Problems #8, Math 315, Dr. Bohner.

3/20/1, due 4/10, 9:30 am.
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For the following functions, calculate the integral between 0 and 1
once by the Riemann method and another time by the Lebesgue
method (as illustrated in Example 4.1 in class):

(a) f(z) =;

(b) f(z) = V=

Prove Lemma 4.3 from the lecture notes for N =1 and N = 2.
Show that each countable union can be written as a countable
union of pairwise disjoint sets.

Prove that each open set in RY is the countable union of closed
intervals which have pairwise disjoint interiors.

Let {A,} be a sequence of sets. The set of elements that are in al-
most all sets A,, is denoted by lim inf,_, A,. The set of elements
that are in inifinitely many A, is denoted by limsup,_, ., A,. If
these limits are the same, this set is denoted by lim,, ,, A,. Show:
(a) liminf,_,o A, C limsup,,_, . Ay;

(b) liminf, , A, = U, NP Ay;

(c) limsup,, o, An = NS, UL Ag;
(d)
(e)
(f)

(lim sup,,_,o An)¢ = liminf, ., AS;

(

£) limy, oo An = US2 Ay if Ay C Agyq for all k € N;
(8) hmn_moA =N Ay if Ap D Ay forall ke N

e) (liminf, . A,)¢ = limsup,,_,,, AS;

Calculate the limits from the previous problem if Ay, = [0,1/2]
and Ay, 1 =[0,1] for n € N.

For nonempty sets A and B the expression cardA = cardB (<)
means that there is a function f : A — B which is bijective
(injective but not bijective). Show that cardP(X) > cardX for
each set X # ().



