j(w), β̂j(w) =

∑p
i=1 rijβi(w) and

∑p
i=1 r

2
ij = 1. Ĝ(w)−

G(w) = B(w)+OP

(
1√
nh

)
and λ̂j(w)−λj(w) = Bλj

(w)+Op(
1√
nh
). Here,

we denote G(w) = Σ−1
w M(w). Since

Ĝ(w)−G(w) = Σ−1
w {M̂(w)−M(w)}+ (Σ̂−1

w −Σ−1
w )M(w) + op(

1√
nh

).

Hence

B(w) = Σ−1
w BM,w +Σ−1

w BΣ,wΣ
−1
w M(w). (S2.26)
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Combing (S2.24) and (S2.25), we have

p∑
i=1

rijλi(w)βi(w) =λj(w)β̂j(w) +Bλj
(w)β̂j(w) +B(w)β̂j(w) +Op(

1√
nh

)

=

p∑
i=1

rijλj(w)βi(w) + {Bλj
(w) +B(w)}β̂j(w) +Op(

1√
nh

)

=

p∑
i=1

rijλj(w)βi(w) +

p∑
i=1

rij{Bλj
(w) +B(w)}βi(w) +Op(

1√
nh

).

Hence

p∑
i=1

rij[λi(w)− λj(w)− {Bλj
(w) +B(w)}]βi(w) = Op(

1√
nh

).

Since β1(w), . . . ,βp(w) are orthogonal, we have, for each i ̸= j,

|βT
i (w)β̂j(w)|[λi(w)− λj(w)− {Bλj

(w) +B(w)}] = Op(
1√
nh

).

�

Since the order of bias term is h2, then under condition (C7),

√
nh× h2√
log(log n)

→ 0, as n → ∞,
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the bias term {Bλj
(w) +B(w)} will vanish, such that a direct application

of this Lemma leads to the next lemma.

Lemma 4. Under condition (C9) and (C13), for any positive semi-definite

candidate matrix G(w) ∈ Rp×p and any i, j ∈ {1, . . . , p}, if λi(w) >

λj(w),then

β̂i(w)Tβ∗
j (w) = OP (

1√
nh

),

almost surely PS .

Proof of Lemma 4. Let A1 ∈ F be the event that
{
(nh)1/2{λ̂i(w) −

λi(w)}/
√
log(log n) : n ∈ N

}
is a bounded sequence for each i = 1, . . . , p.

From Assumption (C12) it follows Hardle (1984) that the bias term of

λ̂i(w) − λi(w) vanishes. By the law of the iterated logarithm and Lemma

3.2 of Zhao et al. (1986), pr(A1) = 1. For any s ∈ A1 and i, j = 1, . . . , p,

we have

|λ̂i(w)− λ̂j(w)| = |λi(w)− λj(w)|+ o(1). (S2.27)

Let A2 ∈ F be the event in Assumption (C10). Then pr(A2) = 1. Hence

pr(A1 ∩ A2) = 1. For any fixed s ∈ A1 ∩ A2, by Lemma 3,

β̂T
i (w)β∗

j (w){λ̂i(w)− λ̂j(w)} = OP (
1√
nh

).
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By (S2.27), we have β̂T
i (w)β∗

j (w) = OP (
1√
nh
). �

Proof of Assertion (a). By the law of iterated logarithm, similar to

the proof of Assertion (a) of Luo and Li (2016), we can show that, when

λk(w) > λk+1(w),

1− |det{G11(w)}| = OP (
1

nh
) almost surely PS ,

where G11(w) = T̂T
kT

∗
k. Thus f 0

n(w, k) = OP (
1
nh
) almost surely PS , as

desired. �

Proof of Assertion (b) is omitted here since it’s similar in Luo and Li

(2016). We now prove Theorem 2 by combining lemma 1, lemma 2, lemma

3, lemma 4 and Assertion (a) and (b).

Proof of Theorem 2. It’s easy to see that

OP (
1

nh
) = oP (cn), O+

P (1) = O+
P (cn), OP (

1√
cnnh

) = oP (cn).

Let r = p − 1 if p ≤ 10 and r = [p/ log(p)] otherwise. By assertion (a),
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assertion (b) and Lemma 1 and 2, for any k ∈ {0, 1, . . . , r},


fn(w, k) ≥ 0, ϕn(w, k) = O+

P (cn), if k < d(w);

fn(w, k) = oP (cn), ϕn(w, k) = oP (cn), if k = d(w);

fn(w, k) = O+
P (cn), ϕn(w, k) > 0, if k > d(w);

almost surely PS . Since gn(w) = fn(w) + ϕn(w), lemma D (i) of Luo and

Li (2016) implies that

gn(w, k) =


O+

P (cn), if k ̸= d(w);

oP (cn), if k = d(w);

almost surely PS .

By Lemma D (ii) of Luo and Li (2016), gn is minimized at d(w) in proba-

bility almost surely PS . �

S3. Variable Dependent Partial SAVE

Though SIR has received much attention, it cannot recover any vector in

the central subspace SY |X if the regression function is symmetric about the

origin because SIR is based on the estimation of the conditional mean. To

address this, SAVE (Cook and Weisberg, 1991) was proposed to estimate
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the central space by utilizing the conditional variance function of the co-

variates when the response is given. For partial dimension reduction, Shao

et al. (2009) also developed partial SAVE and showed that partial SAVE is

more comprehensive than partial SIR. As an extension of partial SAVE, we

now develop the variable dependent partial SAVE, which is based on the

proposition S3.1. Parallel to SAVE, we define the following kernel matrix

for variable dependent partial SAVE.

MSAVE(w) , EỸ {Cov(Xw)− Cov(X|Ỹ = l,w)}2

=
∑H

l=1
Pl,w

(
Σw −Rl,w +Vl,wV

T
l,w

)2
,

where Rl,w = E(XXT|Ỹ = l,w) and Vl,w, Pl,w are defined as previously.

EỸ represents expectation with respect to Ỹ .

Proposition S3.1. Conditional on W = w, suppose that linear conditional

mean condition (A1) and constant conditional variance condition (A2) hold,

then

Σ−1
w {Σw − Cov(X|Y,W = w)} = PB(w){Ip −Σ−1

w Cov(X|Y,W = w)}PB(w).

Proof of Proposition S3.1. The proof of Proposition S3.1 is based on
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the Theorem 1 of Cook and Lee (1999). Use the similar abbreviation in

Proposition 1,

Cov(X|Y,W = w) = Cov(Xw|Yw).

Assume that Xw satisfies linear conditional mean (A1) and constant condi-

tional variance (A2), furthermore, constant conditional variance (A2) im-

plies Cov{Xw|BT(w)Xw} = Σw{Ip −PB(w)}. Conditional on W = w, it’s easy

for us to get

Σ−1
w Cov(X|Y,W = w) = Σ−1

w Cov(Xw|Yw)

= Σ−1
w E[Cov{Xw|BT(w)Xw,Yw}|Yw] +Σ−1

w Cov[E{Xw|BT(w)Xw,Yw}|Yw]

= Σ−1
w E[Cov{PT

B(w)Xw +QT
B(w)Xw|BT(w)Xw}|Yw] +Σ−1

w Cov[E{Xw|BT(w)Xw}|Yw]

= Σ−1
w QT

B(w)E[Cov{Xw|BT(w)Xw}|Yw]QB(w) +Σ−1
w PT

B(w)Cov(Xw|Yw)PB(w)

= QB(w)Σ
−1
w E[Cov{Xw|BT(w)Xw}|Yw]QB(w) +PB(w)Σ

−1
w Cov(Xw|Yw)PB(w)

= QB(w) +PB(w)Σ
−1
w Cov(Xw|Yw)PB(w),

where QB(w) = Ip −PB(w). Such that we can derive that

Ip −Σ−1
w Cov(X|Y,W = w) = PB(w){Ip −Σ−1

w Cov(X|Y,W = w)}PB(w).



28

The proof is completed. �

Proposition S3.1 implies that Σ−1
w MSAVE(w) ⊆ SYw|Xw almost surely.

Similar to Proposition 2, the proposition S3.2 shows that the term Rl,w =

E(XXT|Ỹ = l,w) can be expressed as a fraction, whose numerator and

denominator are easy to be estimated.

Proposition S3.2. Conditional on W = w, for each l = 1, 2, . . . , H, we

have

E(XXT|Ỹ = l,w) =
E{XXT1(Ỹ = l)|w}

E{1(Ỹ = l)|w}
. (S3.28)

The proof of Proposition S3.2 is similar to that of Proposition 2, and

is omitted.

Thus, the kernel matrix of partial variable dependent SAVE can be

rewritten as

MSAVE(w) =
∑H

l=1
Pl,w

{
Σw − Nl,w

Pl,w

+
Ul,wU

T
l,w

Pl,wPl,w

}2

, (S3.29)

where Nl,w = E{XXT1(Ỹ = l)|w}.

Recall that the goal of variable dependent partial SAVE is to estimate

the SYw|Xw by the estimates of Σ−1
w MSAVE(w). Similar to variable depen-
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dent partial SIR, we have the following NW kernel estimator of Nl,w:

N̂l,w =

∑n
i=1 xix

T
i 1(Ỹi = l)Kh(wi −w)∑n
i=1 Kh(wi −w)

.

Then it is easy for us to get the sample estimator of MSAVE(w):

M̂SAVE(w) =
∑H

l=1
P̂l,w

{
Σ̂w − N̂l,w

P̂l,w

+
Ûl,wÛ

T
l,w

P̂l,wP̂l,w

}2

. (S3.30)

Now we can use Σ̂−1
w M̂SAVE(w) to estimate SYw|Xw . Proposition S3.1 also

leads us to consider the singular value decomposition. Let

Σ−1
w MSAVE(w) =

p∑
k=1

λSAVE
k (w)βSAVE

k (w)ηSAVE
k (w),

λSAVE
1 (w) ≥ · · · ≥ λSAVE

d (w) = 0 = · · · = λSAVE
p (w),

Σ̂−1
w M̂SAVE(w) =

p∑
k=1

λ̂SAVE
k (w)β̂SAVE

k (w)η̂SAVE
k (w),

λ̂SAVE
1 (w) ≥ · · · ≥ λ̂SAVE

d (w) ≥ · · · ≥ λ̂SAVE
p (w),

be the singular value decomposition of Σ−1
w MSAVE(w) and Σ̂−1

w M̂SAVE(w),

respectively. Note that Span{βSAVE
1 (w), . . . ,βSAVE

d(w) (w)} = SYw|Xw , natu-

rally, we propose to use Span{β̂SAVE
1 (w), . . . , β̂SAVE

d(w) (w)} to estimate SYw|Xw .

Proof of Theorem 3. Following by similar argument in Theorem 1, we
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have

N̂l,w −Nl,w = CN,w +BN,w +OP{R5(w)},

where

CN,w =
1

nhf(w)

n∑
i=1

ki(w)
{
xix

T
i 1(Ỹi = l)−Nl,wi

}
, BN,w =

h2ω2

2

(
2
ḟ(w)

f(w)
Ṅl,w + N̈l,w

)
,

and

R5(w) =
1

nf(w)

{∣∣∣∣∣
n∑

i=1

K(
wi −w

h
)
(
xix

T
i 1(Ỹi = l)−Nl,wi

)∣∣∣∣∣
}

+ o(h2).

Denote

El,w = Σw − Nl,w

Pl,w

+
Ul,wU

T
l,w

Pl,wPl,w

,

then the sample estimator of El,w is

Êl,w = Σ̂w − N̂l,w

P̂l,w

+
Ûl,wÛ

T
l,w

P̂l,wP̂l,w

,
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thus

M̂SAVE(w)−MSAVE(w) =
∑H

l=1

(
P̂l,wÊ

2
l,w −Pl,wE

2
l,w

)
=

H∑
l=1

{(
P̂l,w −Pl,w

)
Ê2

l,w +Pl,w

(
Ê2

l,w − E2
l,w

)}
=
∑H

l=1

(
P̂l,w −Pl,w

)
E2

l,w +
∑H

l=1
Pl,w

(
Êl,w − El,w

)
×
(
Êl,w + El,w

)
+ oP

(
1√
nh

)
=
∑H

l=1

(
P̂l,w −Pl,w

)
E2

l,w +
∑H

l=1
2Pl,w

{(
Σ̂w −Σw

)
Σw

+
Nl,w

(
P̂l,w −Pl,w

)
−
(
N̂l,w −Nl,w

)
Pl,w

P2
l,w

Σw

+

(
Ûl,w −Ul,w

)
UT

l,wPl,w +Ul,w

(
Ûl,w −Ul,w

)T
Pl,w − 2Ul,wU

T
l,w

(
P̂l,w −Pl,w

)
P3

l,w

Σw

−
(
Σ̂w −Σw

) Nl,w

Pl,w

−
Nl,w

(
P̂l,w −Pl,w

)
−
(
N̂l,w −Nl,w

)
Pl,w

P2
l,w

Nl,w

Pl,w

−

(
Ûl,w −Ul,w

)
UT

l,wPl,w +Ul,w

(
Ûl,w −Ul,w

)T
Pl,w − 2Ul,wU

T
l,w

(
P̂l,w −Pl,w

)
P3

l,w

Nl,w

Pl,w

+
(
Σ̂w −Σw

) Ul,wU
T
l,w

P2
l,w

+
Nl,w

(
P̂l,w −Pl,w

)
−
(
N̂l,w −Nl,w

)
Pl,w

P2
l,w

Ul,wU
T
l,w

P2
l,w

+

(
Ûl,w −Ul,w

)
UT

l,wPl,w +Ul,w

(
Ûl,w −Ul,w

)T
Pl,w − 2Ul,wU

T
l,w

(
P̂l,w −Pl,w

)
P3

l,w

Ul,wU
T
l,w

P2
l,w

}

+ oP

(
1√
nh

)
= BSAVE +CSAVE + oP

(
1√
nh

)
,
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where

BSAVE =
∑H

l=1
BP,wE

2
l,w + 2

∑H

l=1
Pl,w

{
BΣ,wΣw +

Nl,wBP,w −BN,wPl,w

P2
l,w

Σw

+
BU,wU

T
l,wPl,w +Ul,wB

T
U,wPl,w − 2Ul,wU

T
l,wBP,w

P3
l,w

Σw −BΣ,w
Nl,w

Pl,w

− Nl,wBP,w −BN,wPl,w

P2
l,w

Nl,w

Pl,w

−
BU,wU

T
l,wPl,w +Ul,wB

T
U,wPl,w − 2Ul,wU

T
l,wBP,w

P3
l,w

Nl,w

Pl,w

+BΣ,w

Ul,wU
T
l,w

P2
l,w

+
Nl,wBP,w −BN,wPl,w

P2
l,w

Ul,wU
T
l,w

P2
l,w

+
BU,wU

T
l,wPl,w +Ul,wB

T
U,wPl,w − 2Ul,wU

T
l,wBP,w

P3
l,w

Ul,wU
T
l,w

P2
l,w

}
,

(S3.31)

and

CSAVE =
∑H

l=1
CP,wE

2
l,w + 2

∑H

l=1
Pl,w

{
CΣ,wΣw +

Nl,wCP,w −CN,wPl,w

P2
l,w

Σw

+
CU,wU

T
l,wPl,w +Ul,wC

T
U,wPl,w − 2Ul,wU

T
l,wCP,w

P3
l,w

Σw −CΣ,w
Nl,w

Pl,w

− Nl,wCP,w −CN,wPl,w

P2
l,w

Nl,w

Pl,w

−
CU,wU

T
l,wPl,w +Ul,wC

T
U,wPl,w − 2Ul,wU

T
l,wCP,w

P3
l,w

Nl,w

Pl,w

+CΣ,w

Ul,wU
T
l,w

P2
l,w

+
Nl,wCP,w −CN,wPl,w

P2
l,w

Ul,wU
T
l,w

P2
l,w

+
CU,wU

T
l,wPl,w +Ul,wC

T
U,wPl,w − 2Ul,wU

T
l,wCP,w

P3
l,w

Ul,wU
T
l,w

P2
l,w

}
.

(S3.32)
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Similar to the proof of Theorem 1, we have

√
nh
(
vech{M̂SAVE(w)} − vech{MSAVE(w)} − vech{BSAVE(w)}

)
d−→ N(0, f−1(w)ω0C

SAVE(w)),

(S3.33)

where ω0 is defined as follows. Hence

CSAVE(w) = Cov[vech{CSAVE(w)}|w]. (S3.34)

Then for singular value decomposition, in partial variable dependent SAVE,

denote G(w) = Σ−1
w MSAVE(w), then substitute it into (S2.20) and (S2.21),

BSAVE
k (w) =

∑
j ̸=k

βSAVE
j (w){βSAVE

j (w)}T

{λSAVE
j (w)}2 − {λSAVE

k (w)}2
[
MT

SAVE(w)Σ−1
w BΣ,wΣ

−1
w Σ−1

w MSAVE(w)

−BT
SAVE(w)Σ−1

w Σ−1
w MSAVE(w) + {Σ−1

w MSAVE(w)}TΣ−1
w BΣ,wΣ

−1
w MSAVE(w)

− {Σ−1
w MSAVE(w)}TΣ−1

w BSAVE(w)
]
βSAVE
k (w),

(S3.35)

CSAVE
k (w) =

∑
j ̸=k

βSAVE
j (w){βSAVE

j (w)}T

{λSAVE
j (w)}2 − {λSAVE

k (w)}2
[
MT

SAVE(w)Σ−1
w CΣ,wΣ

−1
w Σ−1

w MSAVE(w)

−CSAVE(w)TΣ−1
w Σ−1

w MSAVE(w) + {Σ−1
w MSAVE(w)}TΣ−1

w CΣ,wΣ
−1
w MSAVE(w)

− {Σ−1
w MSAVE(w)}TΣ−1

w CSAVE(w)
]
βSAVE
k (w).
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Hence,

ΣSAVE
k (w) = Cov{CSAVE

k (w)|w} (S3.36)

�

S4. Variable Dependent Partial DR

Another popular method of sufficient dimension reduction is Directional

Regression (DR) (Li and Wang, 2007), which implicitly synthesizes sliced

inverse regression and sliced average variance estimation. DR enjoys the

advantage of high accuracy and convenient computation, and has received

substantial attention in the literature of sufficient dimension reduction (Yu,

2014; Yu and Dong, 2016). Parallel to variable dependent partial SIR and

variable dependent partial SAVE, we now propose variable dependent par-

tial DR approach to perform variable dependent partial dimension reduc-

tion.

Now we can define the kernel matrix for variable dependent partial DR,

MDR(w) , EY,Y̆ {2Σw − E{(X− X̆)(X− X̆)T|Y, Y̆ ,W = w}}2,

Where EY,Y̆ represents expectation with respect to Y and Y̆ .
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Proposition S4.3. Conditional on W = w, assume that linear conditional

mean condition (A1) and constant conditional variance condition (A2) hold,

then

Σ−1
w [2Σw − E{(X− X̆)(X− X̆)T|Y, Y̆ ,W = w}]

=PB(w)[2Ip −Σ−1
w E{(X− X̆)(X− X̆)T|Y, Y̆ ,W = w}]PB(w),

where (X̆, Y̆ ) is an independent copy of (X, Y ).

Proof of Proposition S4.3. Assume that Xw satisfies linear condi-

tional mean (A1) and constant conditional variance (A2), conditional on

W = w, it’s easy for us to get

Σ−1
w E{(X− X̆)(X− X̆)T|Y, Y̆ ,W = w}

= Σ−1
w E{(Xw − X̆w)(Xw − X̆w)

T|Yw, Y̆w}

= Σ−1
w {E(XwX

T
w|Yw)− E(Xw|Yw)E(X̆T

w|Y̆w)− E(X̆w|Y̆w)E(XT
w|Yw) + E(X̆wX̆

T
w|Y̆w)}

= Σ−1
w

(
E [E{XwX

T
w|BT(w)Xw, Yw}|Yw]− E[E{Xw|BT(w)Xw, Yw}|Yw]E[E{X̆T

w|BT(w)X̆w, Y̆w}|Y̆w]

− E[E{X̆w|BT(w)X̆w, Y̆w}|Y̆w]E[E{XT
w|BT(w)Xw, Yw}|Yw] + E [E{XwX

T
w|BT(w)Xw, Yw}|Yw]

)
= Σ−1

w

(
E [Cov{Xw|BT(w)Xw}|Yw] + E[E{Xw|BT(w)Xw}E{XT

w|BT(w)Xw}|Yw]

− E[E{Xw|BT(w)Xw}|Yw]E[E{X̆T
w|BT(w)X̆w}|Y̆w]− E[E{X̆w|BT(w)X̆w}|Y̆w]E[E{XT

w|BT(w)Xw}|Yw]

+ E
[
Cov{X̆w|BT(w)X̆w}|Y̆w

]
+ E

[
E{X̆w|BT(w)X̆w}E{X̆T

w|BT(w)X̆w}|Y̆w
] )
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= QB(w) +PB(w)Σ
−1
w E(XwX

T
w|Yw)PB(w) −PB(w)Σ

−1
w E(Xw|Yw)E(X̆T

w|Y̆w)PB(w)

−PB(w)Σ
−1
w E(X̆w|Y̆w)E(XT

w|Yw)PB(w) +QB(w) +PB(w)Σ
−1
w E(X̆wX̆

T
w|Y̆w)PB(w).

Recall that QB(w) = Ip −PB(w). Then we can derive that

Σ−1
w [2Σw − E{(X− X̆)(X− X̆)T|Y, Y̆ ,W = w}]

= PB(w)[2Ip −Σ−1
w E{(X− X̆)(X− X̆)T|Y, Y̆ ,W = w}]PB(w).

The proof is completed. �

Proposition S4.3 implies that Σ−1
w MDR(w) ⊆ SYw|Xw almost surely. Ac-

cording to Proposition 1 of Li and Wang (2007), the kernel matrix MDR(w)

can be rewritten as

MDR(w) =2
H∑
l=1

Pl,w (Rl,w −Σw)
2 + 2

(
H∑
l=1

Pl,wVl,wV
T
l,w

)2

+ 2

(
H∑
l=1

Pl,wV
T
l,wVl,w

)(
H∑
l=1

Pl,wVl,wV
T
l,w

)
,

where Pl,w, Rl,w and Vl,w are defined as previously. And the sample esti-
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mator of MDR(w) can be easily found by

M̂DR(w) =2
H∑
l=1

P̂l,w

(
R̂l,w − Σ̂w

)2
+ 2

(
H∑
l=1

P̂l,wV̂l,wV̂
T
l,w

)2

+ 2

(
H∑
l=1

P̂l,wV̂
T
l,wV̂l,w

)(
H∑
l=1

P̂l,wV̂l,wV̂
T
l,w

)
.

(S4.37)

Then we use Σ̂−1
w M̂DR(w) to estimate SYw|Xw . Proposition S4.3 also leads

us to consider the singular value decomposition. Let

Σ−1
w MDR(w) =

p∑
k=1

λDR
k (w)βDR

k (w)ηDR
k (w), λDR

1 (w) ≥ · · · ≥ λDR
d (w) = 0 = · · · = λDR

p (w),

Σ̂−1
w M̂DR(w) =

p∑
k=1

λ̂DR
k (w)β̂DR

k (w)η̂DR
k (w), λ̂DR

1 (w) ≥ · · · ≥ λ̂DR
d (w) ≥ · · · ≥ λ̂DR

p (w),

be the singular value decomposition of Σ−1
w MDR(w) and Σ̂−1

w M̂DR(w), re-

spectively. Then Span{βDR
1 (w), . . . ,βDR

d(w)(w)} = SYw|Xw , and the final

sample estimator of SYw|Xw is Span{β̂DR
1 (w), . . . , β̂DR

d(w)(w)}.

Proof of Theorem 4. Firstly, we have

M̂DR(w)−MDR(w)

= 2
H∑
l=1

{
P̂l,w

(
N̂l,w

P̂l,w

− Σ̂w

)2

−Pl,w

(
Nl,w

Pl,w
−Σw

)2
}

+ 2

{(
H∑
l=1

Ûl,wÛ
T
l,w

P̂l,w

)2

−

(
H∑
l=1

Ul,wU
T
l,w

Pl,w

)2}

+ 2

{(
H∑
l=1

ÛT
l,wÛl,w

P̂l,w

)(
H∑
l=1

Ûl,wÛ
T
l,w

P̂l,w

)
−

(
H∑
l=1

UT
l,wUl,w

Pl,w

)(
H∑
l=1

Ul,wU
T
l,w

Pl,w

)}
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= 2
H∑
l=1

{(
P̂l,w −Pl,w

)(Nl,w

Pl,w
−Σw

)2

+Pl,w

(
N̂l,w

P̂l,w

− Σ̂w +
Nl,w

Pl,w
−Σw

)

×

(
N̂l,w

P̂l,w

− Σ̂w −
Nl,w

Pl,w
+Σw

)}
+ 2

H∑
l=1

(
Ûl,wÛ

T
l,w

P̂l,w

+
Ul,wU

T
l,w

Pl,w

)

×
H∑
l=1

(
Ûl,wÛ

T
l,w

P̂l,w

−
Ul,wU

T
l,w

Pl,w

)
+ 2

H∑
l=1

(
ÛT

l,wÛl,w

P̂l,w

−
UT

l,wUl,w

Pl,w

)(
H∑
l=1

Ul,wU
T
l,w

Pl,w

)

+ 2

H∑
l=1

UT
l,wUl,w

Pl,w

H∑
l=1

(
Ûl,wÛ

T
l,w

P̂l,w

−
Ul,wU

T
l,w

Pl,w

)}
+ oP

(
1√
nh

)

= 2

H∑
l=1

{(
P̂l,w −Pl,w

)(Nl,w

Pl,w
−Σw

)2

+ 2Nl,w

(
N̂l,w

P̂l,w

−
Nl,w

Pl,w

)
− 2Nl,w

(
Σ̂w −Σw

)
− 2Pl,wΣw

(
N̂l,w

P̂l,w

−
Nl,w

Pl,w

)
+ 2Pl,wΣw

(
Σ̂w −Σw

)}

+ 4

{
H∑
l=1

Ul,wU
T
l,w

Pl,w

H∑
l=1

(
Ûl,wÛ

T
l,w

P̂l,w

−
Ul,wU

T
l,w

Pl,w

)}
+ 2

H∑
l=1

(
ÛT

l,wÛl,w

P̂l,w

−
UT

l,wUl,w

Pl,w

)(
H∑
l=1

Ul,wU
T
l,w

Pl,w

)

+ 2
H∑
l=1

UT
l,wUl,w

Pl,w

H∑
l=1

(
Ûl,wÛ

T
l,w

P̂l,w

−
Ul,wU

T
l,w

Pl,w

)
+ oP

(
1√
nh

)

= 2
H∑
l=1

{(
P̂l,w −Pl,w

)(Nl,w

Pl,w
−Σw

)2

+ 2Nl,w

(
N̂l,w −Nl,w

)
Pl,w −Nl,w

(
P̂l,w −Pl,w

)
P2

l,w

− 2Nl,w

(
Σ̂w −Σw

)
− 2Σw

(
N̂l,w −Nl,w

)
Pl,w −Nl,w

(
P̂l,w −Pl,w

)
Pl,w

+ 2Pl,wΣw

(
Σ̂w −Σw

)}

+ 2

H∑
l=1

(
2
Ul,wU

T
l,w

Pl,w
+

UT
l,wUl,w

Pl,w

)

×
H∑
l=1

(
Ûl,w −Ul,w

)
UT

l,wPl,w +Ul,w

(
Ûl,w −Ul,w

)T
Pl,w −Ul,wU

T
l,w

(
P̂l,w −Pl,w

)
P2

l,w

+ 2

H∑
l=1

(
Ûl,w −Ul,w

)T
Ul,wPl,w +UT

l,w

(
Ûl,w −Ul,w

)
Pl,w −UT

l,wUl,w

(
P̂l,w −Pl,w

)
P2

l,w

×

(
H∑
l=1

Ul,wU
T
l,w

Pl,w

)
+ oP

(
1√
nh

)
= BDR +CDR + oP

(
1√
nh

)
,
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where

BDR =2
H∑
l=1

{
BP,w

(
Nl,w

Pl,w

−Σw

)2

+ 2Nl,w
BN,wPl,w −Nl,wBP,w

P2
l,w

− 2Nl,wBΣ,w

− 2Σw
BN,wPl,w −Nl,wBP,w

Pl,w

+ 2Pl,wΣwBΣ,w

}
+ 2

H∑
l=1

(
2
Ul,wU

T
l,w

Pl,w

+
UT

l,wUl,w

Pl,w

)

×
H∑
l=1

BU,wU
T
l,wPl,w +Ul,wB

T
U,wPl,w −Ul,wU

T
l,wBP,w

P2
l,w

+ 2
H∑
l=1

BT
U,wUl,wPl,w +UT

l,wBU,wPl,w −UT
l,wUl,wBP,w

P2
l,w

(
H∑
l=1

Ul,wU
T
l,w

Pl,w

)
(S4.38)

and

CDR =2
H∑
l=1

{
CP,w

(
Nl,w

Pl,w

−Σw

)2

+ 2Nl,w
CN,wPl,w −Nl,wCP,w

P2
l,w

− 2Nl,wCΣ,w

− 2Σw
CN,wPl,w −Nl,wCP,w

Pl,w

+ 2Pl,wΣwCΣ,w

}
+ 2

H∑
l=1

(
2
Ul,wU

T
l,w

Pl,w

+
UT

l,wUl,w

Pl,w

)

×
H∑
l=1

CU,wU
T
l,wPl,w +Ul,wC

T
U,wPl,w −Ul,wU

T
l,wCP,w

P2
l,w

+ 2
H∑
l=1

CT
U,wUl,wPl,w +UT

l,wCU,wPl,w −UT
l,wUl,wCP,w

P2
l,w

(
H∑
l=1

Ul,wU
T
l,w

Pl,w

)
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Similar to the proof of Theorem 1 and 3, we have

√
nh
(
vech{M̂DR(w)} − vech{MDR(w)} − vech{BDR(w)}

)
d−→ N(0, f−1(w)ω0C

DR(w)),

(S4.39)

where ω0 is defined as previously. Hence

CDR(w) = Cov[vech{CDR(w)}|w]. (S4.40)

Then for singular value decomposition, in partial variable dependent DR,

denote G(w) = Σ−1
w MDR(w), then substitute it into (S2.20) and (S2.21),

BDR
k (w) =

∑
j ̸=k

βDR
j (w){βDR

j (w)}T

{λDR
j (w)}2 − {λDR

k (w)}2
[
MT

DR(w)Σ−1
w BΣ,wΣ

−1
w Σ−1

w MDR(w)

−BT
DR(w)Σ−1

w Σ−1
w MDR(w) + {Σ−1

w MDR(w)}TΣ−1
w BΣ,wΣ

−1
w MDR(w)

− {Σ−1
w MDR(w)}TΣ−1

w BDR(w)
]
βDR
k (w),

(S4.41)

CDR
k (w) =

∑
j ̸=k

βDR
j (w){βDR

j (w)}T

{λDR
j (w)}2 − {λDR

k (w)}2
[
MT

DR(w)Σ−1
w CΣ,wΣ

−1
w Σ−1

w MDR(w)

−CDR(w)TΣ−1
w Σ−1

w MDR(w) + {Σ−1
w MDR(w)}TΣ−1

w CΣ,wΣ
−1
w MDR(w)

− {Σ−1
w MDR(w)}TΣ−1

w CDR(w)
]
βDR
k (w).
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Hence,

ΣDR
k (w) = Cov{CDR

k (w)|w} (S4.42)

�

S5. The Bandwidth Selection for Variable Dependent Partial

SAVE and DR

For variable dependent partial SAVE, since Cook and Yin (2001) has shown

that SAVE is closely related to quadratic discriminant analysis, the band-

width selection can be conducted by first minimizing (S5.43), assuming that

X|(Ỹ = l,W = w) ∼ N(ml(w),Σlw), where Σlw is different in every slice,

CV (hl) =
1

nl

nl∑
i=1

[
{xi − m̂

(−i)
l (w)}TΣ̂−1

lw(−i)(w){xi − m̂
(−i)
l (w)}+ log |Σ̂lw(−i)(w)|

]
.

(S5.43)

The optimal bandwidth hopt for variable dependent partial SAVE is then

selected by choosing the value of hl which maximizes (1.11). For variable

dependent partial DR, we use the same bandwidth selection procedure as

variable dependent partial SAVE since DR synthesizes the dimension re-

duction methods based on the first two conditional moments.
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