Exam 1 Review Sheet

Math 3304

Section 1.1 - Background

Problem 1. For each of the following differential equations, give the order, ifitis linear or

nonlinear, and if it is homogeneous or nonhomogeneous, or say that the term in not
applicable.

4y" — 3sin(t)y’ + 8t2 =0
yy +y®sec(t) + 12t =0

t
8+——y +yVt=0
YtV

U
aczlac T T

Problem 2. For the following ordinary differential equations, give the order, if itis linear or
nonlinear, and if itis homogeneous.

tu” + t? —sin(t)u’ =0
y'+yAd-y)=0
Jtan(xH)y' +x—y =0

d3u_ L du
udx3 - € dx

Problem 3. Determine the order of each differential equation and state whetheritis linear
or nonlinear.

(1 -x)y" —4xy" + 5y = cos(x)
d’y  dy.,
() 75— G +ry=0
sin(t)y” — cos(t)y' =y

d’y |dy
dx?  |dx



y" +ty' +ycos(y) =0

Problem 4. For the following Differential Equations find the order, whether it is linear or
nonlinear, and if itis homogeneous.

Ly

1.
dt?

+ sin(t +y) = et
2. t?y®) 4+ cos(t)y—t3=0
3. —+

4. e*u" 4+ e tu=1+t?

Problem 5. For the following Differential Equations, identify if it is ordinary or partial, give
the order, whether itis linear or nonlinear, and if itis homogeneous or nonhomogeneous. If
the term homogeneous does not apply to the differential equation, write NA.

1. y" +ty" + (cos?(t))y =0
2. 8" +sin(6) =0

m

3. sx" +x"+sx=5s3
4. xy"+2y" +x(y?—-1)372=0

Problem 6. Classify each differential equation by completing the columns in the following
table. For each nonlinear differential equation identify the term which makes it nonlinear.

Table for identification of characteristics of Differential Equations

Differential Equation Order | Linear (Y/N) | Nonlinear Term
x(5) = 2y3x’ — 6x
v =\Juv?-1-(1+uwyv

y(@)?+In(p =0
(rcos(mM)w' —w =3

Problem 7. Classify each differential equation by completing the columns in the following
table.

Differential Equation | Order | Linear (Y/N)
aa" +a3 =1

v"sint + vcost +1 =0




Differential Equation | Order | Linear (Y/N)
z()z'(y) =2"(y)

Problem 8. Classify each differential equation by completing the columns in the following
table.

Differential Equation Order? | Linear? (Y orN)

x2—7xy'+15y =0

dy2
(a) oy =1

sin(t*)y’(t) + cos(t?)y" (t) = sin(2t)

d3y dy
142y)—2 452 =
1+ y)dt3+t T 0

dz\° d*z
- -~ 2 — ,1/2
(dx) + e + zcos“(x) = x

Problem 9. Classify each differential equation by completing the columns in the following
table.

Differential Equation | Order? | Linear? (Y or N)
y'+y"'+e*=
y'+y' =sin(t+y)
t2y" + 2ty' + 4y = t3
d3z
dx?

+ zcos?(x) = Vx

2

d*g
1 2 — 2
( +g)—dt2 g+t

Section 1.2 - Solutions and Initial Value Problems

Problem 10. Determine the longest interval in which the given initial value problem is
certain to have a unique solution

(x—3)y" + (Inx)y' — tan(x)y = sin(x),y(2) =1,y'(2) =3
Problem 11. Find the largest open interval | in which the following IVP has a unique

solution

2
ty" +——=y' +3y =t
y =y +3y



Problem 12. Determine for which values of m the function f(x) = x™ is a solution to
x%y" + 4xy' — 18y = 0forx > 0.

Section 1.3 - Direction Fields
Problem 13. Draw the direction field for the ODE

y'=2y—-1

Section 2.2 - Separable Equations

Problem 14. Consider the initial value problem

1
ty'—y=t+7,y1)=0

a) Solve the initial value problem.
b) Determine the largest interval on which the solution is defined.
c) Determine the behavior of the solution as t becomes very large.

Problem 15. Find the explicit solution to the initial value problem

y —ty*=t,y(0)=1

Problem 16. Solve the initial value problem

- 1+ et
ety — y 1 y=0,y0)=1

Problem 17. Find the explicit solution of the initial value problem

,_x2+5x+3
Y= 2(6y+1)

Problem 18. Find an explicit solution to the initial value problem

dy

1
=—,y()=1
Xix oy y(1)

Problem 19. Find the explicit solution of the differential equation
y'=y1l-y
Problem 20. Solve the initial value problem
y' =tet™, y(0)=0

Problem 21. Find the explicit solution of the initial value problem



2t

= ) 0) = -2
y Tty y(0)

Problem 22. Find the explicit solution of the initial value problem

N S
Y=t

Problem 23. Find the explicit solution of
Yy =@+y-1?
hint: you can change variables by lettingv =t +y — 1
Problem 24. Find the explicit solution of the initial value problem:
et +yy' =0, y(0)=2
Problem 25. Find the explicit solution of the initial value problem:
et +yy' =0, y(0)=2
Problem 26. Find the explicit solution of the initial value problem:

dy
— = 12t5e¢77, 1)=0
It e y(1)

Problem 27. Find the explicit solution of the initial value problem:
yy'=ef, y(0)=1

Problem 28. Find the explicit solution of the initial value problem:

t
= ) 0) = —2
y Tty y(0)

Problem 29. Find the explicit solution of the initial value problem:

(1+¢t2)y —2ty?2 =0, y(0)= -2

Section 2.3 - Linear Equations

Problem 30. Solve the initial value problem.
ty' =y +2t%,y(2) =10

Problem 31. Find the general solution on the given domain.

3
(20+t)y’+2y=§(20+t),t>0

Problem 32. Find the general solution to the differential equation



y'—=3y'=0
Problem 33. Find the general solution to the differential equation
y"—=2y"+5y=0
Problem 34. Find the general solution to the differential equation
y'+6y'"+9y =0
Problem 35. Solve the initial value problem
4t2 —ty' = 2y,y(1) =2
Problem 36. Find the general solution of the differential equation

1+xy
x2

!

y:

, x>0

Problem 37. Find the general solution of the differential equation.

dy
bac

Problem 38. Solve the initial value problem ty’ = y + t3sin(t), y(m) =0

+2y=t3t>0

Problem 39. Solve the initial value problem ty’ = y + 2t2sin(2t),t > 0

Problem 40. Find the value of y, for which the solution of the initial value problem

4

ty' —y=t?e7", y(1) =y,

approaches zero as t goes to infinity.

Problem 41. Find the general solution to the differential equation: ty’ — 2y = t*cos(t)

Problem 42 (10). Find the general solution of
y'+4y' +3y=0
Problem 43. Find the explicit general solution of the differential equation:
ty' —2y=t3e 't —4
Problem 44. Find the explicit general solution of the differential equation:
ty' —2y=t3et—4
Problem 45. Find the explicit general solution of the differential equation:
y' +4x7ly =x78

Problem 46. Find the explicit general solution of the differential equation:



y' =2t ly =t2et

Problem 47. Solve the differential equation:

1

"y =tet
y ty e

on the interval (0, o).
Problem 48. Find the general solution to the equation:

dy+3 + x? _ Sinx >0
X dx o +x%) = x ' =

Section 3.2 - Compartmental Analysis

Problem 49. A population of insects in a certain region has a daily birth rate that equals
the square of the current population. Assume that the population’s daily death rate is triple
the current insect population. On any given day, there is a net migration into the region of 2
million insects. If there are half a million insects initially, write but DO NOT SOLVE an initial
value problem which models the population of insects in the region at any time t> 0.

Problem 50. A 1000-gallon tank originally holds 300 gallons of water solution containing
100 pounds of salt. Then water containing 2 pounds of salt per gallon is poured into the
tank at a rate of 5 gallons per minute, and the well-stirred mixture is allowed to leave the
tank at a rate of 3 gallons per minute.

(a) How long will it take before the tank begins to overflow?

(b) Set up, BUT DO NOT SOLVE, an initial value problem that models the amount of saltin
the tank at all times prior to the moment when the tank overflows.

Problem 51. Let P(t) denote the population of fish in a certain lake at time t. Suppose the
birth rate of the fish is twice the current fish population and the death rate of the fish
equals the square of the current fish population. Also suppose that the fish are harvested
at a constant rate h. Write down, but DO NOT SOLVE, a differential equation that models
the fish population P(t).

Problem 52. Atank initially contains 200 liters of pure water. A mixture of salt and water
containing 10 grams per liter of salt enters the tank at a rate of 3 liters per minute, and the
well-stirred mixture leaves the tank at a rate of 4 liters per minute. Set up, but DO NOT
SOLVE, an initial value problem that models the amount A(t) of salt in the tank at any time
t.

Problem 53. A 1000 gallon tank originally holds 200 gallons of water solution containing
50 pounds of salt. A water solution containing 2 pounds of salt per gallon is poured into the
tank at a rate of 4 gallons per minule. The well-stirred mixture is allowed to drain from the
tank at the rate of 2 gallons per minute.

a) How long will it take for the tank to begin to overflow?



b) Set up but DO NOT SOLVE an initial value problem which models the amount A(t) of salt
in the tank at time t for the all values of t prior to the moment when the tank overflows.

Problem 54. A 500 gallon tank originally contains 200 gallons of pure water. Then water
containing two pounds of salt per gallon is poured into the tank at a rate of four gallons per
minute, and the well-stirred mixture leaves at a rate of five gallons per minute. Write but do
NOT solve, an initial value problem for the amount Q(t) of saltin the tank at time t.

Problem 55. Atank initially contains 10 gallons of water in which 2 pounds of saltis
dissolved. A mixture containing 3 pounds of salt per gallon of water is pumped into the tank
at a rate of 5 gallons per minute. The well-mixed solution is pumped out at a rate of 3
gallons per minute.

(a) Write but DO NOT SOLVE an initial value problem for the amount of salt, Q(t), in the tank
attime t.

(b) If the volume of the tank is 200 gallons, find the time t when the tank becomes full.

Problem 56. A pond containing 1,000,000 gal of water is initially free of a certain
undesirable chemical. Water containing 0.01g/gal of chemical flows into the pond at a rate
of 300gal/h, and water also flows out of the pond at the same rate. Assume that the
chemicalis uniformly distributed throughout the pond. Let Q(t) be the amount of the
chemical in the pond at time t. Write but do not solve an Initial Value Problem for Q(t).

Problem 57. One theory of epidemic spread postulates that the time rate of change in the
infected population is proportional to the product of the number of individuals who have
the disease with the number of disease free individuals. Assuming that the population of
mice in a certain meadow has a stable value of one thousand. Use the theory of epidemic
spread to write, but do not solve, an initial value problem that models the number N (t) of
infected mice attime t > 0 if ten mice were initially infected

Problem 58. A brine solution of salt flows at a constant rate of 10 gallons per minute into a
large tank that initially held 1,000 gallons of pure water. The solution inside the tank is kept
well stirred and flows out of the tank at a rate of 8 gallons per minute. The concentration
entering the tank is 0.5 pounds per gallon. Write, BUT DO NOT SOLVE, an initial value
problem to model the amount A(t) of salt (in pounds) in the tank at time ¢t (in minutes).

Problem 59. The initial mass of a certain species of fish is 10 million tons. The mass of
fish, if left alone, would increase by 4 times the current mass; however, commercial fishing
removes fish mass at a constant rate of 13 million tons per year. Write, BUT DO NOT
SOLVE, an initial value problem to model the mass M (t) of fish (in million tons) at time t (in
years).

Section 4.2 - Homogeneous Linear Equations: The
General Solution

Problem 60. Find the general solution of the differential equation.



y" —5m%y =0
Problem 61. Find the general solution of the differential equation.
y'+y' +y=0

Problem 62. Solve the initial value problem

lnéS)) _ 0

y'—4y'+4y =0,y(0) = 5,y<

Problem 63. Find the general solution of the differential equation.

y'+2y'—y=0
Problem 64. Find the general solution of the differential equation.

y'+2y'+4y=0
Problem 65. Find the general solution of

y'+4y' ' +y=0
Problem 66. Find the general solution of

4y" +12y"' +9y =0

Problem 67. Find the General solution of

y'+2y'+y=0
and describe the behavior as

t > o

Problem 68. Find the General solution of

y'+4y'+4y =0
and describe the behavior as

t > oo

Problem 69. Obtain a general solution of the following differential equation:
1
Sy +y=etl
Problem 70. Find the general solution of the differential equation:
y'+3y'+y=0

Problem 71. Find the explicit general solution of the differential equation:



ty' —2y=t3et —4

Problem 72. Find the general solution of the differential equation:
y"'—4y"' =5y =0

Problem 73. Find the general solution of the differential equation:
y'=5y'+6y=0

Problem 74. Find the general solution of the differential equation:
y'+6y' +9y =0

Problem 75. Find the general solution of the differential equation:

y'—=2y'=0

Problem 76. Find the general solution of the differential equation:
y'—6y'+9y =0

Problem 77. Find the exact solution to the initial value problem:

y'+2y'—8y=0, y(0)=3, y'(0)=-6

Section 4.3 - Auxiliary Equations with Complex Roots

Problem 78. Find the general solution of
y'+2y'+4y=0
Problem 79. Find the General solution of
y'+4y'+5y=0
and describe the behavior as
t > o0
Problem 80. Find the general solution of the following differential equation:
y'+2y'+3y=0
Problem 81. Find the general solution of
2y"+2y'+y=0
Problem 82. Find the general solution of the differential equation:
y"+36y=0

Problem 83. Find the general solution of the differential equation:



y'+3y'+y=0
Problem 84 (10). Solve the initial value problem
y'+9y =0, y(=1 y'(0)=1
Problem 85. Find the general solution of the differential equation:
y"+36y=0
Problem 86. Find the general solution of the differential equation:
y"+36y=0
Problem 87. Find the general solution of the differential equation:
y'+2y'+5y=0
Problem 88. Find the general solution of the differential equation:
y"+25y=0
Problem 89. Find the general solution to the given differential equation:

y'+4y' +5y=0

Section 4.4 - Nonhomogeneous Equations: The Method of
Undetermined Coefficients

Problem 90. Find the general solution of the differential equation
y" —3y' + 2y = 2e%

The homogeneous solution is given at the end of the solution, if you prefer. It may not be
given on an exam.

Problem 91. Find the solution of the initial value problem:
y' =2y +y=tet+4, y(0)=1, y'(0)=1
Problem 92. Find the general solution to the differential equation:

3y" +y" — 2y = 2cos(x)

Section 4.5 - The Superposition Principle and
Undetermined Coefficients Revisited

Problem 93. Given that y,(t) = e3f and y,(t) = e?! form a fundamental set of solutions
for



y'=5y"+6y=0
Use the method of undetermined coefficients to solve the differential equation
y" — 5y + 6y = 3e?t
Problem 94. Use the method of undetermined coefficients to solve the IVP

y" —6y' +9y =4et, y(0)=0, y'(0)=2



Exam 1 Review Sheet

Math 3304

Section 1.1 - Background

Problem 1. For each of the following differential equations, give the order, ifitis linear or

nonlinear, and if it is homogeneous or nonhomogeneous, or say that the term in not
applicable.

4y" — 3sin(t)y’ + 8t2 =0
yy +y®sec(t) + 12t =0

t
8+——y +yVt=0
YtV

U
aczlac T T

Solution 1.
1. second order, linear, nonhomogeneous
2. 4thorder, nonlinear, homogeneity does not apply
3. firstorder, linear, nonhomogeneous

4. Forthis one, just distribute the second derivative across the sum. Thenitis clear
that the equation is third order, linear, and homogeneous.

Problem 2. For the following ordinary differential equations, give the order, if itis linear or
nonlinear, and if itis homogeneous.

tu” + t2 —sin(t)u’ =0
y'+y(1-y)=0
Jtan(xHy' +x -y =0
d*u  _du
Yaxd T ax

Solution 2.

1. 2nd order, linear, nonhomogeneous



2. 1storder, nonlinear, homogeneity only applies to linear DEs
3. 1storder, linear, nonhomogeneous
4. 3rd order, nonlinear, homogeneity only applies to linear DEs

Problem 3. Determine the order of each differential equation and state whetheritis linear
or nonlinear.

(1 —-x)y" —4xy' + 5y = cos(x)
d’y dy,
() 75— G +y=0
sin(t)y” —cos(t)y' =y

d’y |dy

dx? ~ |dx
y" +ty' +ycos(y) =0
Solution 3.
1. 2nd order, linear
2. 3rd order, nonlinear
3. 2nd order, linear
4. 2nd order, nonlinear
5. 3rd order, nonlinear

Problem 4. For the following Differential Equations find the order, whether itis linear or
nonlinear, and if itis homogeneous.

2y 4 _ ot
1. dt2+sm(t+y)—e

2. t?y®) 4+ cos(t)y—t3 =0

3. —+

4. e*u" +e tu=1+t?
Solution 4.

1. 2nd order, Nonlinear, N/A

2. 5thorder, Linear, Nonhomogeneous



1. 3rd order, Nonlinear, N/A
2. 3rdorder, Nonlinear, N/A

Problem 5. For the following Differential Equations, identify if it is ordinary or partial, give
the order, whether it is linear or nonlinear, and if itis homogeneous or nonhomogeneous. If
the term homogeneous does not apply to the differential equation, write NA.

1. y" +ty" + (cos?(t))y=0
2. 8" +sin(6) =0

nm

3. sx"+x' +sx=5s3
4. xy" +2y +x(y?*—-1)3%2=0
Solution 5.
1. Ordinary, 3rd order, linear, homogeneous
2. Ordinary, 2nd order, nonlinear, NA
3. Ordinary, 3rd order, linear, nonhomogeneous

4. Ordinary, 2nd order, nonlinear, NA

Problem 6. Classify each differential equation by completing the columns in the following
table. For each nonlinear differential equation identify the term which makes it nonlinear.

Table for identification of characteristics of Differential Equations

Differential Equation Order | Linear (Y/N) | Nonlinear Term
x(5) = 2y3x’ — 6x
v =yJur?-1-(1+uwv

y(@)*+In(y)p =0
(rcos(r))w' —w =3

Solution 6.

Table for identification of characteristics of Differential Equations

Differential Equation Order | Linear (Y/N) | Nonlinear Term
x(5) = 2y3x’ — 6x 5 Y -
v”=M—(1+u)v 2 N uv? —1
y()?+In()p =0 1 N ")’
(rcos(r))w' —w =3 1 Y -




Problem 7. Classify each differential equation by completing the columns in the following
table.

Differential Equation | Order | Linear (Y/N)
aa"+a®=1

v”sint + vcost +1 =10

zy)z'(y) =z"(y)

Solution 7. Below is the classification for each differential equation:

Differential Equation | Order | Linear (Y/N)
aa" +a3 =1 2 N
v"sint + vcost + 1 =0 2 Y
dy dy 1 Y
yo) =x—-+
y 2025 4y =0 2025 Y
zz'(y) =z" ) 2 N

e Row 1: Nonlinear because of the term aa” (product of dependent variable and its
derivative) and a3.

e Row 2: Linear; coefficients are functions of the independent variable t only.
e Row 3: Linear; the equation can be rewrittenasy = (x + 1)y'.

e Row 4: Linear; the 2025 derivative is just a high order.

e Row 5: Nonlinear because of the product z(y)z'(y).

Problem 8. Classify each differential equation by completing the columns in the following
table.

Differential Equation Order? | Linear? (Y or N)

x2—7xy'+15y =0

dy2
(a) —xy=1

sin(t*)y’(t) + cos(t?)y"(t) = sin(2t)

d3y dy
14+2y)—+4+t°5—==0
1+ y)dt3+ dt




Differential Equation

Order?

Linear? (Y or N)

dz\° d*z
- i 2 — ,1/2
(dx) + Tl + zcos“(x) = x

Solution 8. Below is the classification for each d

ifferential equation:

dz\° d*z
- -~ 2 — ,1/2
(dx) + e + zcos“(x) = x

Differential Equation Order? | Linear? (Y or N)
x2—7xy'+15y =0 1st Yes
dy\* 1st No

(@) ~w=1
sin(t*)y’'(t) + cos(t?)y"(t) = sin(2t) | 2nd Yes
3

(1+2y)%+t5fl—3t]=0 3rd No
4 4th No

e Row 1: 1st order because the highest derivative is y'. It is linear because y and y’

appear only to the first power and are not multiplied together.

. . .. dy.
Row 2: 1st order. It is nonlinear because the derivative d—z is squared.

Row 3: 2nd order because of y”(t). Itis linear; even though the coefficients are
complicated functions of t, the dependent variable y and its derivatives are linear.

3
Row 4: 3rd order. Itis nonlinear because of the term (1 + 2y) %, which involves a

product of the dependent variable y and its derivative.

. . . ... dz. .
Row 5: 4th order. It is nonlinear because the first derivative d—i is raised to the 5th
power.

Problem 9. Classify each differential equation by completing the columns in the following

table.

Differential Equation | Order?

Linear? (Y or N)

ym +y” _I_ex =0

y'+y' =sin(t+y)

t2y" + 2ty + 4y = ¢t3

3

d°z
FrCs zcos?(x) = Vx

2

d*g
1 2 — 2
( +g)—dt2 g+t




Solution 9. Below is the classification for each differential equation:

Differential Equation | Order? | Linear? (Y or N)

y'+y"+e*=0 3rd Y
y'+y' =sin(t+y) 2nd N
t?y" + 2ty + 4y =t3 | 2nd Y
d3z 3rd Y
FrCRs zcos?(x) =/x
d%g 2nd N
1+g5)—5=g+t>
A+9972=9

e Row 1: 3rd order because the highest derivative is y”. Itis linear because y and its
derivatives are not raised to a power or multiplied together.

e Row 2: 2nd order. Itis nonlinear because the dependent variable y is inside a sine
function (sin(t + y)).

e Row 3: 2nd order. ltis linear; the coefficients depend only on the independent
variable t.

e Row 4: 3rd order. Itis linear because the dependent variable z and its derivatives
are all to the first power.

e Row 5: 2nd order. Itis nonlinear because the term (1 + g?) multiplies a derivative,
meaning the dependent variable g is multiplied by its own derivative.

Section 1.2 - Solutions and Initial Value Problems

Problem 10. Determine the longest interval in which the given initial value problem is
certain to have a unique solution

(x =3)y" + (Inx)y' — tan(x)y = sin(x),y(2) =1,y'(2) =3
Solution 10. We begin by writing the equation in standard form.

Inx , tanx sinx
y - y=

ll+ —
Y x—3

x—3 x—3

We check for the what values make the coefficient functions are undefined.

Inx

x<0,x=3
x—3
tanx +(2n+ Dm
x—3 T 2 T
sinx

x =3

x—3



These values CANNOT be in our interval. This leads to the possible intervals:

Opi 7'[3 337‘[ 3m 5w
(’2)’(2’ )’(’2)’(2'2)I

We have our initial conditions at x = 2. Thus, the longest interval is
T
(E' 3)
Problem 11. Find the largest open interval | in which the following IVP has a unique
solution
ty” +Ly’ +3y=t
t—5

Solution 11. Getting the ODE in standard form yields:
"+ - "+ 3, = 1
Y Tte—57Y Ttr "

By looking at the coefficient functions, they are undefined when:t = 0,andt = 5. Aswe
have the initial condition att = 1, then the largestintervalis:

I=(05)

Problem 12. Determine for which values of m the function f(x) = x™ is a solution to
x%y" +4xy' — 18y = 0forx > 0.

Solution 12. To find the values of m, we substitute the function y = x™ and its derivatives
into the given differential equation.

1. Find the Derivatives:

y=x"
y' =mx
y" =m(m — 1)x™2

m—1

2. Substitute into the Differential Equation:

x2(m(m — 1)x™2) + 4x(mx™ 1) — 18(x™) = 0

Simplify each term using exponent rules (x¢ - x? = x@*P):

m(m— 1)x™ + 4mx™ — 18x™ =0

3. Solve the Characteristic Equation: Since x > 0, we can factor out x™ and divide both
sides by it:

xMmim—-1)+4m—18] =0

m2—-—m+4m—18=0
m?+3m—-18=0



Now, we factor the quadratic equation:
(m+6)(m—-3)=0
This gives us two possible values for m:
m=—-6 and m=3

Final Answer: The values of m are m = 3, —6.

Section 1.3 - Direction Fields
Problem 13. Draw the direction field for the ODE

y'=2y-1

Solution 13. Please use software to compare your solutions. You can use maple, python,
Matlab, Bluffton slope and direction fields to solve this. Remember many times we will use
software to solve these types of problems.

Section 2.2 - Separable Equations

Problem 14. Consider the initial value problem

1
ty'—y=t+7,y1)=0

a) Solve the initial value problem.
b) Determine the largest interval on which the solution is defined.
c) Determine the behavior of the solution as t becomes very large.

Solution 14. a) The equation is 1st order, linear, so we want to find an integrating factor.
We can rearrange the equation into standard form.
! 1 -2
Y+ (- y =1+t

Then to find an integrating factor, we write

1
p()=-7

1
[p®)dt =—] ?dt = —In|t| = In(|t|™})
u(t) = en(tl™) = |t]~1

And we must be careful to avoid the case t = 0. Thus, the intervals possible intervals on
which the solution is defined are



(=20,0), (0,0)

Since the interval must contain 1 due to the initial condition, we choose the second
interval, where t is positive. Then we can further simplify the integrating factor as

p) =t
Multiply both sides by the integrating factor and proceed.
tTly' + (-t )y=t"1+t3
d
—_— t_l — t—l t_3
prilaed +
t™ly = [ ("t +t73)dt
1
t™ly =In(t) — Et_z +C
1
y = tln(t) — Et_l + Ct

To find the constant, apply the initial condition.

0 = 1In(1) —%(1)—1 +C

! C
—_ — =
2

Then the solution to the initial value problem is

t) = tin(t 1t‘1+1t
y(t) = tin(¢) > >

b) In our work in part a, we have seen that the largest interval where the solution is defined
is

(0, )
c) To find the behavior as t becomes large, we take limits.

limy(t) = li (tl t 1t‘1+1t>

limy(¢) = lim { tIn(t) — 5 >
tlim (tin(t)) = oo

1
. - -1 —
lim (3¢°1) =0

] (1 t) =
tl_)l’l;) 2 =
= L!imy(t) =

Soy grows without bound as tincreases.

Problem 15. Find the explicit solution to the initial value problem



y —ty?=ty(0)=1
Solution 15. The differential equation is first order and nonlinear, so we must use
separation of variables. In order to get the equation in the correct form, write
y' =t+ty?

y' =t(1+y?)
1

1+ y?
Sdy = [ tdt

y' =t

= [

1+y

And now we need to evaluate these integrals. The integral on the right is immediate.

[ tat = lt2 +C

2
The integral on the left uses trigonometric substitution, specifically
y = tan(0)

. Then we use these facts:

dy = sec?(0)do

tan®(0) + 1 = sec?(6)

And write

1 _ [ 5ee®) sec?(6)
14+ y? sec2(9)

/

dd=[de=6+cC

We then just note from our substitution that
6 = tan"1(y)

Then we may finally write
1
tan~1(y) = Etz +C
To find the constant, we may apply the initial condition.

tan"1(1) = %(02) +C

Then the implicit solution is

1
tan~1(y) = 1:2 +Z



Since we are asked to find the explicit solution, take the tangent of both sides, yielding

=t (1t2+n)
y—anz 7

And this is the general solution.

Problem 16. Solve the initial value problem

1+ et
ety’ — y=0y(0)=1

y+1

Solution 16. Note that the equation is first order, nonlinear, so it must be that we have to
use separation of variables. To get the equation into the correct form, write

o , _y(1+eh)
Y= y+1
y+1 1+et

—dy =t

Then we integrate both sides.

1
f(1+;)dy=f(e_t+1)dt
y+Inly|=t—et+C

Note that we have

y(0) =1

as an initial condition and thus we can drop the absolute value in the above equation.
Rewriting, we have

y+In(y)=t—et+C
Then plug in the initial condition to find the constant.
1+In1=0-e°+C1+0=-1+CC=2
Then the implicit solution to the initial value problem s
y+In(y)=t—e t+2
Problem 17. Find the explicit solution of the initial value problem

,_x2+5x+3
Y =g+

Solution 17. Note the equation is separable and multiply both sides by



2+ 1)
We have
2(y + Ddy = (x* + 5x + 3)dx
J 2y +2)dy = [ (x* + 5x + 3)dx
1 5
y2+2y=§x3+§x2+3x+6

Plug in the initial condition. You can find the explicit formula first, but it is worse. Using
y(0) = =2

(—2)*+2(-2) = %(0)3 +;(0)2 +3(0)+C
0=C
Then the implicit solution is
yz+2y=%x3 +;x2 + 3x
To find the explicit formula, we can complete the square.

( +12—1=1 3 E 2
y+1) 3x +2x + 3x

1 5
y+1=i\/§x3+5x2+3x+1

= 13+52+3 +1-1
y = 3x 2x X

Note that above we have used the negative version after taking square roots to satisfy the
initial condition.

Problem 18. Find an explicit solution to the initial value problem

dy_l N=1
xdx_yg'y()_

Solution 18.



3dy = 14

yidy = —dx

, 1
fydy=f;dx

1
Zy“ =In|x| + C
y* =4ln|x| + C
y*=In|x|*+C
y*=In(x*)+C
y =3In(x*) +C
yD=1=3mH+Cc=c=1

y ={In(x*%) +1

Problem 19. Find the explicit solution of the differential equation

y'=yl-y
Solution 19.
d
\/%y=dx
f L= fax

By performing a u-substitution on the left hand side we have:

u=1-y = du=-dy = dy=-du

—du
fﬁ—fdx
-2Vu=x+C
2J1—y=—x+C
C—x

1—y=
Y=

) _(C—x)z
Y=\

w0 =1-(5)

Also, note that y(x) = 1is also a solution to the differential equation. This is called a
singular solution to the differential equation.




Problem 20. Solve the initial value problem
y' =tet™, y(0)=0

Solution 20. This is a first order, nonlinear ODE.

d
d_}t] = tete™
e¥dy = tetdt

[eYdy = [ tetdt
eY=tet—et+¢c

Using the initial conditions:
e'=0—-14+c=>2c=1+4+1=2
Thus, the solution is:

eV =tet —et +2
y = In(tet — e* + 2)

Note: Either of these solutions is acceptable.

Problem 21. Find the explicit solution of the initial value problem

P 0) = -2
Solution 21.
, 2t
Y T y(1+t2)
dy 2t
dt  y(1+t?)
dy = 2t dt
Y& =1 e
dt = ,dt
Iy f1+t2

1
Eyz =In(1+t?)+C
y?2=2In(1+t%)+C,
y = +/2In(1 +t2) + ¢,

Using our initial conditions, we find:



y(0)=-2=-2=4,/2In(1) +
= —2 = i Cl
(Since the square root is always positive we need the negative square root.)

:>—2=—\/?1

$C1=4‘

Leading to:

y(t) = —/2In(1 + t2) + 4

Problem 22. Find the explicit solution of the initial value problem

N S
y'=s 5%

Solution 22. The differential equation is nonlinear and we will use separation of variables.
First we rewrite the equation:

dy 1
acy—z2 Y77
1 (y—2)
=y—2+ y—2
1+ (y—2)?
S

Now, we separate the variables so we have the y’s on one side and the t’s on the other.

Y=2 =t
1+ (y—2)2 Y=

y—2
——dy=|dt

On the left hand side we need to make a u-sub.

u=1+(y—2)>2
du =2(y —2)dy

1
:>Edu = (y—2)dy

Integrating yields:



1f1d =t+C
27wt T

1
Eln|u|=t+C

1
Eln|1+(y—2)2| =t+C

Inj1+ (y—-2)?%=2t+C

1+ (-2 = e

— oCp2t

=1+ (y_ 2)2 — ieCeZt
1+ (y—2)? = (Che? Cyis an arbitrary constant

Using the initial conditions, y(0) = —1, we have:
14 (—=1-2)%? =Cye?® = ¢, =10
So, we have:

1+ (y—2)? = 10e?
y—2=210e%t -1

y=2++10e%t -1

We need to take the negative case to satisfy the initial condition. Thus,

y=2—+10e?t -1
Problem 23. Find the explicit solution of
Yy =@+y-1?
hint: you can change variables by lettingv =t +y —1

Solution 23. We use the substitution v = t + y — 1, taking the derivative of this gives v’ =
1 + y'. Then, the original differential equation is equivalent to:

v'(t) — 1= (v(1)?

Then, we obtain:

v =v?+1
dv_ 241
ac Y
! dv = dt
v2+1 v=

Integrating yields:



arctan(v) =t +C
v=tan(t + C)

Substituting back in terms of y yields:
t+y—1=tan(t+C)=>y(t)=1—-t+ tan(t +C)
where C is an arbitrary constant.
Problem 24. Find the explicit solution of the initial value problem:
et +yy' =0, y(0)=2

Solution 24. We use Separation of Variables to solve this equation:

t

yy' = —e
T
ydy = —etdt

Now, integrate both sides:

[ydy=—[etdt
2

—=—et4+C
> e+

Multiply by 2 and solve for y(t) to get the general implicit form:
y? = —2et 4+ C (where 2C is renamed C)
y(t) = £y—-2et +C
Next, we apply the initial condition y(0) = 2:
e Since y(0) = 2 is positive, we choose the positive root: y(t) = V—2et + C
e Substitutet =0andy = 2:
2=+-2e"+C

2=\/—2()+C
2=vV-2+C

e Square both sides to solve for C:

4=-2+4C
C=6

Explicit Solution:

y(t)=+—-2et+6



Problem 25. Find the explicit solution of the initial value problem:
et+yy' =0, y(0)=2

Solution 25. We use Separation of Variables to solve this equation:

t

yy'=-—e
_

Yt

ydy = —etdt

Now, integrate both sides:

[ydy=—[etdt
2
7=—et+C

Multiply by 2 and solve for y(t) to get the general implicit form:
y? =—-2e'+C (where2Cisrenamed C)
y() = £—-2et+C

Next, we apply the initial condition y(0) = 2:
e Sincey(0) = 2 is positive, we choose the positive root: y(t) = v—2et + C

e Substitutet =0andy = 2:

2=+-2e"+C
2=J2(D +¢C
2=v=2+C

e Square both sides to solve for C:

4=-2+C
C=6

Explicit Solution:

y(t) =+/—2et+6

Problem 26. Find the explicit solution of the initial value problem:

dy
— = 12t%e7Y, 1) =0
It e y(1)

Solution 26. This is a first-order differential equation. We can solve it using the method of
Separation of Variables.

Separate the variables: Multiply both sides by e” and dt to group the y terms and t terms:



e¥dy = 12t5dt
Integrate both sides:
[eYdy = [12t>dt
ey =2t°+C
Solve for y explicitly: Take the natural logarithm of both sides to isolate y:
y(t) =In(2t° + C)

Apply the initial condition y(1) = 0: Substitute t = 1 and y = 0 into the equation to solve
for C:

0 =In(2(1)® + C)
0=In(2+ ()

Recall that In(x) = 0 when x = 1. Therefore:

2+C=1
c=-1

Explicit Solution: Substitute C = —1 back into the explicit form:
y(t) = In(2t® — 1)
Problem 27. Find the explicit solution of the initial value problem:
yy'=et, y(0)=1

Solution 27. We solve this differential equation using the method of Separation of
Variables.

. . d .
Separate the variables: Rewrite y’ as d—jt/ and move all y terms to one side and t terms to
the other:

Yar

ydy = etdt
Integrate both sides:
Jydy=[e"dt

2
y ¢
[ I
> e +

Apply the initial condition y(0) = 1: Substitute t = 0 and y = 1 to solve for C:



— =04
> e +
1—1+C
5=
C = 1= !
2 )

Multiply the entire equation by 2 to isolate y?:
y? =2et -1
y(t) = £/ 2et -1
Since the initial condition y(0) = 1 is positive, we must choose the positive root.
Explicit Solution:

y(t) =+/2et -1

Problem 28. Find the explicit solution of the initial value problem:

t
= ) 0) = —2
y >+ 7y y(0)

Solution 28. This is a first-order differential equation. We can solve it by using the method
of Separation of Variables.

1. Separate the Variables: First, we factor the denominator on the right side:

dy t
dt — y(1+t?)

Now, we move all y terms to the left and all ¢t terms to the right:

t
dy = dt
Y& =1y
2. Integrate Both Sides:
[ydy=[ —— dt
Yoy =1

For the left side, the integral is simple power rule. For the right side, we use a u-
substitution whereu = 1 + t? and du = 2t dt (or%du = tdt):



1.1
=5/ 5 du

SIS

1
= Elnll +t?| + C;

Multiply the entire equation by 2 to simplify:
y2=In(1+t?>)+C

(Note: 1 + t2 is always positive, so we can drop the absolute value bars. C = 2C; is our
arbitrary constant.)

3. Solve for y: Take the square root of both sides:

y(t) = +/In(1 +t2) + C

4. Apply the Initial Condition y(0) = —2: Since the initial value y(0) = —2 is negative, we
must choose the negative root:

—2=—/In(1+02)+C
2=~/ +C
—2=—0+C
Squaring both sides gives:
4=C

Explicit Solution: Substitute C = 4 back into our equation with the negative root:

y(t) = —/In(1 + t2) + 4
Problem 29. Find the explicit solution of the initial value problem:
(1+t2)y —2ty? =0, y(0)=-2

Solution 29. This is a first-order nonlinear differential equation. We can solve it using the
method of Separation of Variables.

1. Separate the Variables: First, we rearrange the equation to isolate the derivatives:
dy
1+t%)— = 2ty®
( )3 y

Now, we move all y terms to one side and all t terms to the other side:

2. Integrate Both Sides:



2t

1+ t2 dt

Jy2dy=]

For the left side, we use the power rule. For the right side, we use a u-substitution where
u=1+t?anddu = 2tdt:

1
——=In|1+¢t}+C

y

1
—;zln(1+t2)+C

(Since 1 + t2 is always positive, we can drop the absolute value bars.)

3. Solve for y explicitly: Multiply by —1 and take the reciprocal:
1
5 =—(n(1+t?>)+0C)

-1
In(1+t3)+C

y() =

4. Apply the Initial Condition y(0) = —2: Substitute t = 0 and y = —2 into the equation to
find C:

~1
TCThm@+0)+cC
—1
Y
1
-2 =_E

Solving forC,weget2C =1,s0(C = %

Explicit Solution: Substitute C = % back into the explicit form:

-1
y(®) = 1
In(1+t?) + 5

Section 2.3 - Linear Equations
Problem 30. Solve the initial value problem.
ty' =y +2t%,y(2) =10

Solution 30. The differential equation is first order and linear, so we want to try to find an
integrating factor. We can rewrite in standard form, which gives



1
Y+ (=py=2t

Be careful here. In standard form we must have an addition sign on the left side. To find the
integrating factor, write

1
p(t) = —7

1 1
Jo®=/[ —?dt= —J ?dt

= —In|t| = In(|t|™)
Then the integrating factor is
u() = e = j¢y
We can assume thatt > 0 since our initial condition is t = 2. Then our integrating factor is
ue)y =t
Multiply both sides by the integrating factor and proceed.
t71ly —t 2y =2
d
T [t™'y] =2
t~ly = [ 2dt

t™ly=2t+C
y =2t>+Ct

To find the constant, apply the initial condition.

10 = 2(2%) + C(2)
10 =8+ 2C
2=2C=C=1

Then the solution to the initial value problem is
y =2t +t

Problem 31. Find the general solution on the given domain.

3
(20+t)y’+2y=§(20+t),t>0

Solution 31. The differential equation is first order, linear, so we want to try an integrating
factor. First we rewrite in standard form.

2 _3
20+¢0

y + >



Note that we have subtly used that t is positive to ensure that we do not divide by zero here.
To find the integrating factor, note we have

PO =5071%

Then we evaluate

[p®)dt= [ 20+tdt
= 2In|20 + ¢t|
=In(|20 + t|?) = In((20 + t)?)

Then the integrating factor is
‘Ll(t) — eln((20+t)2) — (20 + t)Z

Multiplying both sides by the integrating factor gives
3
(20 + t)%y" + 2(20 + y)y = 5(20 + t)?

—[(20 + t)? ]=E(20+t)2
dt YI=3

3
20+ t)?y =] 5(20 + t)%dt
1
(20 + )%y = 5(20 +t)3+C

1
=2 —
y=5@0+ D+ e

Problem 32. Find the general solution to the differential equation
yll _ 3yl — 0

Solution 32. The ODE is second order and linear, so we write the characteristic equation
and solve for roots.

r2—3r=0
rr—3)=0
=nrn=0r=3

Then the general solution is given by
y = e + Cye3t = C; + Cyre?t
Problem 33. Find the general solution to the differential equation

y"—2y"+5y=0



Solution 33. The ODE is second order and linear, so we write the characteristic equation
and solve for roots.

r’2—2r+5=0
=r=1+2i

Note we have found the roots above by using the quadratic formula. We then can
immediately write the general solution

y = C,efcos(2t) + C,etsin(2t)
Problem 34. Find the general solution to the differential equation
y'+6y +9y =0

Solution 34. The ODE is second order and linear, so we write the characteristic equation
and solve for roots.

r2+6r+9=0
(r+3)(r+3)=0
:>T1=—3,T'2=—3

And we have the case of repeated roots. Then we immediately write the general solution
y = Cie 3t + Cote™3t
Problem 35. Solve the initial value problem
4t2 —ty' = 2y,y(1) =2

Solution 35. Note that this is a first order, linear, differential equation. Thus we choose the
method of integrating factors. To write the equation in standard form, write

—ty' = 2y — 4t?

2
y'+;y=4t

The integrating factor is given by

2
u(t) = effdt — p2lnt _ 42

Multiplying both sides by the integrating factor and continue.



t2y' + 2ty = 4t3
d

a[tz}’] = 4t3

t?y = [ 4t3dt
tly=t*+C

y=t2+£
t2

Then apply the initial condition to find the constant.

2=1+4+7C
=(C=1
Then the solution to the initial value is
1
— 42
y=t°+ t_z

Problem 36. Find the general solution of the differential equation

1+xy
x2

!

y:

, x>0

Solution 36. The equation is linear, first order, but not separable. So we want to write it in
standard form

Problem 37. Find the general solution of the differential equation.

dy
t—4+2y=t3t>0
at Y
Solution 37.
dy 2
— 4 —y=t*
dt ' t”
p(t) ==

2
[p®)dt= [ ?dt = 2In|t| = 2In(¢t)
u= e2n(®) — (eln(t))z = t2

dy
t2_ _]_tzt—4

FTR [t™*]
dy

t?—+ 2ty = t7?
ac
d
— [#24] = +-2
dt[ty] t



Problem 38. Solve the initial value problem ty’ = y + t3sin(t), y(m) =0
Solution 38. This is a first order linear equation. Rewriting the differential equation yields:

ty' —y = t3sin(t)
Writing this in standard form gives:

1 .

y' + Ty = t2sin(t)

Finding the integrating factor:
u(t) = el p®at _ eI_Tldt — p—ln(t) — pIn(t™Y) _ 4-1

Multiplying by the integrating factor yields:

t~1(y' — t1y) = tsin(t)
(t™1y)’ = tsin(t)

Integrating both sides:

[t Yy)'dt = [ tsin(t)dt
t™ly = —tcos(t) + sin(t) + ¢
y(t) = —t?cos(t) + tsin(t) + ct

Using the initial conditions, y(0) =&
0 = y(m) = —m?cos(n) + msin(n) + c(m) = cn+n? =>c=—-n
The full solution is:
y(t) = tsin(t) — mt — t2cos(t)
Problem 39. Solve the initial value problem ty’ = y + 2t2sin(2t),t > 0
Solution 39. This is a first order linear equation. Rewriting the differential equation yields:
ty' —y = 2t%sin(2t)

Writing this in standard form gives:
1 :
y' + Y= 2tsin(2t)
Finding the integrating factor:
u(t) = efp(t)dt — ef_Tldt = g~In(®) = eln(t—l) —¢-1

Multiplying by the integrating factor yields:



t~1(y' — t1y) = 2sin(2t)
(t™1y)' = 2sin(2t)

Integrating both sides:
[ t~Yy)'dt = [ 2sin(2t)dt

t™ly = —cos(2t) + ¢
y(t) = —tcos(2t) + ct

Problem 40. Find the value of y, for which the solution of the initial value problem
ty' —y=t?e", y(1) =y,
approaches zero as t goes to infinity.

Solution 40. Here we have a first order linear ODE. First, we get the ODE into standard
form. We divide both sides by t:

! 1 t -t
——y=te "
y ty
The integrating factor is

1 1
‘u(t) = ef _?dt = e_lnt = ?
Multiply the equation by the integrating factor equation, and we obtain:
1, 1 ¢
-y ——=y=e "
¢ T

Notice the left-hand side is the derivative of %y:

T (77)=e
FTAVES AR

Integrating both sides gives

2

= [e7tdt
=—et+C.
Thus,
y(t) = —te”t + Ct.
Apply the initial condition y(1) = y,:
yo=—e 1+,

SO



C = Yo + e_l.
Hence the solutionis
y(t) = —te t + (yo + e Vt.

-t

Ast — oo, we know that te™ — 0. Then we have to focus on the term:

(vo + e .
For the solution to approach zero as t — o, this term must vanish. Therefore,
yo+e =0,
and we obtain
Yo =—e"!
Problem 41. Find the general solution to the differential equation: ty’ — 2y = t*cos(t)

Solution 41. First, we get the ODE into standard form.

2
y' — oY= t3cos(t)

Now, we use the integrating factor.

() = o T = game =
= t7%y' — 2t 73y = tcos(t)
= (t7%y)' = tcos(t)
= [ (t72y)'dt = [ tcos(t)dt
= t2y = tsin(t) + cos(t) + C
= y = t3sin(t) + t?cos(t) + Ct?

Problem 42 (10). Find the general solution of
y"+4y"+3y=0

Solution 42. To solve this second-order linear homogeneous equation, we first find the
Characteristic Equation:

r’4+4r+3=0
r+1DFr+3)=0

Setting each factor to zero, we find the roots:

n=-1 nrn=-3



Since the roots are real and distinct, the general solution is in the form y(t) = C;e™* +
C,e™t, Substituting our roots, we get:

y(t) = Cie t + Cre~3t
Problem 43. Find the explicit general solution of the differential equation:
ty' —2y=t3et —4

Solution 43. We will solve this linear first-order equation using the Integrating Factor
method.

Put the equation into Standard Form: Divide every term by t to get y' + p(t)y = g(t):
2

4
r =t28—t__
y ty t

Find the Integrating Factor, y(¢t): Identify p(t) = — % The integrating factor is:

2
ut) = e T
— e—21n|t|

— eln(t‘z)

= t_z (OI’ t_z

Multiply the Standard Form by p(t):
2 4
t—Z( r__ ):t—2<t2 —t__)
y n y e n
d
—[vt=2] = e~t — 4¢3
tTl=e

Integrate both sides:

yt=2 = [ (et —4t™3)dt

t—Z
yt_z =—et—4 <_—2> +C

yt2=—et+2t724C
Solve for y explicitly: Multiply the entire equation by t? to isolate y:

y(t) = t?(—e t+2t72 4+ C)
y(t) = —t?e t + 2 + Ct?

Final Answer:
y(t) = —t?e "t + 2 + Ct?

Problem 44. Find the explicit general solution of the differential equation:



ty' —2y=t3et —4
Solution 44. We will solve this linear first-order equation using the Integrating Factor

method.

Put the equation into Standard Form: Divide every term by t to get y' + p(t)y = g(t):

2

4
r :tZ —t__
y =37y e "

Find the Integrating Factor, u(t): Identify p(t) = — % The integrating factor is:

2
u(t) =t
— e—21n|t|

— eln(t‘z)

dt

s 1
=t (OI’ t_z)

Multiply the Standard Form by p(t):

2 4
t—2 ( r__ ) — t—2 (tZ -t _— _)
y =3y e "

d
—[vt~2] = et — 4¢3
Tt [yt™*]=e

Integrate both sides:
yt=2 = [ (et —4t™3)dt

t—Z
yt_z =—et—4 <_—2> +C

yt™2=—et+2t724C
Solve for y explicitly: Multiply the entire equation by t2 to isolate y:

y(t) = t?(—e t+2t72 4+ C)
y(t) = —t?e ' + 2 + Ct?
Final Answer:
y(t) = —t?e t + 2 + Ct?
Problem 45. Find the explicit general solution of the differential equation:
y' +4x7ly = x78

Solution 45. This is a first-order linear differential equation. We solve it using the
Integrating Factor method.



1. Find the Integrating Factor, u(x): The equation is in standard form y' + p(x)y = g(x),

where p(x) = 4x1 = 3.

M(x) —_ efp(x) dx
4
_ efzdx
— e4ln|x|
— eln(x4)
= x4
2. Multiply the differential equation by u(x):
x*(y' + 4x71y) = x*(x78)
x*y' +4x3y =x*
The left side is the derivative of the product (x*y):
d
4 -4
—[x*y] =x
7 X1
3. Integrate both sides:

d
f a[x“‘y] dx = [ x*dx

4. Solve for y explicitly: Divide the entire equation by x* (or multiply by x~*) to isolate y:

y(x) =x7* (—%x‘3 + C)

1
y(x) = Cx™* — §x‘7

Final Answer:

1
y(x) = Cx~* — §x‘7

This is the general solution of the differential equation on any interval not containing x = 0.
Problem 46. Find the explicit general solution of the differential equation:
yl _ 2t—1y — tZe—t

Solution 46. This is a first-order linear differential equation. We solve it using the
Integrating Factor method.



Identify p(t) and find the Integrating Factor, u(t): The equation is already in standard

formy’ + p(t)y = g(t), where p(t) = -2t = _%,

u(e) = el p(®adt
2
= ef —gat
— e—21n|t|
— elr1|t|‘2

— -2 -
=t (or %)

We drop the absolute value bars because t 2 is always positive for t # 0.
Multiply the differential equation by n(t):
t72(y' —2t7ty) = t7%(t%e™")
t™2y' =2t 3y =e7t
The left side is now the derivative of the product (u(t)y):

d
—2,] — ot
7 [t™?y]=e

Integrate both sides:

d
—[t2y]ldt = e7tdt
| Ze2ylde =]
t2y=—et+C
Solve for y explicitly: Multiply the entire equation by t2 to isolate y:
y(t) =t*(—e™" +0)
y(t) = Ct? —t?e™t
Final Answer:
y(t) = Ct? —t2et
Problem 47. Solve the differential equation:

1

"y =tet
y ty e

on the interval (0, o).

Solution 47. This is a first-order linear differential equation. We can solve it using the
Integrating Factor method.

1. Find the Integrating Factor, u(t): The equation is already in the standard form y’ +
1

p(t)y = g(t), where p(t) = —~.



(Note: Since t > 0, we do not need absolute value bars for the natural log.)

2. Multiply the differential equation by p(t): Multiply every term in the original equation
1

by -
t

1<, 1)—1(t‘t)
OV TEY) T e
1, 1 .
Y TEr e

The left side is the derivative of the product (%y) by the product rule:

Zl]=e
acle?] = ¢

3. Integrate both sides:

drl
—|-yldt=[etdt
fdtty] Je

= et
e = 7°

4. Solve for y explicitly: Multiply the entire equation by t to isolate y:
y(t) =t(—e t+0)
y(t) = —te '+ Ct

Final Answer:
y(t) = —te t+ Ct

Problem 48. Find the general solution to the equation:

dy b3y 4 52 sinx >0
xX— xX)=——, x
7 T30 ) =—
Solution 48. This is a first-order linear differential equation. We solve it using the

Integrating Factor method.

1. Put the equation in Standard Form: First, we distribute the 3 and move the x? term to
the right:



dy , _ sinx
XE+3}/+3X _T

Now, divide the entire equation by x to get y’ by itself:

dy+3 _ sinx 3
dx xy_ x2 x

Here, p(x) = 2

X
2. Find the Integrating Factor, u(x):
3
po) = e 5
= g3Inlx| — eln(x3)

3. Multiply by u(x) and Integrate: Multiply the standard form equation by x3:

dy 3 sinx
37 _ — 43 __3)
x (dx+xy) x (x2 x

4 [x3y] = xsinx — 3x*
dx

Now, integrate both sides:
x3y = [ (xsinx — 3x*) dx
To integrate xsinx, we use Integration by Parts with u = x and dv = sinx dx:

[ xsinx dx = —xcosx — [ (—cosx) dx
= —xcosx + sinx

Adding the integral of —3x*:

3 : 3 s
x°y = —xcosx+smx—§x +C

4. Solve for y explicitly: Divide everything by x3:

CcoSx N sinx 3 2 4 C
x) = — —_—— =X —
() x2 x3 5 x3
General Solution:
c 3 cosx sinx

+
x2 x3



Section 3.2 - Compartmental Analysis

Problem 49. A population of insects in a certain region has a daily birth rate that equals
the square of the current population. Assume that the population’s daily death rate is triple
the current insect population. On any given day, there is a net migration into the region of 2
million insects. If there are half a million insects initially, write but DO NOT SOLVE an initial
value problem which models the population of insects in the region at any time t> 0.

Solution 49. We use the model

dP
dt
Lett be in days since the initial count of insects. Let P be the number of insects in millions

on day t. We are told that the daily birth rate the square of the current population and that 2
million insects enter from outside the region every day, so we have

= Rin — Rous

Ry, = P2 +2
We are told that the death rate triple the current population, so we have
Rout = 3P

For the initial condition, we are told that we have half a million insects initially. Remember
that we set P to be in millions and write

1
P(t) :E

So the full initial value problem is

d—P=P2+2—3P P(0)=1
dt ' 2

Problem 50. A 1000-gallon tank originally holds 300 gallons of water solution containing
100 pounds of salt. Then water containing 2 pounds of salt per gallon is poured into the
tank at a rate of 5 gallons per minute, and the well-stirred mixture is allowed to leave the
tank at a rate of 3 gallons per minute.

(a) How long will it take before the tank begins to overflow?

(b) Setup, BUT DO NOT SOLVE, an initial value problem that models the amount of saltin
the tank at all times prior to the moment when the tank overflows.

Solution 50. a) We want to find an equation which gives the volume V of solution in the
tank at time t. We are told that the tank originally holds 300 gallons, 5 gallons enter the
tank every minute, and 3 gallons exit the tank every minute. Therefore, we write

V(t) = 300 + 5t — 3¢
V(t) = 300 + 2t



Since the tank can hold a maximum of 1000 gallons, e just need to find the time when V is
1000. Simply plug in and solve.

1000 = 300 + 2t
700 = 2t
t =350

So we know the tank will overflow after 350 minutes.
b) We use the model

dA
d_t = Rin — Rous

. Using the information given in the problem, we have
R, =5%*2=10
A(t) 3A(t)

* =
V() 300+ 2t

Royt =3

Plugging these in, we get
dA _ 3A(t)
dt 300 + 2t

Since we are told the tank originally contains 100 pounds of salt, we have the initial
condition

A(0) =100
. Then the fullinitial value problem is
aA = 34(0) A(0) =100
dt 300 + 2000 =

Problem 51. Let P(t) denote the population of fish in a certain lake at time t. Suppose the
birth rate of the fish is twice the current fish population and the death rate of the fish
equals the square of the current fish population. Also suppose that the fish are harvested
at a constant rate h. Write down, but DO NOT SOLVE, a differential equation that models
the fish population P(t).

Solution 51. We use the model
dP
dt

We are told that the the birth rate is twice the current fish population, so we have

Rin - Rout

Rin = ZP(t)



We are told that the death rate is the square of the population and that the fish are
harvested at a constant rate h, so we have

Rour = (P(t))z +h
Then a differential equation modeling the fish population is
dpP
7 =2P(0 — (P(®)* —h

Problem 52. Atank initially contains 200 liters of pure water. A mixture of salt and water
containing 10 grams per liter of salt enters the tank at a rate of 3 liters per minute, and the
well-stirred mixture leaves the tank at a rate of 4 liters per minute. Set up, but DO NOT
SOLVE, aninitial value problem that models the amount A(t) of salt in the tank at any time
t.

Solution 52. We use the model

dA
E = Rin - Rout
Then we have

dA 1053 A(t) 4
_— £ _— £ 3
dt v(t)

dA — 30 4A(t)

at v(t)

To find the volume at time t, we note that the initial volume is 200 liters, 3 liters enter every
minute, and 4 liters exit every minute. This give

v(t) =200+ 3t —4t =200—-t
Substituting, we have the differential equation

dA _ 4A(t)

dt 200 —t
We are told that the tank initially has only pure water, meaning there is no salt, so the initial
value problem is

dA 4A(t)
dt 200 — t

Problem 53. A 1000 gallon tank originally holds 200 gallons of water solution containing
50 pounds of salt. A water solution containing 2 pounds of salt per gallon is poured into the
tank at a rate of 4 gallons per minule. The well-stirred mixture is allowed to drain from the
tank at the rate of 2 gallons per minute.

a) How long will it take for the tank to begin to overflow?

LA(0) =0



b) Set up but DO NOT SOLVE an initial value problem which models the amount A(t) of salt
in the tank at time t for the all values of t prior to the moment when the tank overflows.

Solution 53. a) First note the volume of water solution in the tank at time tis given by

v(t) = 200 + 4t — 2t = 200 + 2t
To find t when the volume of water solution is 100 gallons, just plug in and solve.

200 + 2t = 1000

2t = 800
t =400
b) Begin with the model
dA
E = Rin — Rous
dA A
— =2%x4——x2
dt v
dA _ 2A

2 -8 20042

Note that the initial condition is
A(0) =50
Then the final answer is

dA 2A

2 -8 20072040 =50

Problem 54. A 500 gallon tank originally contains 200 gallons of pure water. Then water
containing two pounds of salt per gallon is poured into the tank at a rate of four gallons per
minute, and the well-stirred mixture leaves at a rate of five gallons per minute. Write but do
NOT solve, an initial value problem for the amount Q(t) of saltin the tank at time t.

Solution 54. For the tank problems we model the differential equation using:

dQ
E = Rin — Rout

= (5ar) Gin) ~ (Frgan) o)




The volume of solution in the tank in time tis
V(t) =200—t

since the volume starts at 200 gallons and decreases by 1 gallon per minute. Thus,

, 5
O =8-750—¢¢

Q(0)=0

Problem 55. Atank initially contains 10 gallons of water in which 2 pounds of saltis
dissolved. A mixture containing 3 pounds of salt per gallon of water is pumped into the tank
at a rate of 5 gallons per minute. The well-mixed solution is pumped out at a rate of 3
gallons per minute.

(a) Write but DO NOT SOLVE an initial value problem for the amount of salt, Q(t), in the tank
attime t.

(b) If the volume of the tank is 200 gallons, find the time t when the tank becomes full.

Solution 55. (a) For the tank problems we model the differential equation using:

dq

E = Rin — Rous

~ (Ga) i) ~ rgan) o)

The volume of solution in the tank in time tis

V(t) =10 + 2t

since the volume starts at 10 gallons and increases by 2 gallons per minute. Thus,

Q' =15-
Q(0) =2

(b) At time t, the volume of the mixture in the tank is

1O+2tQ

V=10+(5-3)t=10+ 2t
When the tankis full we have 200 gallons, so:

200 =10+ 2t
190 = 2t
= t = 95min

Problem 56. A pond containing 1,000,000 gal of water is initially free of a certain
undesirable chemical. Water containing 0.01g/gal of chemical flows into the pond at a rate
of 300gal/h, and water also flows out of the pond at the same rate. Assume that the
chemicalis uniformly distributed throughout the pond. Let Q(t) be the amount of the
chemicalin the pond at time t. Write but do not solve an Initial Value Problem for Q(t).



Solution 56. For the tank problems we model the differential equation using:

dQ
E = Rin - Rout
B (0.01g) (300gal) ( Q(t)lbs ) (300gal)
~\ gal h 1,000,000gal h
Q" =3-10000¢
The initial conditions are
Q(0)=0
Then the full solution is:
Q" =3-10000¢
Q(0)=0

Problem 57. One theory of epidemic spread postulates that the time rate of change in the
infected population is proportional to the product of the number of individuals who have
the disease with the number of disease free individuals. Assuming that the population of
mice in a certain meadow has a stable value of one thousand. Use the theory of epidemic
spread to write, but do not solve, an initial value problem that models the number N (t) of
infected mice attime t > 0 if ten mice were initially infected

Solution 57. First, denote that N is the number of mice infected with the disease. Then,
the disease free is given by 1000 — N. Thus,

an N(1000 — N

JR— oc —_

It ( )
Which leads to:

dN

I = kN(1000 - N), N(0) =10

Problem 58. A brine solution of salt flows at a constant rate of 10 gallons per minute into a
large tank that initially held 1,000 gallons of pure water. The solution inside the tank is kept
well stirred and flows out of the tank at a rate of 8 gallons per minute. The concentration
entering the tank is 0.5 pounds per gallon. Write, BUT DO NOT SOLVE, an initial value
problem to model the amount A(t) of salt (in pounds) in the tank at time ¢t (in minutes).

Solution 58. To find the rate of change of the amount of salt Z—‘:, we use the relationship:

dA .
— = rate In — rate out
dt



1. Rate In:
rate in = (10 gal/min) X (0.5 lb/gal) = 5 lb/min

2. Rate Out: The volume of liquid in the tank at time t is the initial volume plus the net flow
rate:

V(t) = 1000 + (10 — 8)¢ = 1000 + 2t

The concentration of salt exiting the tank is %. Therefore:

84
1000 + 2t 1000 + 2t

rate out = (8 gal/min) X

3. Initial Condition: Since the tank initially held pure water, the initial amount of salt is:

A(0)=0
Final Initial Value Problem:
dA _c 84
dt 1000 + 2t
A(0)=0

Problem 59. The initial mass of a certain species of fish is 10 million tons. The mass of
fish, if left alone, would increase by 4 times the current mass; however, commercial fishing
removes fish mass at a constant rate of 13 million tons per year. Write, BUT DO NOT
SOLVE, aninitial value problem to model the mass M (t) of fish (in million tons) at time t (in
years).

Solution 59. To model the mass of the fish population M(t), we use the rate balance
equation:

Net Rate of Change = Rate In — Rate Out

1. Identify the Rate In (Growth): The problem states that the mass increases by 4 times
the current mass. This represents a growth rate proportional to the population:

Rate In = 4M

2. Identify the Rate Out (Harvesting): Commercial fishing removes mass at a constant
rate of 13 million tons per year:

Rate Out = 13
3. Identify the Initial Condition: The initial mass of the fish is 10 million tons attime t = 0:
M(0) =10

Initial Value Problem: Combining these components, we get the following differential
equation and initial condition:



dM—4M 13
dt

M(0) =10
(Or equivalently: M'(t) = 4M(t) — 13, M(0) = 10)

Section 4.2 - Homogeneous Linear Equations: The
General Solution

Problem 60. Find the general solution of the differential equation.
y" —=5m2y =0

Solution 60. The equation is second order, linear, homogeneous, so we immediately write
the characteristic equation and find roots.

r2—5m%2 =0
(r+ n\/g)(r — m/g) =0
rl‘z = iﬂ\/g

Just a note, factoring as a difference of squares here is not necessary, but is a good habit. It
will be helpful as we continue in the course. We have the case of real distinct roots, and we
immediately write the general solution

y(t) = Cleﬂf\/gt + Cze_n\/gt
Problem 61. Find the general solution of the differential equation.
y'+y' +y=0

Solution 61. The equation is second order, linear, and homogeneous, so we write the
characteristic equation and find roots.

r+r+1=0
1 3
T1’2=_Ei17

The roots were found using the quadratic formula. We have the case of complex rootsin a
conjugate pair and immediately write the general solution
t V3 _t A3
y(t) = Cie 2cos(7t) + Cye 25in(7t)
Problem 62. Solve the initial value problem

)

y'—4y' +4y =0,y(0) = 5,y< >



Solution 62. The equation is second order, linear, homogeneous, so we write the
characteristic equation and find the roots.

r’—4r+4=0
r=2)r—-2)=0
T1’2=2

And we have the case of real repeated roots. Then we immediately write the general
solution

y(t) = CleZt + C2t62t

To find the constants, we use the initial conditions. There’s more than one way to go about
this, but | will plug in the condition

y(0) =5
first because it gives the first constant directly.

5 = Clez*o + CZ * (0) * 62*0
5 = Cl

Then plug in the other initial condition to find the second constant. Note that we now know
the value of the first constant.

2In(5) In(5)\ 2In(5)
0=5e 2 + Cz( )e 2
0= Seln(S) + Cz (11’1;5)) eln(S)
In(5)
0=5*5+C2( > >*5
In(5
In(5)
=6 ( 2 )
10 —C
In(5) ~ *
Then the solution to the initial value problem is
— £,2t _ 2t
y(t) = 5e In(s) te

Problem 63. Find the general solution of the differential equation.
y'+2y'—y=0

Solution 63. The equation is second order, linear, homogeneous, so we immediately write
the characteristic equation and find roots.



r’+2r—1=0
7'1,22_1i‘/E

The roots above were found using the quadratic formula. Noting that we have real distinct
roots, we immediately write the general solution

y = C eIVt 4 ¢ e(-1-V2)
Problem 64. Find the general solution of the differential equation.
y'+2y'+4y =0

Solution 64. The equation is second order, linear, and homogeneous so we immediately
write the characteristic equation and find roots.

r2+2y ' +4y =0
T'1,2=—1i\/§i

The above roots were found using the quadratic formula. We have the case of complex
roots and immediately write the general solution

y = C,e"tcos(V3t) + e tsin(V/3t)

Problem 65. Find the general solution of

y'+4y' +y=0
Solution 65. The characteristic equation is

r’+4r+1=0
From the quadratic formula, we find roots
r=-2++3
Then the general solution is
y = Cle(_2+‘/§)t + Cze(—z—\/E)t
Problem 66. Find the general solution of
4y" +12y"' +9y =0

Solution 66. The characteristic equation is

4r2+12r+9=0
Using any method you prefer, this gives the repeated roots

-3

2

M2 =



Then the general solution is

y = Cle_%t + Czte_%t
Problem 67. Find the General solution of
y'+2y'+y=0
and describe the behavior as
t > o
Solution 67. First, we assume the solutions are in the form:
y(t)=et = y'(t) =re™ = y"(t) =r2e"

r2e™ + 2re"t + et =0
e"t(r*+2r+1)=0
r2+2r+1=0
(r+1)?2=0

r = —1 (repeated root)

y(t) = (C, + Cyt)et
We know that

lime t =0

t—oo

so as
y(t) = 0,thent — co.
Problem 68. Find the General solution of
y'+4y' +4y =0
and describe the behavior as
t > o0
Solution 68. First, we assume the solutions are in the form:
y(t) =et = y'(t) =re™ = y"(t) =rie™

r2e™ + 4re™ + 4e"t = 0
e"t(r?+4r+4)=0
r’+4r+4=0
(r+2)?=0

r = —2 (repeated root)

y(t) = (G + Gt)e ™



Problem 69. Obtain a general solution of the following differential equation:
%3" +y=et’/?

Solution 69. First, we write the equation in standard form y' + p(t)y = g(t) by multiplying
through by t:

y' +ty = tet’/?
Next, we find the Integrating Factor, u(t):
u(t) = el tdt — ot?/2
Multiply the standard form equation by u(t):
et /2(y" + ty) = et’/2 . tet’/2
%(etz/ %y) = te*”

Now, integrate both sides with respect to t:

et’/2y = [ tet* dt

et’/2y = %etz +C

Finally, solve for y(t) by multiplying by e~t/2,

1

y(t) = et"/2 (Eetz + C)

y(t) = %etz/z +Cet'/2
Final Answer:

1 2 2

y(t) = Eet /2 4 Cemt/2

Problem 70. Find the general solution of the differential equation:
y'+3y'+y=0

Solution 70. This is a second-order linear homogeneous differential equation with
constant coefficients. We solve it by finding the roots of the Characteristic Equation:

r”+3r+1=0

—b+vbZ—4ac,

Using the quadratic formular = o



—3+.,/3Z-4(D)(D)

Yy, =
v 2(1)
-3+V9—-4
n2= T
315
2= 5
Since theroots r; = “34V8 andr, = _3:/5 are real and distinct, the general solution takes

the form y(t) = Cye™t + C,e™t.

General Solution:

(—3+\/§>t (—3—\/§>t
y(t) = Cie 2 + Cre\ 2

Problem 71. Find the explicit general solution of the differential equation:
ty' —2y=t3et —4

Solution 71. We will solve this linear first-order equation using the Integrating Factor
method.

Put the equation into Standard Form: Divide every term by t to get y' + p(t)y = g(t):

2

t
Find the Integrating Factor, ;(t): Identify p(t) = — % The integrating factor is:

2
u(e) = el e
— p—2Injt|

— eln(t_z)
1
= t_z (OI’ t_z)
Multiply the Standard Form by p(t):

2 4
ly-b)-ee
y =7y e "

d

— [yt =et —4t73
Lt l=e

Integrate both sides:



yt=2 = [ (e7t —4t~3) dt

t—2
yt7?=—-et-4 (_—2> +C

yt72=—et42t72+C
Solve for y explicitly: Multiply the entire equation by t2 to isolate y:

y(t) =t?(—e t+2t72 4+ C)
y(t) = —t?e t+ 2+ Ct?

Final Answer:
y(t) = —t?e '+ 2 + Ct?
Problem 72. Find the general solution of the differential equation:
y"—4y' =5y =0

Solution 72. This is a second-order linear homogeneous differential equation with
constant coefficients. We solve it by finding the roots of the Characteristic Equation:

r2—4r—-5=0
We can solve this by factoring:
(r=5r+1)=0
Therootsarer; =5andr, = —1.

From these roots, we obtain two individual solutions:

5t t

yi(t) =e> and y,(t) =e”

To ensure these form a fundamental system of solutions, we check the Wronskian:

eSt e—t
W(yllyZ)(t) = 5€5t _e_t

= () (—e™) — (e7)(5e)
— _pit _ 5t
= —6e*t

Since W # 0 for allreal t, y; and y, form a fundamental system. The general solutionis a
linear combination of these two solutions.

General Solution:
y(t) = Cie>t + Ce7t
where C; and C, are arbitrary constants.

Problem 73. Find the general solution of the differential equation:



y'=5y'+6y=0

Solution 73. This is a second-order linear homogeneous differential equation with
constant coefficients. We begin by finding the roots of the Characteristic Equation:

r2—5r+6=0
We can solve this by factoring:
(r=2)r—3)=0
Therootsarer; = 2andr, = 3.

Since the roots are real and distinct, the general solution takes the form y(t) = C;e™* +
C,e™t,

General Solution:
y(t) = Cie?t + C,e3t
Problem 74. Find the general solution of the differential equation:
y'+6y'+9y =0

Solution 74. This is a second-order linear homogeneous differential equation with
constant coefficients. We solve it by looking at the Characteristic Equation:

r’+6r+9=0
We can factor the quadratic:
(r+3)2=0
This gives us a repeated real root, r = —3.

When there is a repeated real root r, the general solution takes the form y(t) = C;e™ +
Cyte.

General Solution:
y(t) = Cie 3t + Cyte 3t
Problem 75. Find the general solution of the differential equation:
y'=2y'=0

Solution 75. This is a second-order linear homogeneous differential equation with
constant coefficients. We solve it by finding the roots of the Characteristic Equation:

r2—2r=0

We can solve this by factoring out r:



rr—2)=0
Therootsarer; = 0andr, = 2.
From these roots, we obtain two linearly independent solutions:
yi(t) =e% =1 and y,(t) =e?

The general solution is a linear combination of these two solutions.
General Solution:

y(t) = C; + Ce?t
where C; and C, are arbitrary constants.
Problem 76. Find the general solution of the differential equation:

y"'—6y'+9y =0

Solution 76. This is a second-order linear homogeneous differential equation with
constant coefficients. We begin by solving the Characteristic Equation:

r2—6r+9=20

We can solve this by factoring:

(r-=3)(r—-3)=0 or (r—3)?%=0
This gives us a repeated real root, r = 3.
When we have a repeated root, the two linearly independent solutions are:

yi(t) =e3t and y,(t) = te3
The general solution is a linear combination of these two solutions.
General Solution:
y(t) = C,e3t + C,te3t
where C; and C, are arbitrary constants.
Problem 77. Find the exact solution to the initial value problem:
y'+2y'=8y=0, y(0)=3, y'(0)=-6

Solution 77. This is a second-order linear homogeneous differential equation with
constant coefficients. We solve it by finding the roots of the Characteristic Equation:

r>+2r—8=0

1. Find the Roots: We can solve this by factoring:



r+4)(r—2)=0
Therootsarer; = —4andr, = 2.
2. Write the General Solution: Based on these real, distinct roots, the general solution is:
y(t) = Cre™* + C,e?t

3. Apply Initial Conditions: First, find the derivative: y'(t) = —4C,e~*" + 2C,e?". Using
y(0) = 3:

C;+C,=3=(,=3-(
Using y'(0) = —6:
—4C, +2C, = -6
Substitute C, = 3 — (; into the second equation:

—4C, +6—2C, = —6
—6C, = —12=C, =2

Now find C,: C, =3 -2 =1.
Exact Solution:

y(t) = 2e7* + €%t

Section 4.3 - Auxiliary Equations with Complex Roots

Problem 78. Find the general solution of
y'+2y'+4y=0
Solution 78. We propose our solution will be of the form

y=e't
The characteristic equation is
r’+2r+4=0
Using the quadratic formula we find the complex roots
r=—-1+ (iV3)t
Then the general solution is
y = Cie tcos(V3t) + C,e tsin(V/3t)

Problem 79. Find the General solution of



y'+4y"+5y =0
and describe the behavior as
t —> 00
Solution 79. Assume that we have the solution in the form:
y(t) =e"t = y'(t) =re™ = y"(t) =rie™
r2e™ + 4re" + 5e™ =0
e"t(r’+4r+5)=0
(Since et # 0)

r’2+4r+5=0
(Use the Quadratic Formula)

_ —4+V16-20

2
r=-2%i

r

Thus, the general solution is:
y(t) = e"?t(C,cost + C,sint)
We know that:

fime™" =0
and sin(t) and cos(t) are bounded. By using squeeze theorem we obtain:
y(t)—>0ast—> o
Problem 80. Find the general solution of the following differential equation:
y"+2y"+3y=0

Solution 80. See the solution above for the derivation of the auxiliary/characteristic
equation. Thus,

r’4+2r+3=0

—2+V4-12
>r =
2
_ =24 2v2i
B 2
=—1+v2i

This yields the solution:

y = c;e"teos(V2t) + c,etsin(V2t)



Problem 81. Find the general solution of
2y"+2y"+y=0

Solution 81. By using the solution form y(t) = e"® we obtain the characteristic equation:
2r2+2r+1=0

Solving this yields:

—2+./4—4(2)(D)

2(2)
2i

—2

H B+

N| =

2 l

This leads to the general solution:
L t _t t
y(t) = cqe ZCOS(E) + cye ZSl'Tl(E)
where ¢4, ¢, are arbitrary constants.
Problem 82. Find the general solution of the differential equation:

y" +36y =0

Solution 82. This is a second-order linear homogeneous differential equation with
constant coefficients. We begin by writing the Characteristic Equation:

r2+36=0
r?2=-36
r=1+v-36
r=+6i

The roots are purely imaginary complex numbers of the form 0 + 6i. For roots of the form
A + ui, the general solution is y(t) = e**(C;cosut + C,sinut). Here, A = 0 and u = 6.

General Solution:
y(t) = Cycos(6t) + C,sin(6t)
Problem 83. Find the general solution of the differential equation:
y'+3y'+y=0

Solution 83. This is a second-order linear homogeneous differential equation with
constant coefficients. We solve it by finding the roots of the Characteristic Equation:

r’+3r+1=0



. . —b+VbZ-
Using the quadratic formular = %:

3+ -4

A 2(1)
-3+V9-4
e
-3++5
2= 2
Since the roots r; = 345 ond r, = =3-V5 are real and distinct, the general solution takes

the form y(t) = Cye™t + C,e™".

General Solution:

(—3+\/§>t (—3—\/§>t
y(t) = Cie 2 + Cre\ 2

Problem 84 (10). Solve the initial value problem
y'+9y =0 y0)=1 y'(0)=1

Solution 84. 1. Find the Characteristic Equation and Roots:

r’>’+9=0
r2=-9
r = =3i

This gives us complex roots of the form A + ui where A = 0and u = 3.
2. General Solution: For purely imaginary roots, the general solution is:
y(t) = Cycos(3t) + C,sin(3t)
3. Apply Initial Conditions: To find C; and C,, we first find the derivative y'(t):
y'(t) = —3C;sin(3t) + 3C,cos(3t)
Using y(0) = 1:

1 = C;cos(0) + C,sin(0)
1=C(H)+0=C =1

Using y'(0) = 1:
1 = —3C(;sin(0) + 3C,cos(0)
1
1=0+3€2(1):>CZ=§

Final Answer:



1
y(t) = cos(3t) + §sin(3t)
Problem 85. Find the general solution of the differential equation:
y"+36y=0

Solution 85. This is a second-order linear homogeneous differential equation with
constant coefficients. We begin by writing the Characteristic Equation:

r2+36=0
r?2=-36
r=1+v—-36
r = +16i

The roots are purely imaginary complex numbers of the form 0 + 6i. For roots of the form
A + ui, the general solution is y(t) = e**(C;cosut + C,sinut). Here, A = 0 and u = 6.

General Solution:
y(t) = Cycos(6t) + C,sin(6t)
Problem 86. Find the general solution of the differential equation:
y"+36y=0

Solution 86. This is a second-order linear homogeneous differential equation with
constant coefficients. We begin by writing the Characteristic Equation:

r2+36=0
r?2=-36
r=1+v-36
r=+6i

The roots are purely imaginary complex numbers of the form 0 + 6i. For roots of the form
A + ui, the general solution is y(t) = e**(C;cosut + C,sinut). Here, A = 0 and u = 6.

General Solution:
y(t) = Cycos(6t) + C,sin(6t)
Problem 87. Find the general solution of the differential equation:
y'+2y'+5y=0
Solution 87. This is a second-order linear homogeneous differential equation with
constant coefficients. We begin by solving the Characteristic Equation:
r2+2r+5=0
—b+VbZ-4ac,

Using the quadratic formula r = a



2427 —4(D)(5)
r= 2(D)
_ —244-20

2
-2 ++v-16

2
-2t 4

2
=—-1+2i

The roots are complex numbers of the form A + ui, where A = —1 and u = 2. These roots
correspond to the complex-valued solutions:

y,(t) = eC1H20t = o=t(cos(2t) + isin(2t))
y,(t) = eC172D8 = e=t(cos(2t) — isin(2t))

By the Superposition Principle, we can form real-valued solutions by taking linear
combinations of y; and y,:

§.(6) = y1(t) ‘;3’2(0 = e~tcos(2t)

y1(t) — y2(t) _

T e tsin(2t)

Y2(t) =
Since the Wronskian W (¥4, ¥,) (t) = 2e %" # 0, these form a fundamental set of solutions.
General Solution:
y(t) = Cie " tcos(2t) + C,e tsin(2t)
where C; and C, are arbitrary constants.
Problem 88. Find the general solution of the differential equation:
y"+25y=0

Solution 88. This is a second-order linear homogeneous differential equation with
constant coefficients. We solve it by using the Characteristic Equation:

r24+25=0
Solve forr:

r? =-25

r=+Vv-25

r = +5i



The roots are purely imaginary complex numbers of the form 0 + 5i. When the roots of the
characteristic equation are complex (4 + ui), the general solutionis y(t) =
et (C,cos(ut) + C,sin(ut)). Here, A = 0and u = 5.

General Solution:
y(t) = Cycos(5t) + C,sin(5t)
Problem 89. Find the general solution to the given differential equation:
y'+4y ' +5y=0
Solution 89. We begin by solving the Characteristic Equation:

r’4+4r+5=0

1. Find the Roots: Using the quadratic formular = “bavbT-tac ‘2”:_4‘“;
-4+ V16 — 20
r =
2

_ —4+V-4

2

420 —
=——=-2%i

2. Write the General Solution: The roots are complex (A + ui) withA = =2 and u = 1. The
general solution for complex roots follows the form y(t) = e**(C;cos(ut) + C,sin(ut)).

General Solution:

y(t) = Cre 2 cos(t) + C,e~sin(t)

Section 4.4 - Nonhomogeneous Equations: The Method of
Undetermined Coefficients

Problem 90. Find the general solution of the differential equation
ym _ 3yl + Zy — Ze3t

The homogeneous solution is given at the end of the solution, if you prefer. It may not be
given on an exam.

Solution 90. First, we note that the general solution will be of the form
Y=Ynt¥

We propose that



y, = Ae3t
y, = 34e3t
yp = 94e3t

Substituting the derivatives into the DE, we have

9Ae3 — 3 x (34e3) + 2 x (Ae3") = 23

24e3t = 23t
24 =2
A=1

= y,(t) = e*
We can find
yn = Clet + C,e?t
Then the general solution is
y = Ciet + Cye?t + e3t
Problem 91. Find the solution of the initial value problem:
y"' =2y +y=tet+4, y(0)=1, y'(0)=1

Solution 91. Step 1: Solve the associated homogeneous equation.
To find the complementary solution y,(t), we solve the homogeneous equation y” — 2y’ +
y = 0 using the characteristic equation:

r’—2r+1=0
r—-1%2=0

This gives arepeated root r = 1 with multiplicity 2. Therefore, the complementary solution
is:

y.(t) = Ciet + C,tet

Step 2: Find a particular solution of the nonhomogeneous equation.
The forcing termis g(t) = te® + 4. We split this into g, (t) = te® and g,(t) = 4.

e Forg,(t) = tet, the exponent a = 1is a root of the characteristic equation with
multiplicity s = 2.
So we have g, (t) = tet.
Here s =(multiplicity of @« = 1 as a root of the characteristic equation) = 2.
Ourtrial formisthen Y;(t) = tS(Agt™ + A + 1t" 1 + -« + Ay)e® = t2(Aot + Ay)et.



e For g,(t) = 4,theexponenta = 0isnotaroot(s = 0).
So we have g,(t) = 4.
So here s =(multiplicity of 0 as a root of the characteristic equation) =0
Our trial form is then Y, (t) = tS(Bot™ + B + 1t""1 + -+ B,, = B,.

Combining these, our trial particular solution is y, (t) = ¥;(t) 4 Y2(t) = (Aot> + A;t?*)ef +
B,. We now need to determine our coefficients 44, A; and B,,.
We calculate the needed derivatives:

yp = (BAgt? + 24,t)et + (Agt> + A t?)et
= [Apt3 + (A1 + 34,)t? + 2A,t]et

Vp = [340t? + 2(A1 + 34p)t + 2A;1]et + [Apt? + (A; + 34p)t? + 24, t]et
= [Apt3 + (A1 + 64y)t? + (44, + 64y)t + 24,]et

Substituting y,, into the differential equation and simplifying, we get:
6Agtet + 2A.e + By = (1)tet + (0)et + 4

Matching coefficients, we find 64, = 1 = Ay = %, 241 =0=> A4, =0,and B, = 4.

1
yp(t) = gt3et + 4

Step 3: Write the general solution.
The general solution is the sum of the complementary and particular solutions:

1
y(t) = Ciet + Cytet + €t3et +4

Step 4: Determine the constants using initial conditions.

Applying y(0) = 1:
1=C(1)+C,(0)+0+4=C, =-3

Now we find y'(t) = C,et + C,(et + tet) + %tzet + %t3et. Applying y'(0) = 1:
1=C+C,=1=-3+(C,=C(C, =4

The final solution is:

1
y(t) = —3et + 4tet + gt3et + 4

Problem 92. Find the general solution to the differential equation:

3y" +y" — 2y = 2cos(x)



Solution 92. Step 1: Solve the associated homogeneous equation.
To find the complementary solution y,(x), we solve the homogeneous equation 3y” + y' —
2y = 0 using the characteristic equation:

3r2+r—-2=0
Br—=-2)(r+1)=0
Setting each factor to zero, we find the roots:

2
T'1:§, T'2=—1

Since the roots are real and distinct, the complementary solution is:

2
Ve (x) = Cie3* + Ce™™

Step 2: Find a particular solution of the nonhomogeneous equation.

We have g(x) = 2cos(x). Here the coefficient of x in the cosine term is 1 and the
coefficient a of the e** term is 0. Since the complex numbera +if =0+ 1i = iisnota
root of our characteristic equation, the multiplicityis s = 0.

Our trial form is then

¥p(x) = x°(Acos(x) + Bsin(x)) = Acos(x) + Bsin(x)
We now need to determine the coefficients A and B. We calculate the needed derivatives:
y,; = —Asin(x) + Bcos(x)
¥p = —Acos(x) — Bsin(x)
Substituting y,,, y, and y, into the differential equation 3y” + y’ — 2y = 2cos(x):

3(—Acos(x) — Bsin(x)) + (—Asin(x) + Bcos(x)) — 2(Acos(x) + Bsin(x)) = 2cos(x)
(=34 + B — 2A)cos(x) + (—3B — A — 2B)sin(x) = 2cos(x)
(=54 + B)cos(x) + (—A — 5B)sin(x) = 2cos(x)

Matching the coefficients for cos(x) and sin(x):

—5A+B=2
—A—-5B=0= A=-5B

Substituting A = —5B into the first equation:

1
~5(-5B)+B=2=26B=2=B =1

Then, A = =5 (%3) = —%. So, the particular solution is:

5 1 .
Vp(x) = —Ecos(x) + Esm(x)



Step 3: Write the general solution.
The general solution is the sum of the complementary and particular solutions:

2 5 1
y(x) = y.(x) + yp(x) = C,e3* + Ce™ — 1—3cos(x) + 1—351n(x)

Section 4.5 - The Superposition Principle and
Undetermined Coefficients Revisited

Problem 93. Given that y,(t) = e3! and y,(t) = e?! form a fundamental set of solutions
for

y"—5y"+6y=0
Use the method of undetermined coefficients to solve the differential equation
y" — 5y + 6y = 3e*

Solution 93. Since we are given a fundamental set of solutions e3! and e?¢, the
homogeneous solution is

ye(t) = C1e3t + Cre?t.
Note that the general solution is obtained by
y(&) = yn(t) + yp(t)

We know our initial guess would be y, (t) = Ae?t. However, this duplicates our solution.
Then we need to multiply our initial guess by t. Thus we try

yp(t) = Ate?".
We then compute the derivatives:
yp(t) = A(e?" + 2te?")
= Ae?'(1 + 2t)
yp (t) = A(2e?" 4 2e*" + 4te??)
= Ae?'(4 + 4t).
Substitute into the left-hand side y” — 5y’ + 6y:
Yp — 5¥p + 6y, = Ae®'(4 4 4t) — 5(4e* (1 + 2t)) + 6(Ate®)
= Ae?t[(4 + 4t) — 5(1 + 2t) + 6¢]
= Ae?'[4 + 4t — 5 — 10t + 6t]

= Ae*'[-1+0-t]
= —Ae?t,

We want this to equal the right-hand side 3e?t, so



_AeZt — geZt
—A =
Therefore,
yp(t) = —3te?.
The general solution is
y(t) = C,e3t + C,e?t — 3te?t
Problem 94. Use the method of undetermined coefficients to solve the IVP
y'—6y' +9y =4e’, y(0)=0, y'(0)=2

Solution 94. Since the differential equation is linear with constant coefficients, we first
solve the homogeneous equation. The characteristic equation is

r’—6r+9=0
(r—-3)2=0
r=3

Hence the homogeneous solution is
yu(t) = Cre3t + Cyte3t
Note that the general solution is obtained by
y(&) = yn(t) + yp ().

For the forcing term 4et, we try a particular solution of the form

yp(t) = Ae,
since e’ does not duplicate the homogeneous solution.
We then compute the derivatives:

yp(t) = Aet

vy () = Aet.
Substitute into the ODE yields:

Aet — 6(A4e?) +9(Aet) = 4et
(1—6+9)4et = 4et

4Aet = 4et
44 =4
A=1.

Therefore,



yp(t) = et
So the general solution is
y(t) = Cie® + Cyte’ + et = (C; + Crt)e’ + et
Now apply the initial conditions. First,
y(0)=0= (C;+C,(0)e’+e’°=0=>C,+1=0=>C, = —1.

Next compute y’(t). Using the product rule on (C; + C,t)e3t,

V(O =2 (6 + Goe™) +-E (et
de v 17 2 dt
= (CZ + 3(C1 + Czt))e3t + et
= (3C; + C, + 3C,t)e3t + et.

Now use y'(0) = 2:

y'(0)=((3C;+C)e’ +e°=3C;,+C, +1=2.
Substitute C; = —1:

3(-D)+C+1=2=>-2+C,=2=C, =4
Therefore the explicit solution of the IVP is

y(t) = (=1 + 4t)e3t + e,
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