Problems #7, Math 325, Dr. M. Bohner. Oct 21, 98. Due Oct 28, 11:30 am.

41. Find the solution of the wave equation with Dirichlet conditions (see Theorem 4.1) and

(a) ¢(x) = 3sin T, Y(x) =
(b) é(x) = 3s n——QSln?’”,w( ) = 4sin %% + 2in L,

42. Find the solution of the diffusion equation with Dirichlet conditions (see Theorem 4.2) and

43. Consider a metal rod (0 < x < [), insulated along its sides but not at its ends, which
is initially at temperature one everywhere. Suddenly both ends are plunged into a bath
of temperature zero. Write the differential equation, boundary conditions, and initial

conditions. Write the formula for the temperature u(x,t) at later times. In this problem,
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you can use the infinite series expansion > 2n1_1 sin
n=1

44. Find all eigenvalues and eigenfunctions of f” + A\f =0, f(0) = f(7) = 0. How many zeros

inside the interval (0, 7) does the nth eigenfunction of the problem have?

45. Find all eigenvalues and eigenfunctions of f” + Af = 0, f(—m) = f(7), f'(—7) = f'(n).
Also show that the eigenfunctions are orthogonal in the sense that [ ej(z)ex(x)dz = 0

whenever e; and es are eigenfunctions corresponding to two different eigenvalues.

46. Consider the second order difference equation A?f, + Afyy1 = 0 (where the forward dif-
ference operator A is defined by Afy = fry1 — fr). Determine the values of A (and of 0)
for which f, = cos(kf), fr = sin(kf), fr = cosh(kf), and f; = sinh(kf) solve the equa-
tion and hence find the general solution. Then find the eigenvalues and eigenfunctions of
A% f + Afig1 =0, fo = fy = 0, where N € IN. How many eigenvalues does this problem

have?

47. Separate the variables for the equation tu; = gy, + 2u with u(0,t) = u(m,t) = 0. Show

that the solution of this problem satisfying in addition u(x,0) = 0 is not unique.

48. Use the method of separation of variables to find solutions (as many as possible) of the
following problems:
() Upe +up =0 (0<z<a,t>0),u(0,t) =u(a,t) =0;
(b) Upy +ur =0 (0 <z <a,t>0), u,(0,t) =uz(a,t) =0;

(€) Ug + @ Ugzee =0 (0 <z <1, ¢ >0), u(0,t) = u(l, ) = ugz(0,1) = uge(l,t) = 0.



