Exam #1, Math 2051, Dr. M. Bohner. Solution Key Feb 12, 2002.

Part A: Fill in only the boxes and do your work on a separate sheet.

1. Please complete the following truth tables:

p|lq|pVqg|PVe|(PVgADPVg
T|IF| T | F T
FIF| F | T F
FIT| T | T F
T|T| T | T F
plag|lphg| T |(PANg)VT
T|F| F |T T
FIF| F |T T
F|T| F |F F
T|T| T |F T

2. Write “T” for “true” or “F” for “false” in the boxes:

(a) Ve €R2?—9=0[isF |
(b) IwreR22-9=0[is T |
(c) weRVYyeRay=0[is T |
(d) VzeR3yeRaz=1y?[isF |
() reRaz*=-1]isF |

(f) Ve €eRa* > 0[is F |

Part B: For the remaining problems, show your work clearly, explaining each step of the proofs. Use

only the space allocated for each problem (use separate sheets of paper for additional work).



3. Prove or disprove dn € N 3|(n? — 2)

This is false. We show that the opposite

Vn € N3 J(n®—2) (1)

is true. Let n € N. Then n is of the form 3k for some k£ € N or it is of the form 3k + 1
for some k£ € N or it is of the form 3% + 2 for some k£ € N;. We will show that in either

case n? — 2 is not divisible by 3.

(a) If n =3k for some k € N, then
n*—2=9k*-2=3-(3k*-1)+1

is not divisible by 3.

(b) If n =3k + 1 for some k € Ny, then
n*—2=9k*+6k+1—-2=9k*+6k—1=3-(3k*+2k—1) +2

is not divisible by 3.

(c) If n =3k + 2 for some k € Ny, then
n?—2=9k*+12k +4—2 =9k + 12k + 2 = 3 - (3k* + 4k) + 2
is not divisible by 3.

So, no matter what n € N is, n? — 2 is not divisible by 3 and hence (1) is true and so

the original proposition is false.



4. Prove the following statements using the Principle of Mathematical Induction:

(a) Vn €N 3 kS = ( "“))

k=1
Let P(n) be the propositional function

Zkg ( n+1)>'

We show that

VneN P(n) (2)

is true.

First Step: Since 1 = (12;2)2, we find that

P(1) (3)

is true.

Second Step: Let n € N. If P(n) is false, then P(n) - P(n+1) is true. Now assume

that P(n) is true. Then

Hence
n+1

Z/ﬁ = Zk3 +(n4+1)°
k=1

= (@) +(n+1)°

n*(n+1)*+4(n+1)»
(n+ 1)2(n24+ 4(n+1))
(n+ 1)2(n24+ 4n + 4)
(n+ 1)2(n4+ 2)?2

’ 2
((n+ 1)2(n+2))

so that P(n+ 1) is true, and now P(n) — P(n+ 1) is true. Altogether, we now find
that

VneN P(n)— P(n+1) (4)

is true.

Conclusion: Since the statements (3) and (4) are both true, we use the Principle

of Mathematical Induction to conclude that (2) is true.



(b) Vn € N 3™ > n2"

Let Q(n) be the propositional function
3" > n2"™.

We show that

VneN Q(n) (5)

is true.

First Step: Since 32 =9 > 8 = 2- 22, we find that

Q(2) (6)

is true.

Second Step: Let n € N with n > 2. Add 2n on both sides and note that then

3n>2n+ 2

holds. If Q(n) is false, then Q(n) — Q(n+1) is true. Now assume that ()(n) is true.
Then
3" > n2™.

Hence

gt = 3.7

Y

3n2"
> (2n+2)2"

I

2(n + 1)2"

(n + 1)2n—|—1

so that Q(n+ 1) is true, and now Q(n) — Q(n + 1) is true. Altogether, we now find
that

Vne N\ {1} Q(n)— Q(n+1) (7)

is true.

Conclusion: Since the statements (6) and (7) are both true, we use the Principle

of Mathematical Induction to conclude that

vn e N\ {1} Q(n)

is true. But since (1) is clearly also true as 3 > 2, we find that (5) is true.



