CLOSED-FORM SOLUTIONS TO DISCRETE-TIME
PORTFOLIO OPTIMIZATION PROBLEMS

MARTIN BOHNER AND MATHIAS GOGGEL

ABSTRACT. In this paper, we study some discrete-time portfolio optimization
problems. We introduce a discrete-time financial market model. The change
in asset prices is modelled in contrast to the continuous-time market model
by stochastic difference equations. We provide solutions of these stochastic
difference equations. Then we introduce the discrete-time risk measures and
the portfolio optimization problems. The main contributions of this paper are
the closed-form solutions to the discrete-time portfolio models. For simulation
purposes, the discrete-time financial market is often better suited. Several
examples illustrating our theoretical results are provided.

1. INTRODUCTION

In [5,6], the authors solved the continuous-time multi-period Earnings-at-Risk
optimization problem

in EaR
in Fa ()

(1.1)
s.t. E(X¥(T)) > C

and the continuous-time multi-period mean-variance optimization problem
min Var
in ()

s.t. E(X¥(T)) > C

with a constant rebalanced portfolio. A standard Black—Scholes financial market
was assumed, which was modelled by stochastic differential equations (see [1,4]).
In this paper, we consider discrete-time versions of the problems (1.1) and (1.2). In
Section 2, we briefly introduce the discrete-time financial market and the portfolio
process. In Section 3, we prove some auxiliary results that are needed throughout
the paper. Next, in Sections 4-7, we introduce several risk measures and solve the
discrete-time one-period mean-Earnings-at-Risk problem, one-period Capital-at-
Risk problem, one-period Value-at-Risk problem, and multi-period mean-variance
problem.

(1.2)

2. DISCRETE-TIME FINANCIAL MARKET

We construct our portfolio with n 4 1 assets. In our model we are considering
discrete trading times on [0, 7] NNy, where T € N. Let us denote the price of asset
i at time t with P;(¢) for ¢ = 0,...,n. We have one risk-free asset in our model.
Without loss of generality it is asset ¢ = 0. The risk-free asset is the bank account
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which pays constant interest with rate r every year. Denote by Py(t) the price of
the risk-free asset at time ¢. Then Py follows the difference equation

(2.1) Py(t+1) — Po(t) = Py(t)r.

Lemma 2.1 (Solution of (2.1)). The solution of (2.1) is given by

(2.2) Py(t) = Po(0)(1 +7)", t € No.

Proof. The relation (2.2) follows easily from (2.1) by induction. O

We now introduce the price processes of the risky assets. These are described
by stochastic difference equations. First we need some notation to define the price
processes of the risky assets. Let b = (by,...,b,)" be the vector with the expected
returns of the individual assets, and denote by o = (0y;)1<i j<n the n x n-matrix
with the stock volatilities. To simplify the calculations, b and ¢ are assumed to be
constant over the time. Now P; follow the stochastic difference equations

(2.3) Pi(t+1) — P,(t) = Pi(t) bi+iaij(Bj(t+1)fBj(t)) . i=1,...,n,

where B(t) is a standard n-dimensional Brownian motion.

Lemma 2.2 (Solution of (2.3)). The solution of (2.3) is given by

t—1 n
24) PO =PO) ] |1+b:+D 0i(Bjla+1)—Bj(a)) |, teN,.
a=0 j=1
Proof. The relation (2.4) follows easily from (2.3) by induction. O

Now we define the portfolio for our model. With X®(¢) we denote the total
wealth at time ¢, and ¢;(t) is the fraction of X%¥(t) invested in asset i at time
t. The vector p(t) = (p1(t),...,on(t)) € R™ is called the portfolio construction
process, and X?(¢) is called the wealth process of the portfolio. In this paper
we only consider so-called constant rebalanced investment portfolio strategies, i.e.,
©(t) = ¢ is the same at each time ¢ € [0,7] N Ny. We can calculate the weight of
the risk-free asset in the portfolio by

wo=1—¢'1, where 1=(1,...,1)".

If oo = 1, then the entire wealth is invested in the risk-free asset (“pure-bond
strategy”). The numbers of shares of the assets in our portfolio are
Pi .
2.5 N;i(t) = X?(t , =0,1,...,n.
(25) (1) = X70) i i "

Lemma 2.3 (Total wealth). The wealth of the portfolio at time t is given by
(2.6) X?(t) =Y Ni(t)Pi(t), te N,
i=0

Proof. The calculation

n

D N Pi(t) D X0 s Pit) = XP() D i = X4 (1)

=0
shows (2.6). O
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The assumptions in this paper are: We have no transaction costs, no consump-
tion over time, and a self-financing portfolio strategy. Now we find the change of
portfolio wealth over one period. We obtain a stochastic difference equation.

Lemma 2.4 (Change in portfolio wealth over one period). We have
(2.7) XP(t+1) - X?(t) = X?(t) (r+¢'(b—r1)+ @'o(B(t+1)— B(t))).

Proof. Using our assumptions, we find

XP(t+1) — 26)21\7 Pt +1) - B(1))

(2.1
(23

No(t)rPo(t) + zn: N;(t)b; Pi(t) + zn: Ni(t Z 0ij(Bj(t +1) — B;(1))
=1 =1

(2:5) TXS" —|—ZX‘P (plb +ZXSO 801 ZJ’L] Bj(t))
= XPO) (- )T+wb+tp0(3(t+1)—3(t)))-
This shows (2.7). O

Lemma 2.5 (Solution of (2.7)). The solution of (2.7) is given by

t—1
(2.8) X?(t)=X?0) [J1+7r+¢(b—r1) +¢oAB(a)], teN.
a=0
Proof. The relation (2.8) follows easily from (2.7) by induction. O

We use the explicit formula (2.8) for X#(t) to calculate expectation and variance
of the portfolio. Some simple calculations using the properties of Brownian motion
show the following results.

Theorem 2.6 (Expectation and variance of the wealth process). With

(2.9) a=r+¢'(b-r1), c=d¢, and z:=X%(0),
we have

t—1
(2.10) X?t)=a[[[1+a+dAB(a)],

a=0

and therefore

(2.11) E(X?(t) =z(1+a), teNg
and
(2.12) Var(X?(t)) = 2* [(1+ )2+ o)t —(1+ oz)%] , teN.

Proof. By (2.9), (2.10) is the same as (2.8). We use (2.10) and the fact that

increments of Brownian motion are independent with expectation zero to find

t—1

® t)):zﬁE 1+o¢+zn:chBj(a) :xH(1+a):$(1+a)t'

a=0
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This shows (2.11). Next, using (2.10) and the fact that increments of Brownian
motion are independent with expectation zero and variance one, we find

E((X?(t)%) =E (:52 ]:[ 1+a+ c’AB(a)]2>

a=0

= 2HE (14+a)?+2(1+a) ZCJAB zn:CjABj(a)

j=1

? 1:](:) (1+a)?+cde) =2 (1+a)?+ c’c)t .

By (2.11) and Var(X#(t)) = E ((X*#(t))?) — (E(X?(1)))?, we get (2.12). O
We now introduce the main component of the risk measures used in this paper.

Definition 2.7. For a portfolio ¢ with wealth X¥(1), we define the risk measure
u(p) corresponding to the S-quantile of X¥#(1) by

(2.13) P(X?(1) < ju(g) = f, where § € (0,1).
In the next lemma we give an explicit expression for u(p) for a given S.

Lemma 2.8. Let § € (0,1). If z3 denotes the -quantile of the standard normal
distribution, then pu(p) in (2.13) is given by

(2.14) u(p) = z(z |0’ @l + 147+ ¢'(b - r1)).

Proof. Since X¥(1) is standard normally distributed with expectation z(1+ «) (see
(2.11)) and variance z2c’c (see (2.12)), it follows that z3 = (u(¢)—z(1+a))/(zV ¢),
i.e., using (2.9), (2.14) holds. O

3. AUXILIARY RESULTS

In this section we provide some simple auxiliary results. For the rest of this
paper we assume

(3.1) o is invertible and b#r1, andlet O := ||0' (b—r1)|.
We first give the following three properties which are used often in Sections 4-7.
Lemma 3.1. Assume (3.1). We have
(3.2) o' (b—r1)| < |lo'pl|© forall ¢eR™.
Moreover, if we define

N—=1/p _
o' = Aloo’) @(b r1) with X € R,

then we have
(3.3) (") (b—r1) = X0
and

(3-4) lo"" | = [Al-
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Proof. First, we let ¢ € R™ and use the Cauchy—Schwarz inequality to obtain
W' (b—r1)| = |(c"p) (07 (b~ )| < [lo'¢] lo~ (b —r1)|| = [|o"¢] ©,
which shows (3.2). Next, we get

(b—r1)(0c0") ! (b—r1) (o) Lo (b —r1)

(@)Y (b—r1) = A 5 (b—7r1) =\ 5
2
(et (b —r1)) ot (b—r1) o= (b —r1)||
© © ’
which shows (3.3). Finally, we obtain
Moo') 7 b —r1) o' (o) to (b —r1) ©
O | / — = — =

o'yl = Jor XL | - [h e — A2 =

which shows (3.4). O

Next we give a lemma that will be used frequently for the mean-CaR optimization
problem (Section 5) and the mean-VaR optimization problem (Section 6). There
and for the rest of this paper we assume

1
(35) 0<p@< 3 and zg is the S-quantile of the standard normal distribution.

Lemma 3.2. Assume (3.1) and (3.5). Let ¥ € R be independent of ¢ and let
A:={peR": ¢(b—r1)+z5l|lc’p|| = T}.

If p € A, then
LS
. '(b—r1) >
(36) o) > g
and
(3.7) (©+ 2z3)¢'(b—1r1) > ¥O.
Proof. Note first that (3.5) implies zg < 0. Let ¢ € A. Then
(32) (ped) U — /' (b—r1
Flb=ra) = )| S ol 0“2 TR =T,
ie.,
—z5¢' (b—1r1) > VO — O’ (b —r1),
i.e.,

(0 —23)¢'(b—r1) > VO,
which proves (3.6) since © — zg > 0. Next,

(32) (pea) ¥ —'(b—r1
Flb=ra) <l =) < o'yl 0 Y T=ER =g
ie.,
2’ (b—r1) > VO — Oy (b—r1),

which proves (3.7). O

Finally, we give a lemma which we use for the multi-period mean-variance prob-
lem (Section 7).
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Lemma 3.3. Let ¢1,¢0 >0 and T € N and define f: [0,00) — R by
f@)=((c1 +2)* + 02)T — (e +x)*T,
Then f is increasing.
Proof. We let x > 0 and calculate
fl@) = T((a+2)?+ 02)T71 2(c1 +x) — 2T (¢ + x)*T 1
(e +2) [((cr-+ 0 ) = (e 40
> 2T(ci+2) [((e1 +2)°)" ! = (e +2)*T 2] =0,

which completes the proof. ([l

4. ONE-PERIOD MEAN-EARNINGS-AT-RISK PROBLEM

In this section we introduce the discrete-time one-period mean-Earnings-at-Risk
problem and provide a closed-form solution. The difference between the expected
wealth after one period and the risk measure p(y) with the same portfolio ¢ is
called Earnings-at-Risk.

Definition 4.1 (Earnings-at-Risk). EaR(p) := E(X?(1)) — u(p).
We solve the optimization problem

in EaR
{ min EaR(y)

(4.1)
s.t. E(X#(1)) > C,

where C € R is the expected terminal wealth at time 7' = 1.

Theorem 4.2 (Closed-form solution of the discrete-time one-period mean-EaR
optimization problem). Assume (3.1) and (3.5). The closed-form solution of the
one-period mean-Earnings-at-Risk problem (4.1) is given by

€ _1- r)+

X

N—1 _
oy = Aoa’) @(b r1) with X\ — (

where

] >
z*{z if 220 for any zeR.

0 if 2<0
The expected wealth after one period is C with Earnings-at-Risk —xzg).

Proof. Using (2.11) for ¢t = 1 and (2.14), it suffices to show that ¢, € A and
9(p) 2 g(ps) = —z2pA forall @€ A,
where
9(¢) = —zzs o'pl and A= {sﬁ 3 S }

To show this, first note that

. c_q1_n* +
T
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implies p, € A. Next, if p € A, then

_ (3.2) _ (ped) _ +
se) = “glloele 'S Tgo-rm) 5 =g (S 1)

(3.4)
= —azpd = —wzg ool = g(eps).
This completes the proof. ([l

As an immediate consequence of Theorem 4.2 we get that the optimal Earnings-
at-Risk is a function of the expected terminal wealth. An investor is now able to
plot a graph for different expected terminal wealths. Since the supremum of EaR
is infinity and the constraint of (4.1) is unbounded from above, the solution of the
corresponding maximum problem is infinity. We denote with w := E(X¥(1)) the
expected wealth after 1 year. We plug w into A given by Theorem 4.2 and get

w +
EaR(w) = —22g\ = —x23 d-1-v)
lo=1 (b —r1)]]
Example 4.3. Let
0.1 0.2 0.01 0.03
r=005 b=102], o=|01 03 0.04
0.3 0.05 0.03 0.1

and
x =1000, C =1056, z3= —1.64.
Now we calculate

C + 1056
C_q1_ 1056 _ 1 _ 05
A= (w_1 o 1000 - ~ 0.002384.
o=t (b—r1)] 0.2 0.01 0.03 0.05
0.1 0.3 0.04 0.15
0.05 0.03 0.1 0.25

With that A we calculate the Earnings-at-Risk for our portfolio with an expected
terminal wealth of C' as

EaR(p.) = —w25A = —1000 - (—1.64) - A ~ 3.908947.

This is the minimal Earnings-at-Risk for the portfolio with an expected terminal
wealth of 1056 at time 1. By Theorem 4.2, the optimal policy is given by
-1

0.041 0.0242 0.0133 0.05
A- 100242 0.1016  0.018 0.15
0.0133 0.018 0.0134 0.25 —0.006349
Pu = — ~ | —0.001753
0.2 0.01 0.03 0.05 0.026322
01 0.3 0.04 0.15
0.05 0.03 0.1 0.25

This means 2.6322% are invested in asset 3 and the rest is invested risk free. Now
we check if the expected wealth at time 1 really is 1056:

0.05

E(X*(1)) = 1000 [ 1+ 0.05 + (¢.)" | 0.15 | | = 1056.
0.25
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5. ONE-PERIOD CAPITAL-AT-RISK PROBLEM

In this section we introduce the discrete-time one-period mean-Capital-at-Risk
problem and provide a closed-form solution. The solution of the continuous-time
optimization problem can be found in [3]. The difference between the possible
risk-free profit after one period and the risk measure p(y) is called Capital-at-Risk.

Definition 5.1 (Capital-at-Risk). CaR(p) := z(1 +r) — u(y).

We accept a certain amount as Capital-at-Risk and we want to maximize the
expected return. We solve the optimization wealth

{ max E(X?(1))

(5:1) s.t. CaR(y) =C,

and we also solve the problem

(5.2) pER™

s.t. CaR(p) = C,

where C' is the CaR at time T' = 1. An overview of the results given in this section
can be found in Table 1.

{ min E(X%(1))

TABLE 1. Overview mean-Capital-at-Risk problem

O+25| C Result See

<0 > (0 | Found max and min | Theorem 5.2

>0 >0 Found min Theorem 5.3
>0 <0 Found min Theorem 5.4
<0 | <0 A=10 Theorem 5.5

Theorem 5.2 (Closed-form solution to the discrete-time one-period mean-CaR
optimization problem, part 1). Assume (3.1), (3.5), and

O+23<0 and C>0.

The closed-form solution of the one-period mean-Capital-at-Risk problem (5.1) is
given by

Noo')"Hb—r1) | g
* = th A= ——2—.
¥ S w O+ z3
The closed-form solution of problem (5.2) is given by
ooy Mo-ry &
= 5 with p = o2

The corresponding expected wealth after one period is
E(X¢ (1) =x(1+7r+X0) and E(X¥ (1) =x(1+7r+u0),
respectively, with CaR(¢*) = CaR(p.) = C.



DISCRETE-TIME PORTFOLIO OPTIMIZATION PROBLEMS 9

Proof. Using (2.11) for t = 1 and (2.14), it suffices to show that ¢*, p. € A and
(1 +7+p0) =g(p) <g(p) <g(e") =z(1+r+20) forall ¢e A,

where

C
g(p) == z(14+r+¢'(b—r1)) and A:= {gp ER": ¢'(b—r1)+zg]d'¢| = _:v} .
To show this, first note
" w (3.3),(3.4) C
(") (b —r1) + 25 [lo"" | =TT A0+ [Az5 = MO + 25) = ——
implies p* € A and
(3.3),(3.4) C
(p)' (b =r1) +zgllo’pull "= 1O + |plzp = (O = 2p) = ——
implies p, € A. Next, if p € A, then
c
. =0
o) = al+r+ ) -r) el rrru0) =2 (1 M-y )
B
(3.6) (3.7) [eFe)
< el =ole) < v (Lhro g
= o+ 4+20) P a(l 4+ (97) (b - 1)) = 9().
This completes the proof. O

Theorem 5.3 (Closed-form solution to the discrete-time one-period mean-CaR
optimization problem, part 2). Assume (3.1), (3.5), and

O+23>0 and C>0.
The closed-form solution of problem (5.2) is given by
~ ploa) " (b= r)
(p* - @
The expected wealth after one period is
E(X¥?(1)=z(1+7r+ uO)

<
T

with p=— .
@—25

with CaR(¢.) = C.

Proof. As in the proof of Theorem 5.2 and with the same g and A, it suffices to
show that ¢, € A and

glp) > glos) =21 +r+pO) forall ¢ e A
To show this, first note

(3.3),(3.4
(p:) (0 —11) + 25 [l 0u]] 7=

implies p, € A. Next, if p € A, then

C
1 + |ulzs = (O = z5) = ==

(3.6) (o2
glo) = z(l+r+¢'(b—r1)) > x 1—|—r—@”“

— 23

= 21+ 410) E 2414 (0) (b 1)) = gl.).
This completes the proof. (I



10 MARTIN BOHNER AND MATHIAS GOGGEL

Theorem 5.4 (Closed-form solution to the discrete-time one-period mean-CaR
optimization problem, part 3). Assume (3.1), (3.5), and

O+23>0 and C<O.
The closed-form solution of problem (5.2) is given by

Moo )71 (b —r1)

C
O = 5 with A= ——=%

@—I—Z@‘

The expected wealth after one period is
E(X¥ (1)) =z (1+r+ XO)
with CaR(p,) = C.

Proof. As in the proof of Theorem 5.2 and with the same g and A, it suffices to
show that ¢, € A and

g(@) > g(ps) =z(1+7+XO) forall ¢e A

To show this, first note

(0 (b= r3) + 25 o'l “*50 20 4 Nz = A© + 29) =
implies ¢, € A. Next, if ¢ € A, then
(3.7) fe
glp) = z(14+r+¢'(b—r1)) > = <1+r— @125)
= a1+ +20) P a(l 41+ (p.) (b - 11)) = ().
This completes the proof. O

Theorem 5.5 (Closed-form solution to the discrete-time one-period mean-CaR
optimization problem, part 4). Assume (3.1), (3.5), and

O+23<0 and C<O.
Then both (5.2) and the mean-Capital-at-Risk problem (5.1) are unsolvable.
Proof. Let A be the feasible set as in the proof of Theorem 5.2. If ¢ € A, then

C © (3<6) "o )(3<7) cC ©
B = Ty s _x@+2g

This contradiction shows A = ), and hence both (5.1) and (5.2) are unsolvable. O

0< < 0.

FEzxzample 5.6. We calculate the maximal expected wealth with CaR = C. Let

0.1 01 0 0
r=005 b=102], o=[0 03 0
0.3 0 0 02
and
2 =1000, C =20, z5=—164.
Then
01 0 o0\ ' /005
O+z=]0 03 0 0.15 | || — 1.64 ~ —0.203859

0 0 02 0.25
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so that all assumptions of Theorem 5.2 are satisfied. Next,

20

A=— 10201 ~ 0.098107.
01 0 0 0.05
0 03 0 0.15 ||| —1.64
0 0 0.2 0.25

By Theorem 5.2, the optimal investment strategy is given by
1

001 0 0\ " /005
Al 0 000 0 0.15
0 0 004 0.25 0.341564
. _ = ~ [ 0.113855
01 0 0 0.05 0.426955
0 03 0 0.15
0 0 02 0.25

This means 34.1564% are invested in asset 1, 11.3855% are invested in asset 2, and
42.6955% are invested in asset 3. Now we calculate the expected wealth of this
strategy:

0.05
E(X¥(1)) =1000- [ 1+ 0.05+ (¢*)" | 0.15 ~ 1190.895254.
0.25
We finally check if the CaR of this strategy really is 20:
0.05
CaR(¢*) = —1000 - | (—1.64) - A+ (¢*)" | 0.15 = 20.
0.25

6. ONE-PERIOD VALUE-AT-RISK PROBLEM

In this section we introduce the discrete-time one-period mean-Value-at-Risk
problem and provide a closed-form solution.

Definition 6.1 (Value-at-Risk). VaR(y) := u(p).

We accept a certain amount as Value-at-Risk and we want to find the portfolio
strategy which maximizes our expected wealth. We solve the optimization problem

{ max E(X%?(1))

(6.1) pe

s.t. VaR(p) = C,

and we also solve the problem

s.t. VaR(p) = C,

where C' is the VaR at time T'= 1. An overview of the results given in this section
is displayed in Table 2.

Theorem 6.2 (Closed-form solution to the discrete-time one-period mean-VaR
optimization problem, part 1). Assume (3.1), (3.5), and

O+23<0 and C<z(l+r).
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TABLE 2. Overview mean-Value-at-Risk problem

O+z5| S —1-r Result See
<0 <0 Found max and min | Theorem 6.2
>0 <0 Found min Theorem 6.4
>0 >0 Found min Theorem 6.3
<0 >0 A=10 Theorem 6.5

The closed-form solution of the one-period mean-Value-at-Risk problem (6.1) is
given by

Moo ) "Hb—r1) C—1-r
= th =2 ——.
¥ (C) w O+ z3
The closed-form solution of problem (6.2) is given by
e e R - B
O = 5 with @ = o=z

The corresponding expected wealth after one period is
E(X? (1) =2(1+r+X0) and E(X? (1) =x(1+7r+ pu0),
respectively, with VaR(p*) = VaR(p.) = C.
Proof. Using (2.11) for ¢t = 1 and (2.14), it suffices to show that ¢*, v, € A and
(1 +7+p0) =g(ps) <g(p) <glp") =z(l+r+210) foral ¢eA,

where
! n ! A C
g(p) == x(l+r+¢'(b—r1)), A= {ap eER": Y(b—r1)+z5|c'¢| = P 1-— r} .

To show this, first note

). c
(@) =11 +25 0’0" | VA0 + zs =A@ +25) = — 17

implies * € A and

(3.3),(3.4) C
(pu)' (b =r1) + 25 [l pu]| 7= 1O + Julzp = p(O —zp) = — —1 -

—~

implies p, € A. Next, if p € A, then
gp) = al+r+(p)b-r) E a1 +r+pu0)

€ _1-7)0)\ 36
= x<1+r+M> < 2(1+7r+¢'(b—r1))
@—Zg

I
=N
s
@
A%
8
VR
—
_|_
=
_l’_
—~
81Q
|
—
|
<
S—
@
N——

= 21 +7+20) E a1 40+ () (0 - r1)) = g(¢).
This completes the proof. (I
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Theorem 6.3 (Closed-form solution to the discrete-time one-period mean-VaR
optimization problem, part 2). Assume (3.1), (3.5), and
©+23>0 and C<z(l+7).
The closed-form solution of problem (6.2) is given by

ooy Mb-ry) € -1-r
SO* - (__) .

The expected wealth after one period is
E(X# (1)) =z (l+7r+ uo)
with VaR(p,) = C.

Proof. As in the proof of Theorem 6.2 and with the same g and A, it suffices to
show that ¢, € A and

glp) > gles) =2(1+7r+pO) forall ¢ e A
To show this, first note

(3.3),(3.4)

c
() (0= r1) + 25 [|0"ou HO +plzp = (O —25) = — —1—r

implies p, € A. Next, if p € A, then

(3.6) €_1-r)O
9(#) z(l+r+¢'(b—r1)) = x<1+r—|—(m@ ZT) )
— 2

= 2147 +p0) E 2l 41+ (p.) (- r1) = g(p.).

This completes the proof. (I

Theorem 6.4 (Closed-form solution to the discrete-time one-period mean-VaR
optimization problem, part 3). Assume (3.1), (3.5), and

O+23>0 and C>z(l+r).
The closed-form solution of problem (6.2) is given by

Aoo")7 b —r1) , €_1-r
.= th A=t —.
The expected wealth after one period is

E(X%* (1) = (1 +r + \O)

with VaR(p.) = C.

Proof. As in the proof of Theorem 6.2 and with the same g and A, it suffices to
show that ¢, € A and

g(p) > g(ps) =2z(1+7r+20) forall ¢e A
To show this, first note

3.3),(3. C
() (6= 11) 425 00| LY N0+ Azg = A(O +20) = = 17
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implies p, € A. Next, if p € A, then

(3.7) (£-1-r)0©
1y > x
g(¥) x(1+r+¢(b—ri)) > x<1+r+ o725 )

= 2(1+7+20) & (141 + (L) (b —11) = g(e).

This completes the proof. O

Theorem 6.5 (Closed-form solution to the discrete-time one-period mean-VaR
optimization problem, part 4). Assume (3.1), (3.5), and

©+23<0 and C>z(l+7).
Then both (6.2) and the mean-Value-at-Risk problem (6.1) are unsolvable.
Proof. Let A be the feasible set as in the proof of Theorem 6.2. If ¢ € A, then

C e 66 Cae S}
N < W) < (21—
O<<x r)@—z[g < pb—r1) < (m T>@+2g<0

This contradiction shows A = (), and hence both (6.1) and (6.2) are unsolvable. O

Example 6.6. We calculate the maximal expected wealth with VaR = C. Let r, b,
o, x, and zg be as in Example 5.6 and let C' = 1030. Thus C' < z(1+ ) so that all
assumptions of Theorem 6.2 are satisfied. Next,

1030

1000 14 0.05 ~ 0.098107.
01 0 0 0.05
0 03 0 0.15 | || - 1.64
0 0 02 0.25

By Theorem 6.2, the optimal investment strategy is given by
1

001 0 0\ " /005
Al 0 009 0 0.15
0 0 004 0.25 0.341564
o = >/ ~ [ 0.113855
01 0 0 0.05 0.426955
0 03 0 0.15
0 0 02 0.25

This means 34.1564% are invested in asset 1, 11.3855% are invested in asset 2, and
42.6955% are invested in asset 3. Now we calculate the expected wealth of this
strategy:

0.05
E(X?(1)) = 1000 | 140.05+ (¢*)' [ 0.15 | | ~ 1190.895254.
0.25

We finally check if the VaR of this strategy really is 1030:

0.05
VaR(p*) = 1000 - | (—1.64) - A+ 14 0.05 + (¢*)" [ 0.15 | | = 1030.
0.25
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7. MULTI-PERIOD MEAN-VARIANCE PROBLEM

In this section we introduce the multi-period mean-variance problem (see also [7])
and provide a closed-form solution. We solve the optimization problem

s.t. E(X?(T)) > C,

where C' is the expected terminal wealth at time 7. We assume that the expected
wealth of the investor is greater than the wealth of the risk-free asset.

Theorem 7.1 (Closed-form solution of the discrete-time multi-period mean-vari-
ance optimization problem). Assume (3.1) and (3.5). The closed-form solution of
the multi-period mean-variance problem (7.1) is given by

Moot o—ry) e
. = wi =4t
? 3 0

The expected wealth after T periods is C' with variance

sxsimy =t ((€) o) (9

Proof. Using (2.11) and (2.12) for t = T, it suffices to show that . € A and

9(9) > g(pu) = 2 ((g) ! + AZ)T - (5)2 for all ¢ € A,

Ne)

—~

5
i

z? [((1 +r+¢'(b—7r1))*+ go’oa’cp)T —(1+r+¢'(b- rl))ZT}

and

T

C
A= {apeR”: 1+r+¢(b-r1)> { }

To show this, first note that

@ 1 rr 20T

T
f/g—l—r
T +r+ o

z(1+7+ (ps) (b— Tl))T

implies p, € A. Next, if p € A, then

(7.2)

HU/SOHZ (?;2) | (b —r1)[? - ‘cp’(b r1)
> o2 >
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and thus

9lp) =2 [(L+ 7+ ¢ b =) +@a0’p)" = (1474 (b= r1))*" |

w [(1+7’+<,0 (b —r1))? +>\2)T—(1+T+‘P/(b_”))ﬂ}

2 T
(peA) T
S02 z? (1+r+ 1r> + A2 <1+r+\/clr>
xr
T 2
X

= [(1—|—7’—|—)\®) +22)7 (1—|—7’—|—)\®)2T}

2T

(3.3)
(3.4) T
22 (A (0 (b= 1)) + () 00"0.) = (L7 + (9.) (b= 71))T|
where in the second inequality sign we have used Lemma 3.3. O

As an immediate consequence of Theorem 7.1 we get that the mean-variance is
a function of the expected terminal wealth. An investor is now able to plot a graph
for different expected terminal wealths. Let us denote with w := E(X%¥(T)) the
expected wealth after T' periods. Now we can plug it into the result of Theorem
7.1 to get

2 T/Y 1 —1p 2\ " w
== |((2)+ () ) -

If we know our desirable expected terminal wealth, then we can calculate A and the
portfolio construction strategy. Another way is that we accept a certain amount
as variance, and then we calculate w and set this equal to C'. Then we are able to
calculate the optimal portfolio.

Example 7.2. Let r, b, 0, and z be as in Example 4.3 and let C = 1110 and T' = 2.
Now we calculate

110 _ 3 _ 005
A= o — ~0.001416.
0.2 001 0.03 0.05
0.1 03 0.04 0.15
0.05 003 0.1 0.25

Then we find the variance of our portfolio with expected terminal wealth C as

Var(p,) = a2 <<S>%H2>T<S>z

2 2
1110 1110
10002 || ——= + N2 ) — [ = ~ 4.453.
[(1000 + ) (1000) ]
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This is the minimal variance for the portfolio with an expected terminal wealth of
1110 at time 2. By Theorem 7.1, the optimal investment strategy is given by
1

0.041  0.0242 0.0133\ ~* /0.05
A 00242 01016  0.018 0.15
0.0133 0.018 0.0134 0.25 —0.003773
Pu = — ~ | —0.001042
0.2 0.01 0.03 0.05 0.015641
01 03 004 0.15
0.05 0.03 0.1 0.25

This means we invest 1.5641% of our initial wealth in asset 3. The rest is invested
risk free. Now we check if the expected wealth at time 2 really is 1110:

0.05\ \ >
E(X?(2)) = 1000 | 1 +0.05+ () | 0.15 — 1110.
0.25

Remark 7.3. The presented results can also be generalized from difference equations
to dynamic equations on isolated time scales (see [2]). This will be done in a
forthcoming paper of the authors.
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