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27. Give a direct ε/N-verification of the convergence of the following sequences:

(a) an = 2√
n
;

(b) an = 1
n+3

;

(c) an = 3√
n
+ 2

n
+ 4;

(d) an = n2

n2+n
.

28. Let {an} be a real sequence. We say lim
n→∞

an =∞ provided

∀K > 0 ∃N ∈ N ∀n ≥ N : an > K.

Prove that lim
n→∞
{n3 − 4n2 − 99n} =∞.

29. Suppose xn ≥ 0 for all n ∈ N and lim
n→∞

xn = x0 ∈ R. Show lim
n→∞

√
xn =

√
x0.

30. Prove the following statements:

(a) limk→∞ ak < c =⇒ ∃ N ∈ N ∀ k ≥ N : ak < c;

(b) limk→∞ ak > c =⇒ ∃ N ∈ N ∀ k ≥ N : ak > c.

31. Suppose {an} is a real sequence and define sn = 1
n

n∑
k=1

ak for n ∈ N. Prove:

(a) If limn→∞ an = 0, then limn→∞ sn = 0;

(b) If limn→∞ an = a ∈ R, then limn→∞ sn = a.

32. Discuss the convergence of each of the following sequences:

(a) n3−6n2+1
2n3+5

, n2−6n+1
n3+5

, n3−6n2+1
n2+5

, 6n−3n
2·6n+3n

;

(b)
√
n+ 1−

√
n,
(√

n+ 1−
√
n
)√

n,
(√

n+ 1−
√
n
)
n;

(c)
n∏

k=2

(
1− 1

k2

)
,

n∑
k=1

k2

n3 ,
n∑

k=1

1
kn

.


