Exam 2 Review Sheet

Variation of Parameters

Problem 1. Find the general solution of

—t/2
4y”+4y’+y=t—2, t>0

Problem 2. Find the general solution of
y'+4y' +4y =t2e™?, t>0

Problem 3. Find the general solution of

e—3t

y'+6y' +9y =

t3

Problem 4. Given that y(t) = ¢t + c,e ! is the general solution of the homogeneous
equation (t + 1)y" + ty’ —y = 0 onthe interval t > —1, find the general solution of the
nonhomogeneous equation

t+1Dy"+ty' —y=(t+1)?
fort > —1.
Problem 5. Find the general solution of y” — 2y’ + y = t 1et on the interval t > 0.
Problem 6. Find the general solution of
y'—6y' +9y =t3e3,  t>0.

Problem 7. Find the general solution of

8et/?
4y" —4y' +y = pat 0<t<oo.
Problem 8. Find the general solution of
y'+y= L 0<t<m
sint’ '

Problem 9. Using variation of parameters, find the general solution of

t?y" —4ty' + 6y = 3t, t>0.



Problem 10. Use Variation of Parameters to find the general solution to the following
problem:

et
y'-2yty=o
Problem 11. Use Variation of Parameters to find the general solution of the ODE
ty"+(1=2t)y'+(t—1y=te’, t>0

given that y; = et and y, = e‘Int are linearly independent solutions of the associated
homogeneous equation.

Problem 12. Find a particular solution of the differential equation
y" =2ty + 2t 2y = 3t%, t>0,

given that y, (t) = t and y,(t) = t? are solutions to the corresponding homogeneous
differential equation.

Problem 13. Use variation of parameters to find a particular solution of the differential
equation

y" =4ty + 6t72y =2, t>0,

given that y, (t) = t? and y,(t) = t3 are solutions of the corresponding homogeneous
differential equation.

Problem 14. Use variation of parameters to find a particular solution of the differential
equation

y' =4ty + 6t 2y =t%, >0,

given that y,(t) = t? and y,(t) = t3 are solutions of the corresponding homogeneous
differential equation.

Variable Coefficient Equations, Cauchy-Euler Equations

Problem 15. Find the general solution of
t?y" +3ty'+y=0,t>0
Problem 16. Find the general solution of
x2y" —2xy'+2y=0,0<x <
Problem 17. Solve the initial value problem
t2y" —2ty' + 2y =3t%, y(1)=0, y'(1) =4

Problem 18. Find the general solution of the differential equation



x%y"+7xy'+13y =0, x >0
Problem 19. Find the general solution of the differential equation
x%y"+7xy'+13y =0, x >0
Problem 20. Find the general solution of the differential equation
t?y" —6y =0
Problem 21. Find the general solution of the differential equation
t?y" — 2ty' + 3y = 0.
Problem 22. Find the solution of
t?y" +6ty' +6y =0
satisfying y(1) = 0 and y'(1) = 10.
Problem 23. Solve the initial value problem
t?2y" —3ty' + 4y =0, y(1) = 4, y'(1) = 5.
Problem 24. Solve the following initial value problem:
t?y" —5ty' +9y =0, y(1)=1, y'(1)=4
Problem 25. Find the general solution of the differential equation:
x?y" —xy' =3y =0
Problem 26. Find the general solution of the differential equation:
4t%y" +8ty' +y =0
Problem 27. Find the general solution of the differential equation

t?y" +7ty' +5y =0, t>0.

Spring-Mass Systems

Problem 28. (Please use 32 ft per seconds squared as the acceleration of gravity in this
problem.) A body weighing 8 pounds hangs from a vertical spring attached to the ceiling. At
its equilibrium position, the body stretches the spring 1/2 ft from its natural length. The
body is started in motion from the equilibrium position with an initial velocity of 4 ft/s in the
downward direction.

(a) Assume there is no damping and the body is acted on by a downward external force of

F(t) = 3cos(2t)



pounds. Set up, but do not solve, an initial value problem describing the motion of the
body.

(b) If the given downward external force is replaced by a force of 3cos(wt) pounds, find the
value of the frequency w which will cause resonance.

Problem 29. A certain spring hangs vertically from a rigid support. When a 3 pound mass
is attached to the end of the spring, the mass stretches the spring 2 feet. Suppose the
mass is pulled down 2 additional feet from the rest position and then released. Assuming
air resistance (or the damping force) at any instant is equal to twice the instantaneous
velocity of the mass, write BUT DO NOT SOLVE, an initial value problem describing the
motion of the mass. (Please use 32 ft per seconds squared as the acceleration of gravity in
this problem.)

Problem 30. (a) A 20 kilogram body hangs from a vertical spring attached to a rigid
support. At its equilibrium position, the body stretches the spring 50 centimeters beyond
its natural length. The body is acted on by an external force of

10cos(2t)

Newtons and moves in a medium with a damping constant of 100 Newton seconds per
meter. If the body is set in motion from its equilibrium position with an upward velocity of
20 centimeters per second, SET UP, BUT DO NOT SOLVE, an initial value problem
describing the motion of the body. (Please use 9.8 meters per second per second as the
acceleration of gravity in this problem.)

(b) If the given downward external force is replaced by a force of
10cos(wt)
Newtons, find the value of the frequency
W
which will cause resonance or explain why there is no such frequency.

Problem 31. A body weighing 64 pounds stretches a spring 2 feet beyond its natural
length. The body moves in a medium that impacts a viscous damping force of 8 pounds
when the speed of the body is 3 feet per second. The body is pulled down an additional 1
foot and is set in motion with an initial upward velocity of 5 feet per second. Set up, but DO
NOT SOLVE, an initial value problem that models the motion of the body. Note: Use

32 ft/sec?
as the acceleration of gravity in this problem.

Problem 32. (a) A 5 kilogram body hangs from a vertical spring attached to a rigid support.
At its equilibrium position, the body stretches the spring 20 centimeters beyond its natural
length. The body is acted upon by a downward external force of



10sin(t/2)

newtons and there is no damping. If the body is set in motion from a position 10
centimeters below its equilibrium position with an upward initial velocity of 30 centimeters
per second, setup, BUT DO NOT SOLVE, an initial value problem that describes the motion
of the body. [In the following problem, assume that the acceleration of gravity is 9.8 meters
per second per second.]

(b) If the given downward external force is replaced by
4cos(wt)

newtons, find the value of the frequency omega which will cause resonance or explain why
there is no such frequency.

Problem 33. A spring hangs vertically from a rigid support. When a 2 pound box is
attached to the end of the spring, the box stretches the spring 0.5 feet and then comes to
rest. Suppose the box is lifted up 2 feet from the rest position and then released. Assuming
the air resistance (or the damping force) at any instant is equal to half the instantaneous
velocity of the box, write BUT DO NOT SOLVE, an initial value problem modeling the motion
of the box.

Problem 34. A mass weighing 8 lb hangs from a vertical spring. The spring stretches 4
inches from its natural length at equilibrium. The medium provides a damping constant 20
lb-s/ft. The mass is displaced 2 ft upward and released. An external force 0.001cos(wt)
acts downward. (a) Set up the initial value problem. (b) Does a resonant frequency exist?

Problem 35. (Use 32 ft/sec? as the acceleration due to gravity.) A spring hanging vertically
from arigid support is stretched 6 inches by a mass that weighs 8 lb. The massisina
medium with damping constant 0.25 b - s /ft and is acted on by an external downward
force 4cos(2t) b. Suppose that the mass is displaced 2 ft upward and then released. Set
up, but do not solve, the initial value problem describing the motion.

Problem 36. A spring hangs vertically from a rigid support. When an 8 pound box is
attached to the end of the spring, the box stretches the spring 4 inches and then comes to
rest. Suppose the box is given a downward displacement of 6 inches from the rest position
and then released with no initial velocity.

(a) Assuming there is no damping and that the box is acted on by an external force 6cos(4t)
pounds, formulate but do not solve the initial value problem modeling the motion.

(b) If the external force is replaced by 12sin(wt) pounds, find the value of w > 0 for which
resonance occurs.

Problem 37. A spring hangs vertically from a rigid support. When a 4 pound box is
attached to the end of the spring, the box stretches the spring 0.75 ft and then comes to
rest. Suppose the box is pushed down 3 ft below the rest position and then released.
Assuming air resistance (the damping force) at any instant is equal to twice the



instantaneous velocity of the box, write but do not solve an initial value problem modeling
the motion of the box.

Problem 38. A body weighing 8 pounds hangs from a vertical spring attached to the
ceiling. At its equilibrium position, the body stretches the spring 1/2 feet from its natural
length. The body is started in motion from the equilibrium position with an initial velocity 4
feet/second in the downward direction. Let g = 32 ft/s”.

(a) Assume that there is no damping and the body is acted on by a downward external force
3cos(2t) pounds, set up, BUT DO NOT SOLVE, an initial value problem that models the
motion of the body.

(b) If the given downward external force is replaced by a force of 3cos(wt) pounds, find the
value of the frequency w which will cause resonance or explain why there is no such a
frequency.

Problem 39. A mass of 2 kg stretches a spring 10 cm. The mass is pulled down 20 cm from
the equilibrium position and then released with a downward initial velocity of 2 m/s. To
make this problem easier, assume g = 10 m/s?. If there is no air resistance, write but DO
NOT SOLVE an initial value problem which models the motion of the mass.

Problem 40. A 2 kg mass is attached to a spring hanging from a ceiling. The mass causes
the spring to stretch 0.2 m before coming to rest at equilibrium. The damping constant for
the systemis 4 Ns/m. Attime t = 0, the mass is pulled down 50 cm below the equilibrium
position and released with a upward initial velocity of 3 m/s. For simplicity, set the
gravitational accelerationto g = 10 m/s?. If the mass is acted upon by an external upward
force at time t of 8cos(4t) N, set up BUT DO NOT SOLVE an initial value problem that
models the motion of the mass.

Problem 41. A1 kg mass is attached to a spring hanging from a ceiling. The box causes the
spring to stretch 10 cm before coming to rest at equilibrium. Attime t = 0, the box s pulled
down 20 cm below the equilibrium position and released with a downward initial velocity of
2 m/s. Ignore air resistance and, for simplicity set the gravitational accelerationto g =

10 m/s?. If no external forces act on the box, set up BUT DO NOT SOLVE an initial value
problem that models the motion of the box.

Problem 42. A1 kg mass is attached to a spring hanging from a ceiling. The box causes the
spring to stretch 10 cm before coming to rest at equilibrium. Attime t = 0, the box s pulled
down 20 cm below the equilibrium position and released with a downward initial velocity of
2 m/s. Ignore air resistance and, for simplicity set the gravitational accelerationto g =

10 m/s?. If no external forces act on the box, set up BUT DO NOT SOLVE an initial value
problem that models the motion of the box.



Higher Order Differential Equations: Method of
Undetermined Coefficients

Problem 43. Solve the differential equation
y" —y=7e
Problem 44. Find the general solution of
y@W —3y"—4y=e"

on the interval

—o<t<om®

Problem 45. Find the general solutions of the following differential equations:
(@) y™® +5y" +4y =0
(b)y™® +5y" + 4y =8t2 + ¢t
Problem 46. Find the general solution of the differential equation
y® +4y" + 4y = 0.
Problem 47. Find the general solution of the differential equation
y® +4y" = 0.
Problem 48. Find the general solution of the differential equation
y©® —16y" = 0.
Problem 49. Find the general solution of the following differential equations.
@y"—-y"=y'+y=0
(b)t’y" +y =0
Problem 50. Find the general solution of
y® +3y" — 4y =2t +e*.
Problem 51. (a) Find the general solution of
y® —6y" + 9y’ = 0.

Problem 52. Use Method of Undetermined Coefficients to find the general solution of the
following problem:



y" —9y =sint

Problem 53. Recall that the Laplace transform F(s) of a function f(t) is given by

(0]

F(s) = L{F(£)} =f0 e~St f(t)dt, s> 0.

Use this definition to find the Laplace transform F(s) of the function

0 when0<t<1
1 whent>1

fo ={
and state the values of s for which your answer is valid.
Problem 54. Use the Method of Undetermined Coefficients to find the general solution of
y" —y' = 7et,
Problem 55. Find the general solution of the differential equation
y" —3y' + 2y = 2et.
Problem 56. Find the general solution of the differential equation
y® +2y® 429" =0,
Problem 57. Find the general solution of the differential equation
y" + 4y’ + 4y = e,
Problem 58. Find the general solution of the differential equation
y® + 4y" — 5y = 0.
Problem 59. Find the general solution of the differential equation
y" + 4y = cos(t) — 3sin(t).
Problem 60. Find the general solution of the differential equation
y® —3y® 4+ 2y" = 0.
Problem 61. Find the general solution of the differential equation
y" + 4y = cos(t) — 3sin(t).
Problem 62. Find the general solution of the differential equation

y®) —3y® 4 29" = 0.



Laplace Transforms

Problem 63. Use the definition of the Laplace transform, L{f (t)} = fooof (t)e~stdt, to find
the Laplace transform of the function

ot fos<t<1,
f(t)‘{1 ifr > 1.

For which values of s is the Laplace transform of f defined?

Problem 64. Use the definition of the Laplace transform,

oo

L) = [ e pde
0
for those values of s for which the improper integral converges, to compute the Laplace
transform of the function given by

_ (0 ifo<t<1,
f(t)_{t—l ifl1 <t < oo.

Problem 65. Use the definition of the Laplace transform,

LIFYGs) = jo £ (e~tdt

for those values of
s
for which the improper integral converges, to find the Laplace transform of the function
f(t) = tett
where a is a real constant. For which values of s is the Laplace transform of f defined?

Problem 66. Use the definition of the Laplace transform,

LE@Y=F() = [ f e de
0
for those values of s for which this improper integral converges, to find the Laplace
transform of the function

t ifo<t<?2,
f(t)_{et ift > 2.

For which values of s is the Laplace transform of f defined?

Problem 67. Use the definition of the Laplace transform,



LE@Y=F() = | f e de
0
for those values of s for which this improper integral converges, to find the Laplace
transform of the function

_(m if0<t<m,
f“)_t ifr <t< oo,

For which values of s is the Laplace transform of f defined?

Problem 68. Recall the definition of the Laplace transform

LI)(s) = fo f (e~ dt.

(a) Use the definition to find the Laplace transform of f(t) = t.
(b) For which values of s is the transform defined?

Problem 69. Using the definition of the Laplace transform, compute the Laplace
transform of

0, 0<t<1
f(t)z{l, 1<t<2
2, t>2

and determine for which s the transform is defined.

Problem 70. Recall the definition of the Laplace transform

LIF(s) = jo et £(0) dt.

(a) Use the definition to find L{f }(s) for

2, 0<st<1,
ro={ 31
(b) For which values of s is the Laplace transform defined?
Problem 71. Using the definition of the Laplace transform, find L{f (t)}(s) if

7e*t 0<t<3
t) =
F(@® {4 t>3

You must also specify the domain of the transform.

Inverse Laplace Transforms

Problem 72. Find the inverse Laplace transform of



Problem 73.

Problem 74.

Problem 75.

Problem 76.

Problem 77.

Problem 78.

Problem 79.

Problem 80.

Problem 81.

Problem 82.

S
(s=2)(s—=3)(s—6)

Find the inverse Laplace transform of

F(s) =

3s+5
s2—4s+5

Find the inverse Laplace transform of

Find the inverse Laplace transform of

F s+1
§) =—".
Q) s2—s—6
Find the inverse Laplace transform of

5s+1

F(s)= s2—-2s+3

Find the inverse Laplace transform of

5s
F(s)=—sz—s—6'

Find the inverse Laplace transform of

)=+

Find the inverse Laplace transform of

s+11
(s—1(s+3)

F(s) =

Determine the inverse Laplace transform of

5
(s —1(s?2+4)

F(s) =
Find the inverse Laplace transform of

O =z+9

Find the inverse Laplace transform of

PO =567+



Exam 2 Review Sheet

Variation of Parameters

Problem 1. Find the general solution of

—t/2
4y”+4y’+y=t—2, t>0

Solution 1. First, we find the homogeneous solution. Using methods we have already
covered, we find the homogeneous solution

Yn = Ciy1 + Gy, = Cre 2 + Cyte™/?

And we turn to the method of variation of parameters. The vital preliminary step is to write
the differential equation in the required standard form. This enforces that we have the
correct g(t) on the right side. Here, standard form is

1 e t/2

VY Y=

We have that the particular solution will be of the form
Yp = U1Y1 T U2Y2
where

gw,

dt
w

Uy = f g(t)WZ

W dt, u2=f

As always start by obtaining the Wronskian

—-t/2 te—t/Z
Vi Y2 c t t
= ! ! = 1 t frd _—— -t —_ -t — -t
W = det [}’1 yz] det [_ Ee_t/z (1- E)e_t/zl (1 2)e + € e

Then we quickly find the corresponding
0 vy, - y1 O _
W=det[ ,]=— = —te 2, W. =det[ ; ]= = e~ t/2
1 1y, Y2 2 yl o1 Y1

Finally, note
e~t/2

4¢2

g =



We plug in and integrate.

o—t/2 .
—t/2
) te?)

e—t

et
te !t

u1=f

Note above we have used that tis positive to disregard the absolute value.

dt = 1f dt = 1fldt— 1l t
- =Tg) pi=g®

p—t/2 /2
(=) 9) 1. et 1.1 1
4t
he f et d 4f tze‘td 4f t2 t

4t
So we have the particular solution

1 1 1 1
Yy = —Zln(t)e"t/2 — Ete‘t/2 = —Zln(t)e‘t/z —Ze_t/z

Finally, we have the general solution

1 1
y=yn+ ¥ =Ce 2+ Cte™/? + (—Zln(t)e_t/z — Ze_t/z)
1
= Cze /2 + Cyte™/* — Zln(t)e_t/2

Note above that we have set

to further reduce.
Problem 2. Find the general solution of
y'+4y +4y =t"2e7 %, t>0
Solution 2. First, we find the homogeneous solution. We solve the homogeneous equation
y'+4y'+4y = 0.
The corresponding characteristic equation is
r’+4r+4=(r+2)?%=0.

Thus we have a repeated root

and the homogeneous solution is
yn = Cie %t + Cyte™?t,

Next, we turn to the method of variation of parameters. The differential equation is already
in standard form, so the right-hand side is



-2t

The particular solution is of the form

Yp = U1Y1 t U2Y2
where

-2t

Il
®

V1
and

y, =te™?
We start by computing the Wronskian.

e”? te™?t -2t -2t —2t —2t
W=det| 5,2t (g ppe-2e| =€ (1= 200e7 = (te™*)(=2e7)
=e M — 2te™ + 2te™H = 7%,

Now we compute

u, and u,
RS R
— —(te 1
w=f 2200 =
-2t —4t
e S 11
U, = f ylgv(t) — f e_4tt2 f —4t - t_z = _?

(Since t >0, we omit the absolute value in the natural log
The particular solution is:
1
Yp =Wy + Uy, = —In(t)e™* + (‘ ?) te % = —

e 2n(t) — e %,
Finally, the general solution is:

Yy =yn+ ¥ =Ce ? + Cte™ — e ?n(t) — e 2,

We can combine the terms

Cle_Zt
and

-2t

by letting



Cg == Cl - 1
Then the final solution is
y = Cze™ %t + Cte 2t — e 2n(t).

Problem 3. Find the general solution of

e—3t

y'+6y +9y =

t3
Solution 3. First, we find the homogeneous solution. We solve the homogeneous equation
y"+ 6y +9y =0.
The corresponding characteristic equation is
r’+6r+9=(+3)2=0.

Thus we have a repeated root

and the homogeneous solution is
yp = Cre 3t + Cyte ™3,

Next, we turn to the method of variation of parameters. The differential equation is already
in standard form, so the right-hand side is

e—3t

9() =—7~
The particular solution is of the form
Yp = U1Y1 T URY>
We start by computing the Wronskian.

e—3t te—3t

W=det|_s.-3t (1 _3p)e3t

] = e 31 —3t)e 3t — (te 3" (—3e73) = e~ °L,

Then we find the corresponding

W; and W,
_ 0 y2] _ _ -3t
W, = det [1 yé] = —y, = —te
_ yi 0]_ s
w, —det[y{ 1] =y, =e

Now we compute



u, and u,

by integrating:

—3t)( _3t) o6t
W, -
Uy :f g(m)/ 1 —f _ ti 1
-6t
gew. 3 )( ) : 3 1
w = 1% g, ft—t=fet_6tdt=ft—3dt——ﬁ

The particular solution is:

1 1 e—3t -3t
Yo = Y1+ Uayz = (?)e_3t+ <_ﬁ)t6_3t ~ Tt 2t 2t

Finally, the general solution is:

-3t

2t

e
y=yn+yp=Ce 3+ Cte™3 +

Problem 4. Given that y(t) = ¢t + c,e ! is the general solution of the homogeneous
equation (t + 1)y" + ty’ —y = 0 onthe interval t > —1, find the general solution of the
nonhomogeneous equation

(t+1)y" +ty —y=(t+1)>?
fort > —1.

Solution 4. First, we identify the homogeneous solution and its components from the
given information:

yh=Cit+Cet =y =t y,=e".

Next, we put the differential equation into standard form by dividing by (¢t + 1) to find g(t):
t

1
"+ " — =t+1.
Y 1Y Teen?

Thus, g(t) =t + 1.

We start by computing the Wronskian:
-t
W = det[i ¢ | =te - e = —(t+ Det.
—e
Then we find the corresponding W; and W5:

_ 0 y2]_ "
w; = det[1 yé] = -y, =—e



V1 0]
W, = det[ , = =t
2 v 1 Y1

Now we compute u; and u, by integrating:

_cgow, o (+D(—e™) _
u = [ T dt = [ (3 Dot dt = [1dt =t
_ 9w, o t+tH@O®
u, = [ 7 d _f——(t+1)e‘tdt_f tetdt

Using integration by parts for u,:
u, = —tet + [etdt = —tet + et = (1 —t)et
The particular solution is:
YVp =Wy1 + Uy, = ()() + (1 —t)ef(e™) =t +1-t.
Finally, the general solution is:
y=yn+y =Cit+Ce t+t? —t+1.
And if we prefer, we can set
CG;=C—-1
Then we can write
y=Cst+Cre " +t>+1
Problem 5. Find the general solution of y” — 2y’ + y = t le’ on the interval t > 0.
Solution 5. First, we find the homogeneous solution. We solve the homogeneous equation
y'=2y"+y=0.
The corresponding characteristic equation is
r2=2r+1=@r-1%=0.

Thus we have a repeated root

and the homogeneous solution is
yn = Ciet + Cytet.

Next, we use the method of variation of parameters. The differential equation is already in
standard form, so the right-hand side is



gy=t'e' =
The particular solution is of the form

Yp = WY1 T UV
where
y, =etandy, = tet
We start by computing the Wronskian:

t

W = det [gt et(1+t)et — (tet)(eh) = e?t + te? — te®t = e?t,

(1 -tl-ett)et] -

Then we find the corresponding

W, and W,

0 ¥y,
W. =det[ ,]z— = —tet
1 1y Y2

yi 0
W. =det[ p ]= = et
2 y 1 V1
Now we compute
u, and u,
ow, - E(—ted) 2
g )= —e
w = =7 1dt=ftTdt=f —dt=[ —1dt = —t
e
OW. —)( t)
wp= [ S g O e L dt—f Lt = Int

We neglect the absolute value in the natural log as the we specify that tis positive.
The particular solution is:
Vp = WY1 + Uy, = (—t)et + (Int)tet = —te® + te'lnt.
Finally, the general solution is:
Yy =yn +yp = Ciet + Cotet —tet + telnt.

Since —tet is a part of the homogeneous solution, we can absorb it into the second
constant.



y = Ciet + Cytet + tellnt.
Problem 6. Find the general solution of
y" — 6y +9y =t 3e3, t> 0.
Solution 6. First solve the homogeneous equation
y"—6y'+9y =0.

Lety = e". Then

r2—6r+9=0

(r—=3)2=0
Thus,
yr(t) = cre3t + c, tedt.
Using variation of parameters, we assume the solution has the form:
Yp () = ug (O)y1(t) + uz(y2 (1),

where y; = e3fand y, = te3t.

The Wronskian is

3t te3t

e
W(Y1»3’2) = 3e3t (3t+ 1)83t = e6t

Recall that our g(t) = t~3e3t. Then,

v = Mi® _ y00 , W9(®) _ y19(©)
1 w w 2 w w
Thus,
te3tt—3e3t
I _ -2
U= =t
1
u, = ?
and
eStt—Se3t
I — +—3
Up=——g — =t
1
Y2 =770

Hence our particular solution becomes,



1
— 2,3t _ 453ty — L3t
Yp te 2tz(te ) Zte .

Therefore the general solution is

1
y(t) = cie3t + ¢ te3t + Ee“.

Problem 7. Find the general solution of

8et/2
4y" —4y' +y = pt 0<t<oo.

Solution 7. First, write the equation in standard form:
1
yll _ yl + Zy — Zt_let/z.
First solve the homogeneous equation:
n ! + 1 0
y -y 43’ =u.

By assuming the solution is in the form y = e, the characteristic equation is

1
r’—r+-=0
4r° —4r+1=0
Q2r-1%=0

1 . .
Thusr = > This leads to the homogeneous solution:

y, = c,et/? + c,tet/?,
with
y, = etl?, y, = tet/?,
We assume that the particular solution is given in the form:
Yp () = us () y1(8) + u2 () y2(t)

The Wronskian is given by:

N|

N =
~
[0}
N| =+
Il
Q

2
ez te

N| =+

t
ez e2+

N =

I
|
W(yy2) = |

Recall that g(t) = 2t~ e!/?, then:



up = p -2
, _@tTtetH) (e 2
z2 et ot
Integrating gives
u; = —2t, u, = 2Int.

Therefore, the particular solution is given by:
¥y = (—2t)e'’? + (2Int)(te"/?).
Hence the general solution is
y = c et/ + cytet’? + (—2t)et’? + (2Int)(tet/?).

Problem 8. Find the general solution of

1
y”+y=E, 0<t<m.
Solution 8. First solve the homogeneous equation
y'+y=0.

Assuming a solution in the form y = e, the characteristic equation is

r’+1=0=>7r=4i
so,

Y1 = cost, Yy, = sint.

And the associated homogeneous solution is given by:

yn = Cicost + C,sint.
Now we find the particular solution using variation of parameters,

Vp () = uy () y1(t) + uz (t)y(t)

The Wronskian is given by:

| cost  sint]

W = | ; | = 1.
—sint cost
Also,
10 sint| .
w, =1 [ = sint.
1711 cost!
W, = | cost 0 _ cost.

—sint 1



Then,

_Wig(t)  sint

ui w sint
" = W,g(t) _ c<-)st
w sint
so,
u, = —t, u, = In|sint|

Note that the domainis given by 0 < t < m, which means that sint > 0, so we do not need
the absolute value sign inside the natural log.

Hence,
Yp = —tcost + (In(sint))sint.
Therefore, the general solution is given by:
y = C;cost + C,sint — tcost + (In(sint))sint.
Problem 9. Using variation of parameters, find the general solution of
t?y" — 4ty' + 6y = 3t, t > 0.
Solution 9. First solve the homogeneous equation:
t2y" — 4ty' + 6y = 0.

By assuming the solution is in the form y = t™. We can substitute this to obtain the
characteristic equation:

mm—1)—4m+6=0
m?—-5m+6=0
(m-2)(m—-3)=0

Hence,
y1 = t?, Yo =t
and the associated homogeneous solution is given by:
yn = Cit? + Cyt3.

Now, we find the particular solution using variation of parameters: Assume the particular
solution is in the form:

Yp(8) = ur1(O)y1(t) + uz()y2(6)

The Wronskian is



with,

And g(t) is given by:

Compute

Integrating yields:

Thus,

2 3
2t 3t
3

w, = |9 t2|= 3,
1 3t

Wz_lt2 0 — ¢2,
12t 1l
3t

9O =5F=7

t2’

, Wig(®) @3/
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, _Wog®) t*(3/t) 3
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3 1
u, = ?, U, = —ﬁ.

Then, the particular solution is given by:

= 3t 1t_5t
Ip = 2t T2t

Hence, the general solution is:

5
y = Cit? + Cot3 + St

Problem 10. Use Variation of Parameters to find the general solution to the following

problem:

et

y'-2y'ty=45

Solution 10. First, we find the complementary solution. We solve the homogeneous

equation



Ye = 2ye+ye = 0.
The corresponding characteristic equation is
r2=2r+1=(r-1?2=0.
Thus, we have a repeated root r = 1. The complementary solution is
y.(t) = Cret + C,tet.

Next, we turn to the method of variation of parameters. The differential equation is already
in standard form, so the right-hand side is

et
g = 7z

The particular solution is of the form

Yp = WY1 T UV

where
and

We start by computing the Wronskian:

t

W = det [gt =el(1+t)et — (te)(e) = e? + te? — te? = e?,

tet ]
(1 +t)et
Then we find the corresponding

W, and W,

— 0 ¥ — — t
Wl—det[1 yé]——yz——te

W, = det Bz (1)] =y, =et
Now we compute
u, and u,
by integrating:
t 2t

Dy e
paow, (@), .

u, =
w eZt

1
dt = [ —?dt:—lnt



(i_;) (5 o 1

v 1
— [t — —
dt=[ ot dt = eztdt_ftzdt__?

U, = f g(;)/WZ

(Since t > 0, we omit the absolute value in the natural log).

The particular solution is:

1
Vp = WY1 + Uy, = (—Int)e’ + (— ?) tet = —etlnt — e’.

Finally, the general solution is:
Yy =Y. +y, =Ciet + Ctet —ellnt — e,
We can combine the terms C; et and —e® by letting C; = C; — 1. Then the final solution is:
y(t) = Czet + Cytet — etlnt.
Problem 11. Use Variation of Parameters to find the general solution of the ODE
ty"+(1=2t)y"' +(t— 1)y =te’, t>0

given that y; = et and y, = e'lInt are linearly independent solutions of the associated
homogeneous equation.

Solution 11. First, we write the differential equation in standard form by dividing by the

leading coefficient t:
1-2t t—1
y”+< t )y,+< t )y=et'

From this, we identify the right-hand side function g(t) = e®.

Next, we compute the Wronskian W of the homogeneous solutions y; = e* and y, = ellnt:

et etlnt 1 1
W = det ot oflnt 4 %et =et (etlnt + ?et> — (eflnt)(e") = e?!Int + ?eZt — e?!nt
1
= —e?t,
t

We then find W, and W, by replacing the columns of the identity-like matrix with [(1)] (to be
used with g(t) later):

0 etlnt
Wl = det

= —e'lnt, W, = det [gz 0] =et.

1
1 etlnt+?et 1

Now we compute u, and u, by integrating:



OW. et(—ellnt
Uy =fg(m)/ 1dt=f¥dt=f — tInt dt.
?BZt

Using integration by parts with u = Int and dv = —t dt:

1 t? 1 1 1
= ——t2] — . —dt = —=t?] —t2.
uy St nt + [ 5 td S t2nt + 2
Foru,:
tHOW. et(et 1
u2=fg(m)/ 2de = | 1( )dt=ftdt=§t2.
?ezt

The particular solution y, is:

1 1 1 1 1 1
Yp = Uy yp + uzylz = (—Etzlnt + th) et + (E t2> etlnt = —Etzetlnt + thet + Etzetlnt

= —t2et.
4

Finally, the general solution is:
1
y(t) = C,et + C,etInt + thet.
Problem 12. Find a particular solution of the differential equation

y" =2t 1y' + 2t72y = 3t3, t>0,

given that y,(t) = t and y,(t) = t? are solutions to the corresponding homogeneous
differential equation.

Solution 12. We use the method of variation of parameters to find the particular solution
Yp- We assume a solution of the form:

Vp = WY1 + Upys = ug(t) - t +uy(t) - t2.

First, we check that the differential equation is in standard form. The coefficient of y” is 1,
so the right-hand side is g(t) = 3t2.

Next, we compute the Wronskian of the homogeneous solutions:
W = det|t tz] = t(2t) — (£2)(1) = 2t2 — ¢ = ¢2.
1 2t

Now we calculate u; and u, using the variation of parameters formulas:

,  =yg9()  —(@H(3Et?) 342
u; = W = +2 = -3t




Integrating u; gives:
uy = [ —3tidt = —t3.

Foru,:

, _yig(®) _ (OBt
Uy == = =3t

Integrating u; gives:
3
u, = [ 3tdt = Etz'
The particular solution y,, is:
3 3 2 2
Yo = s + 1y, = ()®) + (567) ()
3 1
— _+4 44— +4
Y = —th+ott = ot

Problem 13. Use variation of parameters to find a particular solution of the differential
equation

y" —4t7ly' + 6t 2y =t2, t>0,

given that y,(t) = t? and y,(t) = t3 are solutions of the corresponding homogeneous
differential equation.

Solution 13. We use the method of variation of parameters to find the particular solution
Yp- We assume a solution of the form:

Yp = WY1 + Upys = ugt? 4 uytc,

First, we verify the differential equation is in standard form. Since the coefficient of y" is 1,
the right-hand side function is g(t) = t2.

Next, we compute the Wronskian of the homogeneous solutions:

W = det [y} %

2 3
y yr] = det [t t 2] — t2(3t2) _ (t3)(2t) — 3t4 _ 2t4 — t4.
1 2

2t 3t

Now we calculate u; and u, using the variation of parameters formulas:

e (D)
Tow T e

—t.
Integrating u; gives:

1
u, =J —tdt= _Etz'



Foru,:

L _ng _ @)
2w e T

Integrating u, gives:
u, = [1dt =t.
The particular solution y,, is:
o = wrys + 1wy = (—312) () + OE)
Vp = —%t‘* +tt = %t‘*.

Problem 14. Use variation of parameters to find a particular solution of the differential
equation

y'—4t7ly' + 6t 2y =t%, t>0,

given that y,(t) = t? and y,(t) = t3 are solutions of the corresponding homogeneous
differential equation.

Solution 14. We use the method of variation of parameters to find the particular solution
Yp- We assume a solution of the form:

Yp = WY1 + Upys = ugt? 4 u,tc,

First, we verify the differential equation is in standard form. Since the coefficient of y" is 1,
the right-hand side function is g(t) = t2.

Next, we compute the Wronskian of the homogeneous solutions:

W = det [y} %

2 3
y yr] = det [t t 2] — t2(3t2) _ (t3)(2t) — 3t4 _ 2t4 — t4.
1 2

2t 3t

Now we calculate u; and u, using the variation of parameters formulas:

L TYe®) (D)
Tow T e

—t.
Integrating u; gives:
1
w=[ —tdt= _Etz'

Foru,:

,_ng® _ ) _,
U, = w - -1




Integrating u; gives:
u, = [1dt=t.

The particular solution y,, is:
1 2 2 3
Yo = vy + sy, = (=5 6) () + (OF)

1 1
Vp = —Et4+t4 =Et4.

Variable Coefficient Equations, Cauchy-Euler Equations

Problem 15. Find the general solution of
t?y" +3ty'+y=0,t>0

Solution 15. First, we recognize that this is a Cauchy-Euler equation. For such equations,
we try a solution of the form

y=t".
We compute the derivatives
y =rt™t Yy =r@r -1t
Substituting these into the differential equation gives
t2(r(r— Dt + 3t(rt" H +t" =0.
Simplifying, we obtain
r(r—1t" +3rt" +t" =0.
Factoring out t" yields
t"(rr—1)+3r+1)=0.
Thus we obtain the characteristic equation
rr—1)+3r+1=0.
Simplifying gives
r’+2r+1=0+1%=0
Therefore we have a repeated root
r=-—1.

For a repeated root in a Cauchy-Euler equation, the homogeneous solution takes the form



Yr = Cit" + C,t"In(t).
Substituting r = —1 gives
y = Cit™1 + Gt Hn(d).
Problem 16. Find the general solution of
x2y" —2xy'+2y=0,0<x <

Solution 16. First, we recognize that this is a Cauchy-Euler equation. For such equations,
we try a solution of the form

y=x".
We compute the derivatives
y' =rx""1, y" =r(r—1)x""2
Substituting these into the differential equation gives
x2(r(r—1)x""2) = 2x(rx"" 1) + 2x" = 0.
Simplifying, we obtain
r(r—1x" = 2rx" +2x" = 0.
Factoring out x" yields
x"(r(r—1)—-2r+2)=0.
Thus we obtain the characteristic equation
rr—=1)—2r+2=0.

Simplifying gives

r’2—r—2r+2=0

r2—3r+2=0.

Factoring the quadratic equation, we find

(r—D(@r-2)=0.
Therefore we have two distinct real roots

n=1 r, =2.

For distinct real roots in a Cauchy-Euler equation, the general solution takes the form

y = Cix™ + Cyx'.

Substitutingry = 1 and r, = 2 gives



y = Clx + szz.
Problem 17. Solve the initial value problem
t2y" —2ty' +2y =3t% y(1) =0, y'(1) =4

Solution 17. First, we find the homogeneous solution. This is a Cauchy-Euler equation, so
we solve the homogeneous equation

t?y" — 2ty' + 2y = 0.

We assume a solution of the form
y=t

Substituting this into the equation, we get the characteristic equation

rr—1)—2r+2=0.
Simplifying this expression yields

r2—3r+2=0.
Factoring the quadratic gives
(r—D(@r-2)=0.

Thus we obtain the roots

Therefore the homogeneous solution is
yn = Cit + C,t2.

Next, we find a particular solution. Since the right-hand side is

3t2
and

t2
is already a solution to the homogeneous equation, we try

yp = At*In(t)
We compute the derivatives:
yp = 2AtIn(t) + At,
Yp = 2AIn(t) + 2A + A = 2AIn(t) + 3A.

Substituting into the differential equation



t2y" — 2ty’ + 2y = 3t?

t2(2AIn(t) + 34) — 2t(2AtIn(t) + At) + 2(At%In(t)) = 3t>.
2At%In(t) + 3At% — 4At%In(t) — 2At% + 2At%In(t) = 3t2.
= At?* = 3t?

Thus

and our particular solution is
yp = 3t2In(t)
The general solution is
y = Cit + Cot? + 3t%In(t).

Finally, we use the initial conditions to find the constants. Using

y(1)=0

y(1) = (1) + C,(1)? + 3(1)%In(1) = C; + C, = 0.
Now we find the derivative.
y' = C; + 2C,t + 6tIn(t) + 3t.

Using

y'() =4

y'(1)=C,+2C, +6(DIn(1)+3 =C, +2C, +3 =4,

which simplifies to

Cy +2C, =1.
Solving the system

Ci+C, =0

C;+2C, =1

=0C=1 6=-1
Therefore the solution to the initial value problem is
y = —t + t? + 3t2In(t).

Problem 18. Find the general solution of the differential equation



x%y"+7xy'+13y =0, x >0

Solution 18. First, we recognize that this is a Cauchy-Euler equation. For such equations,
we try a solution of the form

We compute the derivatives:
y' =mx™1,
y" =m(m— 1)x™ 2,
Substituting these into the differential equation gives
x2(m(m — 1)x™ 2) + 7x(mx™ 1) + 13x™ = 0.

Simplifying by factoring out

yields
xmM(m(m—-1)+7m+13) =0.
Since
x>0
we solve the characteristic equation
m?>—m+7m+13 =0,
which simplifies to
m? + 6m+ 13 = 0.

To find the roots, we use the quadratic formula:

_ —6+.62—-4(1)(13) —-6+V36—-52 —6+V-16
m= 2(D) - 2 -T2

Thus we obtain the complex roots

For complex roots of the form

the general solution to the Cauchy-Euler equation is

y = x%(C;cos(flInx) + C,sin(flInx)).



Substituting

and

gives
y = x73(C,cos(2lnx) + C,sin(2Inx)).
Problem 19. Find the general solution of the differential equation
x%y"+7xy'+13y =0, x >0

Solution 19. First, we recognize that this is a Cauchy-Euler equation. For such equations,
we try a solution of the form

<
I
=

We compute the derivatives:
y' =mx™1,
y" =m@m— 1)x™ 2,
Substituting these into the differential equation gives
x2(m(m — 1)x™2) + 7x(mx™ 1) + 13x™ = 0.

Simplifying by factoring out

yields
xmM(m(m—-1)+7m+13) =0.
Since
x>0
we solve the characteristic equation
m?>—m+7m+13 =0,
which simplifies to
m? + 6m+ 13 = 0.

To find the roots, we use the quadratic formula:



_ —6+,62—-4(1)(13) -6+V36-52 —6+V-16
m= 2(D) - 2 -T2

Thus we obtain the complex roots

For complex roots of the form

the general solution to the Cauchy-Euler equation is
y = x%(C;cos(flnx) + C,sin(flInx)).

Substituting

and

gives
y = x73(Cycos(2Inx) + C,sin(2Inx)).
Problem 20. Find the general solution of the differential equation
t?y" —6y =0

Solution 20. First, we recognize that this is a Cauchy-Euler equation. For such equations,
we try a solution of the form

y=t™
We compute the derivatives:
y' =mt™1,
y" =m(m— 1)t™ 2
Substituting these into the differential equation gives
t?(m(m — 1)t™ 2) — 6t™ = 0.
Factoring yields
t"(m(m—-1)—-6) =0.
We solve the characteristic equation

m?—m—6=0.



Factoring gives
(m-3)(m+2)=0.

Thus we obtain the distinct real roots

For distinct real roots
my and m,
the general solution to the Cauchy—Euler equation is
y = Cit™ + Cpt™2.
Thus the general solution is
y = Ct3 + Ct 2.
Problem 21. Find the general solution of the differential equation
t?y" — 2ty' + 3y = 0.

Solution 21. First, we recognize that this is a Cauchy-Euler equation. For such equations,
we try a solution of the form

y=t"
We compute the derivatives:
y' =mt™m1,

y" =m(m— 1)t™ 2

Substituting these into the differential equation gives
t2(m(m — 1)t™"2) = 2t(mt™ 1) + 3t™ = 0.
Factoring yields
tm(m(m—-1)—-2m+3) =0.

We solve the characteristic equation

m?>—m-2m+3 =0,

m?—-3m+3=0.

Using the quadratic formula to find the roots:

_—(-3)£J(-3)2-4(DB) 3+V9-12 3+V-3
m= 2(D) - 2 -T2



Thus we obtain the complex roots

3
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For complex roots of the form
atif
the general solution to the Cauchy-Euler equation is
y = t*[C;cos(fInt) + C,sin(BInt)].

Thus the general solution is

V3 V3
y = t3/? IClcos (7 lnt> + C,sin <71nt>l.

Problem 22. Find the solution of

t?y" +6ty' + 6y =0
satisfying y(1) = 0 and y'(1) = 10.
Solution 22. Use the Cauchy-Euler substitutiony = t™.
Substituting gives

mm—-1)+6m+6=0

so
m?>+5m+6=0
and
(m+2)(m+3)=0.
Thusm = —2 orm = —3, which leads to the associated homogeneous solution:
y =cit7? + cyt 73,
Then

y' = —=2c,t73 — 3¢t
Applying the initial conditions gives
0=1cy +cy
10 = —2¢; — 3c,.

Solving yields



¢, =10, c, = —10.
Hence
y(t) = 10t~2 — 10t 3.
Problem 23. Solve the initial value problem
t?y" —3ty' + 4y =0, y(1) = 4, y'(1) = 5.
Solution 23. Assume the solution is in the form y = t™. Substitution gives

mim—-1)—3m+4=0
m?>—4m+4=0
(m—-2)?2=0

Hence,
y = ¢ t? + c,t?Int.
To solve for the unknown constants ¢4, ¢, we compute the derivative:
y' = 2¢cit + 2¢c,tInt + c,t.
First, using y(1) = 4:
4 =c; +cyInl = ¢, =4
Now, we use y'(1) = 5:
5=2c¢c;+2c,Inl1+¢c, > 2¢c;+c,=5=¢, =-3
Therefore,
y(t) = 4t? — 3t?Int.
Problem 24. Solve the following initial value problem:
t2y" —5ty'+9y =0, y(1)=1, y'(1)=4
Solution 24. This is a Cauchy-Euler equation. To solve the homogeneous equation
t?y” — 5ty’ + 9y =0,

we assume a solution of the form y = t". Substituting this into the equation, we obtain the
characteristic equation:

rr—1)—5r+9=0.
Simplifying this gives:
r2—6r+9=0.

Factoring the quadratic equation, we get (r — 3)2 = 0, which yields a repeated root:



rn=r=3.

Therefore, the general solution fort > 0 is:

y(t) = C1t3 + C,t3Int.
Next, we use the initial conditions to solve for C; and C,. First, we use y(1) = 1:

y(OH =3+ () =C+0=1=C, =1
Now we find the derivative y'(t):
y'(t) = 3C,t? + 3C,t%Int + C,t>.
Using the second initial condition y'(1) = 4:
y'(1) = 3C;(1)? + 3C,(1)%In(1) + C,(1)? = 3C; + C, = 4.
Substituting C; = 1 into the equation:
3(D+C=4=C,=1.
The solution to the initial value problem is:
y(t) = t3 + t3Int.
Problem 25. Find the general solution of the differential equation:
x2y" —xy' =3y =0

Solution 25. This is a Cauchy-Euler equation. To solve it, we solve the characteristic
equation of the form [ar? + (b — a)r + ¢] = 0. Here,a = 1,b = —1,and ¢ = —3.

r’+(-1-1)r—-3=0
r2—2r—3=0
Factoring the quadratic equation gives:
r—-3)r+1)=0

Thus, the roots are:

Therefore, the general solution is:
y(x) = C1x3 + Cpx7 1t
Problem 26. Find the general solution of the differential equation:

4t%y" + 8ty +y =0



Solution 26. This is a Cauchy-Euler equation. We solve the characteristic equation [ar2 +
(b—a)r+c]=0.Here,a=4,b=8,andc = 1.

42+ (B8—-4)r+1=0
Ar’+4r+1=0

We solve for r using the quadratic formula:

__4i,/42_4.4.1_—41\/16—16_ 4 1

Since we have a repeated root r = —1/2, the general solution fort > 0O is:
y(t) = C;t™ Y2 + C,t~Y2Int
Problem 27. Find the general solution of the differential equation
t?’y" +7ty' +5y =0, t>0.

Solution 27. This is a Cauchy-Euler equation. To solve it, we assume a solution of the form
y = t™. We then find the first and second derivatives:

y' =mt™1, y"=m(m-—1)t™ 2
Substituting these into the original differential equation:
t2[m(m — Dt™ 2] + 7¢[mt™ 1] + 5[t™] = 0.
Factoring out t™:
tmm(m—-1)+7m+5]=0.

Sincet > 0, we solve the characteristic equation:

m>—m+7m+5=0

m?+6m+5=0.
Factoring the quadratic equation gives:
(m+5)(m+1)=0.

Therootsarem = —=5andm = —1.
Therefore, the general solution fort > 0 is:

y = Clt_s + Czt_l.



Spring-Mass Systems

Problem 28. (Please use 32 ft per seconds squared as the acceleration of gravity in this
problem.) A body weighing 8 pounds hangs from a vertical spring attached to the ceiling. At
its equilibrium position, the body stretches the spring 1/2 ft from its natural length. The
body is started in motion from the equilibrium position with an initial velocity of 4 ft/s in the
downward direction.

(a) Assume there is no damping and the body is acted on by a downward external force of

F(t) = 3cos(2t)

pounds. Set up, but do not solve, an initial value problem describing the motion of the
body.

(b) If the given downward external force is replaced by a force of 3cos(wt) pounds, find the
value of the frequency w which will cause resonance.

Solution 28. (a) We begin by determining the constants appearing in the mass-spring
model,

my" +yy' + ky = F(t)
The weight of the body is 8 pounds. Since weight is given by
W =mg
we obtain the mass

w8 1 l
m—g—32—4sugs.

Next we determine the spring constant using Hooke’s Law. At equilibrium the springis
stretched a half foot by the weight of the body, so

1
ky0=mgﬁk<§)=8ﬁk=16
Because there is no damping, the damping constantisy = 0.
Substituting the values obtained above gives
1
Zy” + 16y = 3cos(2t).

Finally, we determine the initial conditions. The body begins at the equilibrium position, so

y(0) = 0.

The initial velocity is 4 ft/sec in the downward direction. Taking downward as the positive
direction gives



y'(0) = 4.

Thus the required initial value problem describing the motion is
1
Zy" + 16y = 3cos(2t), y(0) =0, y'(0) = 4.
(b) From part (a), the differential equation is
1
Zy” + 16y = 3cos(wt).
To determine the resonance frequency, we need to find when the particular solution will

duplicate the homogeneous solution. First consider the corresponding homogeneous
equation

%y” + 16y = 0.
The characteristic equation is
1,
il +16 =0,
which gives
r = 18I

Thus the homogeneous solution is
Yn = C1cos(8t) + C,sin(8t).
The natural frequency of the system is therefore
w = 8.
as then we would have a particular solution of the form
Yp = t(Acos(8t) + Bsin(8t))
for some coefficients which | do not need to find. So resonance occurs for
w =38

Problem 29. A certain spring hangs vertically from a rigid support. When a 3 pound mass
is attached to the end of the spring, the mass stretches the spring 2 feet. Suppose the
mass is pulled down 2 additional feet from the rest position and then released. Assuming
air resistance (or the damping force) at any instant is equal to twice the instantaneous
velocity of the mass, write BUT DO NOT SOLVE, an initial value problem describing the
motion of the mass. (Please use 32 ft per seconds squared as the acceleration of gravity in
this problem.)



Solution 29. We begin by determining the constants appearing in the mass-spring model,
my" +yy' + ky = F(¢t).

The weight of the mass is 3 pounds. Since weight is given by

W =mg
we obtain the mass
_W_ 3 l
m= g =3 slugs.

Next, we determine the spring constant using Hooke’s Law. At equilibrium, the springis
stretched 2 feet by the weight of the mass, so

3
kL=mg=>k(2)=3ﬁk=§.

The problem states that the damping force is equal to twice the instantaneous velocity.
Therefore, the damping constant is

y = 2.
There is no external force mentioned, so
F(t) =0.
Substituting the values obtained above into the differential equation gives
3 , , 3
377 + 2y + Sy = 0.

Finally, we determine the initial conditions. The mass is pulled down 2 feet from the rest
(equilibrium) position. Taking downward as the positive direction, we have

y(0) = 2.
Since the mass is "released," the initial velocity is zero:
y'(0) = 0.

Thus, the initial value problem describing the motion is
3 n ! 3 !
3Vt +5y=0 yO@=2  y(0)=0.

Problem 30. (a) A 20 kilogram body hangs from a vertical spring attached to a rigid
support. At its equilibrium position, the body stretches the spring 50 centimeters beyond
its natural length. The body is acted on by an external force of

10cos(2t)



Newtons and moves in a medium with a damping constant of 100 Newton seconds per
meter. If the body is set in motion from its equilibrium position with an upward velocity of
20 centimeters per second, SET UP, BUT DO NOT SOLVE, an initial value problem
describing the motion of the body. (Please use 9.8 meters per second per second as the
acceleration of gravity in this problem.)

(b) If the given downward external force is replaced by a force of
10cos(wt)
Newtons, find the value of the frequency
)
which will cause resonance or explain why there is no such frequency.

Solution 30. (a) We begin by determining the constants appearing in the mass-spring
model,

my" +yy' + ky = F(t).
The mass of the body is given directly as
m = 20 kg.

Next, we determine the spring constant using Hooke’s Law. At equilibrium, the weight of
the mass is balanced by the spring force. The weight is

W =mg = 20(9.8) = 196 N

The stretch is

50cm =0.5m
so

kL =mg = k(0.5) =196 = k = 392 N/m.

The problem states the damping constant is

y = 100 Ns/m.
The external force acting on the body is given as

F(t) = 10cos(2t).
Substituting these values into the differential equation gives
20y" + 100y’ + 392y = 10cos(2t).

Finally, we determine the initial conditions. The body is set in motion from its equilibrium
position, so



y(0) = 0.
The initial velocity is upward at
20cm/s = 0.2m/s
Taking downward as the positive direction, an upward velocity is negative:
y'(0) = —-0.2.
Thus, the initial value problem is
20y" 4+ 100y’ + 392y = 10cos(2t), y(0) =0, y'(0) = —0.2.

(b) Observe that the roots of the characteristic equation will be complex, with negative real
part. Specifically, we have

5 V1335
r=—-=%i
2 10

though note you do not need to go so far as actually finding said roots, you just need to
observe that the real part of r is nonzero.

Re(r) <0
Then the homogeneous solution will be of the form
yp = eRe)(C cos(Im(r)t) + C,sin(Im(r)t))

The homogeneous solution is clearly bounded. For the particular solution, we will have
that it is of the form

Acos(wt) + Bsin(wt)

which is also bounded. Thus, we do not have resonance for any given frequency omega.
Note behavior will clearly change with no damping.

Problem 31. A body weighing 64 pounds stretches a spring 2 feet beyond its natural
length. The body moves in a medium that impacts a viscous damping force of 8 pounds
when the speed of the body is 3 feet per second. The body is pulled down an additional 1
foot and is set in motion with an initial upward velocity of 5 feet per second. Set up, but DO
NOT SOLVE, an initial value problem that models the motion of the body. Note: Use

32 ft/sec?
as the acceleration of gravity in this problem.
Solution 31. We begin by determining the constants appearing in the mass-spring model,
my" +yy' + ky = F(t).
The weight of the body is 64 pounds. Since weight is given by



W =mg
we obtain the mass

64
— = 2 slugs.

m= =32

@ |

Next, we determine the spring constant. Using Hooke’s Law. At equilibrium, the weight of
the body is balanced by the spring force, so

kL =W = k(2) = 64 = k = 32 lb/ft.
The damping force is proportional to the velocity,
Fa=vy'

We are given that the damping force is 8 pounds when the speed is 3 feet per second, so

8
8=y(3)=y= 3 lb-sec/ft.

Since no external force is mentioned, we have
F(t)=0

Substituting these values into the differential equation gives
8
2y" + §y’ + 32y =0.

Finally, we determine the initial conditions. The body is pulled down 1 foot from the
equilibrium position. Taking downward as the positive direction, we have

y(0) =1.

The body is set in motion with an initial upward velocity of 5 feet per second. Since upward
is the negative direction, we have

y'(0) = =5.

Thus, the initial value problem describing the motion is

8
2y" + §y’ +32y =0, y(0) =1, y'(0) = —5.

Problem 32. (a) A 5 kilogram body hangs from a vertical spring attached to a rigid support.
At its equilibrium position, the body stretches the spring 20 centimeters beyond its natural
length. The body is acted upon by a downward external force of

10sin(t/2)

newtons and there is no damping. If the body is set in motion from a position 10
centimeters below its equilibrium position with an upward initial velocity of 30 centimeters



per second, set up, BUT DO NOT SOLVE, an initial value problem that describes the motion
of the body. [In the following problem, assume that the acceleration of gravity is 9.8 meters
per second per second.]

(b) If the given downward external force is replaced by
4cos(wt)

newtons, find the value of the frequency omega which will cause resonance or explain why
there is no such frequency.

Solution 32. (a) We begin by determining the constants appearing in the mass—spring
model,

my" +yy' + ky = F(t).
The mass of the body is given directly as
m = 5kg.

Next, we determine the spring constant using Hooke’s Law. At equilibrium, the weight of
the body is balanced by the spring force. The weight is

W =mg =5(9.8) =49 N

The stretchis
20cm=0.2m
so
kL =mg = k(0.2) =49 = k = 245 N/m.
The problem states there is no damping, so the damping constantis
y = 0.
The external force acting on the body is given as
F(t) = 10sin(t/2).

Substituting these values into the differential equation gives

5y” + 245y = 10sin(t/2).

Finally, we determine the initial conditions. The body is set in motion from 10 centimeters
below equilibrium. Taking downward as the positive direction, we have

y(0)=10cm = 0.1 m.
The initial velocity is upward at

30cm/s = 0.3 m/s



Since upward is the negative direction, we have
y'(0) = —-0.3.
Thus, the initial value problem describing the motion is
5y" 4+ 245y = 10sin(t/2), y(0) = 0.1, y'(0) = —0.3.

(b) From our solution to part (a), we can see that the homogeneous solution will be

Yp = Cicos(7t) + C,sin(7t)
Therefore, the value of the frequency that will cause resonance is

w=7.

as then the particular solution will be of the form

Yp = t(Acos(7t) + Bsin(7t))
which is unbounded for increasing t.

Problem 33. A spring hangs vertically from a rigid support. When a 2 pound box is
attached to the end of the spring, the box stretches the spring 0.5 feet and then comes to
rest. Suppose the box is lifted up 2 feet from the rest position and then released. Assuming
the air resistance (or the damping force) at any instant is equal to half the instantaneous
velocity of the box, write BUT DO NOT SOLVE, an initial value problem modeling the motion
of the box.

Solution 33. We begin by determining the constants appearing in the mass-spring model,
my" +yy' + ky = F(t).

First, we find the mass m. Given the weight W = 2 lb and using the acceleration due to
gravity g = 32 ft/s:

w2 1 l
m—g—32—16sugs.

Next, we determine the spring constant k using Hooke’s Law. At the rest position, the
weight is balanced by the spring force. The stretch is given as L = 0.5 ft:

kL =W = k(0.5) = 2 = k = 4 lb/ft.

The problem states the damping force is equal to half the instantaneous velocity, so the
damping constantis:

=05 = !

y=05= >

There is no mentioned external driving force, so:



F(t) =0.
Substituting these values into the differential equation gives:
L + L +4y =0
167 T2Y TV EE

Finally, we determine the initial conditions. Let the downward direction be positive. The
box is lifted up 2 feet from the rest position, which is the negative direction:

y(0) = —2.
The box is "released," which implies the initial velocity is zero:
y'(0) = 0.

Thus, the initial value problem modeling the motion of the box is:

1 1
T4 +§y+4y=0, y(0) = -2, y'(0) = 0.

Problem 34. A mass weighing 8 lb hangs from a vertical spring. The spring stretches 4
inches from its natural length at equilibrium. The medium provides a damping constant 20
lb-s/ft. The mass is displaced 2 ft upward and released. An external force 0.001cos(wt)
acts downward. (a) Set up the initial value problem. (b) Does a resonant frequency exist?

Solution 34. Let u(t) be the displacement of the mass from its equilibrium position.
We can model this system by a second order differential equation in the form:

mu” + yu' + ku = F(t).
Since, mg = 8and g = 32 ft/s? =>m=3%=%

The spring stretch is
4i ! ft
in == ft.
3

Using Hooke’s law, we can find the spring constant. Given that mg = kL, we obtain

k= i = 24.
1/3
The damping constant is given in the question as y = 20.
The forcing function is
F(t) = 0.001cos(wt).

Thus, the IVP is



1
Zu” + 20u’ + 24u = 0.001cos(wt)

with initial conditions
u(0) = -2, u'(0) = 0.

(b) Resonance does not occur because the system has damping, so the amplitude remains
bounded.

Problem 35. (Use 32 ft/sec? as the acceleration due to gravity.) A spring hanging vertically
from arigid support is stretched 6 inches by a mass that weighs 8 lb. The massisina
medium with damping constant 0.25 b - s /ft and is acted on by an external downward
force 4cos(2t) b. Suppose that the mass is displaced 2 ft upward and then released. Set
up, but do not solve, the initial value problem describing the motion.

Solution 35. Let y(t) denote the displacement from the equilibrium position.
The spring mass system can be modeled by the second order linear differential equation:

my" +yy' + ky = F(t).

Since the weightis8lb,m =2 =2 =1,
g 32 4

The spring stretchis 6in = %ft. Using ky, = mg, we obtain k = % = 16.

The damping constantis givenasy = 0.25 = i.

The forcing function is F(t) = 4cos(2t).

Thus, the IVP is

1 1
Zy” + Zy’ + 16y = 4cos(2t)

with initial conditions

y(0)=-2,  y'(0)=0.

Problem 36. A spring hangs vertically from a rigid support. When an 8 pound box is
attached to the end of the spring, the box stretches the spring 4 inches and then comes to
rest. Suppose the box is given a downward displacement of 6 inches from the rest position
and then released with no initial velocity.

(a) Assuming there is no damping and that the box is acted on by an external force 6cos(4t)
pounds, formulate but do not solve the initial value problem modeling the motion.

(b) If the external force is replaced by 12sin(wt) pounds, find the value of w > 0 for which
resonance occurs.



Solution 36. Let x(t) denote the displacement from the equilibrium position. The spring
mass system can be modeled by the second order linear differential equation:
mx" +yx' + kx = F(t).

The weightis 8 lb, som = g = % = i. The damping coefficientis 0. The stretch is 4 inches

= gft. Using ky, = mg, The initial displacement is 6 inches = %ft downward.

1

Thus, the IVP becomes

1
Zx” + 24x = F(t)

= 6c0s(4t)
withx(0) ==,  x'(0) =0.
(b) The homogeneous equation is
L +24x =0
4x X =
x" +96x = 0.

Thus, the homogeneous solution is:

xp = C;c0s(V961) + C,sin(vV96t)

Thus, resonance occurs when

w =V96.

Problem 37. A spring hangs vertically from a rigid support. When a 4 pound box is
attached to the end of the spring, the box stretches the spring 0.75 ft and then comes to
rest. Suppose the box is pushed down 3 ft below the rest position and then released.
Assuming air resistance (the damping force) at any instant is equal to twice the
instantaneous velocity of the box, write but do not solve an initial value problem modeling
the motion of the box.

Solution 37. Let x(t) be the displacement from equilibrium. We can model this using a
second order linear differential equation in the form:

mx" +yx' +kx =0.

The weightis 4 lb, som =K=i=1.
g 32 8

The damping constantisy = 2.



The spring constant satisfies Hooke’s Law which is given by:

ky, = mg.
. . 3 4 16
Since the y,is 0.75 = th, thenk = Yhuiry

Thus, the IVP is

1 16

5x”+2x’+?x=0 x(0) =3, x'(0) =0.
Problem 38. A body weighing 8 pounds hangs from a vertical spring attached to the
ceiling. At its equilibrium position, the body stretches the spring 1/2 feet from its natural
length. The body is started in motion from the equilibrium position with an initial velocity 4
feet/second in the downward direction. Let g = 32 ft/s”.

(a) Assume that there is no damping and the body is acted on by a downward external force
3cos(2t) pounds, set up, BUT DO NOT SOLVE, an initial value problem that models the
motion of the body.

(b) If the given downward external force is replaced by a force of 3cos(wt) pounds, find the
value of the frequency w which will cause resonance or explain why there is no such a
frequency.

Solution 38. (a) Let u(t) denote the displacement of the body from its equilibrium
position, where the downward direction is positive. The general equation for a spring-mass
systemiis:

mu” +yu' + ku = F(t)
First, we determine the constants:

e Mass (m): Given weight w = 8 lbsand g = 32 ft/s?, we have

W 8 _ 1 l
m—g—32—4sugs
e Spring Constant (k): Using Hooke’s Law at equilibrium, mg = kL. With a stretch of
L=1/2ft,
mg
k=—=—==16b/ft
L 1/2

e Damping (y): Since there is no damping, y = 0.
e External Force (F(t)): F(t) = 3cos(2t).

The body starts from the equilibrium position (u(0) = 0) with an initial velocity of 4 ft/s
downward (u’'(0) = 4). The Initial Value Problem (IVP) is:



1

Zu” + 16u = 3cos(2t), u(0)=0, u'(0)=+4
(b) Pure resonance occurs in an undamped system when the frequency of the external
force, w, matches the natural frequency of the system, w,. The natural frequency is
calculated as:

k 16
@o m 1/4

Thus, resonance occurs when:
w =28

Problem 39. A mass of 2 kg stretches a spring 10 cm. The mass is pulled down 20 cm from
the equilibrium position and then released with a downward initial velocity of 2 m/s. To
make this problem easier, assume g = 10 m/s?. If there is no air resistance, write but DO
NOT SOLVE an initial value problem which models the motion of the mass.

Solution 39. Let y(t) denote the displacement from the equilibrium position, where the
downward direction is positive. The general equation for a spring-mass system is:

my" +yy' + ky = F(t)
First, we determine the constants:
e Mass (m): Given mass m = 2 kg.
e Spring Constant (k): Using Hooke’s Law at equilibrium, mg = ky,. Note that 10 cm
1

=—m.
10

1 Kk
(2 kg) (10 m/s?) = k (E m) =20 = = = k = 200 N/m

e Damping (y): Since there is no air resistance, y = 0.
e External Force (F(t)): There is no mentioned external force, so F(t) = 0.
Substituting these into the differential equation gives:
2y" +200y =0
Dividing by 2, we simplify the equation to:
y"+100y =0

Next, we determine the initial conditions. Note that20cm = - m.

ul |-

1

e Initial Displacement: The mass is pulled down§ m, soy(0) = z



¢ Initial Velocity: The mass is released with a downward velocity of 2 m/s, so y'(0) =
2.

Thus, the Initial Value Problem (IVP) is:

1
y" +100y =0, y(0)= < y'(0) =2

Problem 40. A 2 kg mass is attached to a spring hanging from a ceiling. The mass causes
the spring to stretch 0.2 m before coming to rest at equilibrium. The damping constant for
the systemis 4 Ns/m. Attime t = 0, the mass is pulled down 50 cm below the equilibrium
position and released with a upward initial velocity of 3 m/s. For simplicity, set the
gravitational accelerationto g = 10 m/s?. If the mass is acted upon by an external upward
force at time t of 8cos(4t) N, set up BUT DO NOT SOLVE an initial value problem that
models the motion of the mass.

Solution 40. Let y(t) denote the displacement of the mass from its equilibrium position,
where the downward direction is positive. The general equation for a damped spring-mass
systemiis:

my" +yy' + ky = F(t)
First, we determine the constants:
e Mass (m):m = 2 kg.
e Spring Constant (k): Using the equilibrium condition mg = kAL where AL = 0.2 m:

2)(10) 20
_mg _(00) 20 o

k_AL_ 02 0.2

e Damping Coefficient (y): Givenasy = 4 Ns/m.

e External Force (F(t)): An upward force is negative in our coordinate system. Thus,
F(t) = —8cos(4t).

Substituting these values into the differential equation:
2y" +4y" + 100y = —8cos(4t)
Next, we determine the initial conditions. Note that 50 cm = 0.5 m.
¢ Initial Displacement: The mass is pulled down 0.5 m, so y(0) = 0.5.

e Initial Velocity: The mass is released with an upward initial velocity of 3 m/s. Since
upward is the negative direction, y'(0) = —3.

The Initial Value Problem (IVP) is:
2y" + 4y’ + 100y = —8cos(4t), y(0)=0.5, y'(0) =-3



Problem 41. A 1 kg mass is attached to a spring hanging from a ceiling. The box causes the
spring to stretch 10 cm before coming to rest at equilibrium. Attime t = 0, the box is pulled
down 20 cm below the equilibrium position and released with a downward initial velocity of
2 m/s. Ignore air resistance and, for simplicity set the gravitational accelerationto g =

10 m/s?. If no external forces act on the box, set up BUT DO NOT SOLVE an initial value
problem that models the motion of the box.

Solution 41. Let x(t) denote the displacement of the box from its equilibrium position,
where the downward direction is positive. The general equation for a spring-mass system
is:

mx" + yx" 4+ kx = Foy (t)
First, we determine the constants:
e Mass (m):m = 1kg.

e Spring Constant (k): Using the equilibrium condition mg = k - stretch. Note that 10

1
cm=01m=—m.
10

1 k
(1kg)(10 m/s?) = k (E m) = 10 = 75 =k = 100 N/m

e Damping Coefficient (y): Since we ignore air resistance, y = 0.
e External Force (F,,;): No external forces act on the box, so F,,; = 0.
Substituting these values into the differential equation gives:
1x" + 0x" + 100x = 0 = x" + 100x = 0.
Next, we determine the initial conditions. Note that 20 cm = 0.2 m.

¢ Initial Displacement: The box is pulled down 0.2 m below equilibrium, so x(0) =
0.2.

¢ Initial Velocity: The box is released with a downward initial velocity of 2 m/s, so
x'(0) = 2.

The Initial Value Problem (IVP) is:
x"+100x =0, x(0)=0.2, x'(0)=2

Problem 42. A 1 kg mass is attached to a spring hanging from a ceiling. The box causes the
spring to stretch 10 cm before coming to rest at equilibrium. Attime t = 0, the box is pulled
down 20 cm below the equilibrium position and released with a downward initial velocity of
2 m/s. Ignore air resistance and, for simplicity set the gravitational accelerationto g =

10 m/s?. If no external forces act on the box, set up BUT DO NOT SOLVE an initial value
problem that models the motion of the box.



Solution 42. Let x(t) denote the displacement of the box from its equilibrium position,
where the downward direction is positive. The general equation for a spring-mass system
is:

mx" +yx' + kx = Fgy (t)
First, we determine the constants:
e Mass (m):m = 1kg.

e Spring Constant (k): Using the equilibrium condition mg = k - stretch. Note that 10
cm=0.1m= % m.

1 k
(1kg)(10 m/s?) = k (E m) = 10 = 75 =k = 100 N/m

e Damping Coefficient (y): Since we ignore air resistance, y = 0.
e External Force (F,,;): No external forces act on the box, so F,,; = 0.
Substituting these values into the differential equation gives:
1x" +0x" +100x = 0 = x" + 100x = 0.
Next, we determine the initial conditions. Note that 20 cm = 0.2 m.

¢ Initial Displacement: The box is pulled down 0.2 m below equilibrium, so x(0) =
0.2.

¢ Initial Velocity: The box is released with a downward initial velocity of 2 m/s, so
x'(0) = 2.

The Initial Value Problem (IVP) is:

x"+100x =0, x(0)=0.2, x'(0)=2

Higher Order Differential Equations: Method of
Undetermined Coefficients

Problem 43. Solve the differential equation
y/// —y= 7et

Solution 43. First, we find the homogeneous solution. Using methods we have already
covered, we solve the homogeneous equation

y/// —y= 0.

The corresponding characteristic equation is



r3—1=0.
Using the difference of cubes formula, we find
r—D@*+r+1)=0.
Thus we obtain the roots

-1+iV3
r=1, r=T.

Therefore the homogeneous solution is

V3 V3
yn = Ciet + C,e " t%cos <7 t> + C3e~?sin <7 t).
Next we turn to the method of undetermined coefficients to find a particular solution.
Since the right-hand side is 7et, we would normally try a particular solution of the form
yp = Aet.

However, since et already appears in the homogeneous solution, we multiply by ¢ to obtain
the modified guess

yp = Atet.
We now compute the derivatives:
yp = A(1 +t)et,
¥y = A + t)el,
vy =A(3+t)et.
Substituting into the differential equation gives
Yy —¥p = A3 + t)et — Ate® = 34e".
We set this equal to the right-hand side:
34et = 7et.
Thus

Wl

Therefore the particular solution is

7 t
yp :§t€ .



Finally, the general solution is
Y=Yt
V3 V3\ 7
y = Ciet + C,e~?cos (7 t) + C3e~/?sin <7t> + §tet.

Problem 44. Find the general solution of

t

y(4) _ 3yn _ 4y —e"
on the interval

—o<t<o®

Solution 44. First, we find the homogeneous solution. We solve the homogeneous
equation

y® —3y" —4y = 0.
The corresponding characteristic equation is
rt*—3r2—4=0.
We can factor this like so.
(r*—4)(r*+1) =0.
(r+2)(r—-2)(r?+1) =0]
This gives us the roots
r=+42, r=4i.
Therefore the homogeneous solution is
yn = Cre?t + Cye™2t + C3cos(t) + Cysin(t).

Next, we use the method of undetermined coefficients to find a particular solution. Since
the right-hand side is

e—t

and this function does not appear in the homogeneous solution, we guess a particular
solution of the form

yp = Ae”t,
We now compute the derivatives:

yp = —Ae7t,



yy = Ae”t,
yy = —Ae”f,
yzsﬂ = Ae”t.
Substituting these into the differential equation gives
P = 3yy — 4y, = Ae~t — 3(de™") — 4(Ae”") = —64e™".
We set this equal to the right-hand side:
—64e t =e7t,

Thus

Therefore the particular solution is

Vp = —ge‘t.

Finally, the general solution is the sum of the homogeneous and particular solutions:

Y=Ynt¥
1
y = Cie?t + C,e %t + C5cos(t) + Cysin(t) — ge‘t.

Problem 45. Find the general solutions of the following differential equations:
(@) y™® +5y"+4y =0

(b)y™® +5y" + 4y =8t2 + ¢t

Solution 45. (a) First, we find the homogeneous solution for
y® +5y" +4y =0
We assume a solution of the form
y=e
which leads to the characteristic equation
r*+5r2+4=0.

We can factor this as

r2+4)(r?*+1)=0.



This gives the roots
r?=—4=r=+2i
r’=—-1=r=4i.
Therefore, the general solution to the homogeneous equation is
yp = Cycos(2t) + C,sin(2t) + C3cos(t) + Cysin(t).
(b) Now we find the general solution for
y® +5y" +4y =8t2 + ¢t

Since the homogeneous solution is already found in part (a), we use the method of
undetermined coefficients to find a particular solution. Based on the right-hand side, we
guess

Yp = At? + Bt + C.
We now compute the derivatives:
Yp = 2At + B,
Yp = 24,

yplll — O,

4
yg)zo.

Substituting these into the differential equation gives
(0) + 5(24) + 4(At* + Bt + C) = 8t* + t,
4At? + 4Bt + (104 + 4C) = 8t? + t.
Matching the coefficients of like terms:

4A =8 => A =2,

1
4B=1=B=-,
4

10A+4C=0=10(2)+4C=0=>20+4C=0= C = 5.

Therefore, the particular solution is

1
yp=2t2+zt—5.

Finally, the general solution is

Y=Yt



1
y = Cycos(2t) + C,sin(2t) + Cscos(t) + Cysin(t) + 2t2 + 2t 5.

Problem 46. Find the general solution of the differential equation
y® 4+ 4y" + 4y = 0.
Solution 46. First, we find the homogeneous solution. We assume a solution of the form
y=e't
which leads to the characteristic equation
r*+4r?2 +4 = 0.
We can factor this as
(r2+2)2=0.
This gives us the roots
r2=—-2=r=+i2.
Since the factor
(r’ +2)
is squared, these roots are repeated.
Therefore, the general solution to the differential equation is
y = Cycos(V2t) + C,sin(V2t) + Cytcos(V2t) + Cytsin(vV2t).
Problem 47. Find the general solution of the differential equation
y®) +4y™ = 0.
Solution 47. First, we find the homogeneous solution. We assume a solution of the form
y=e't

which leads to the characteristic equation

r>+4r3 =0.
We can factor as
r3(r2+4) =0.
From
r3=0

we have the triple root at



T3 =10
From

r’+4=0

ri=—4=rn5=+2i

This corresponds to the complex solutions: Therefore, the general solution to the
differential equation is

y = C; + Cot + C5t? + Cucos(2t) + Cssin(2t).

Problem 48. Find the general solution of the differential equation

y® —16y" = 0.
Solution 48. First, we find the homogeneous solution. We assume a solution of the form

y =e't

which leads to the characteristic equation

r®—16r? =0.
We can factor this as

r2(r*—16) =0

r2r?—-4)@*+4)=0
r2(r—=2)(r+2)(r2+4) =0.

This gives us the following roots:

1. From
r2=0
we have
r1,=0
2. From
(r=2)(r+2)=0
we have

T3=Zand7”4=—2

3. From



r’2+4=0
we have
ri=—4 =154 = 12i
Therefore, the general solution to the differential equation is
y = Cy + Cyot + C3e%t + Che 2t + Cscos(2t) + Cgsin(2t).
Problem 49. Find the general solution of the following differential equations.
@y"—-y"=y'+y=0
(b)t?y"+y =0

Solution 49. (a) By assuming the solution is of the form y = e, we can obtain the
characteristic equation:

r3—r2—r+1=0.
By using factoring by grouping we can simplify this polynomial:

r—r?—r+1=0@3-r3)-(r-1)
=rir-1)—-(r-1)
=r-1DFr*-1)
=(r-1D%r+1)

Thus, the roots are
r = 1 (double), r=-—1.

Therefore the general solution is given by:

y = ciet + cytet + czet.

(b) By assuming the solution is of the form y = t™, we can obtain the characteristic
equation:
mim—-1)+1=0
m?2—m+1=0

Using the quadratic formula we obtain the roots:
+

m= i.

N =
™|

Therefore the general solution is given by:



y = ¢;tY%cos <?ln|t|> + c,t'/?sin <§ln|t|>.
Problem 50. Find the general solution of
y® +3y" —4y =2t + e,
Solution 50. First solve the homogeneous equation
y® 4+ 3y" —4y =0,
We assume the solution form y = e™. Then we obtain the characteristic equation:

r*+3r2—4=0
r’+4)(r*-1)=0

Thus,

Hence,
yn = ciet + c,e ™t + c3cos(2t) + ¢,sin(2t).

We use the method of undetermined coefficients to find out particular solution. We make
our guess of:

Yp = At + B + Ce?.
Which leads to:

Yp = At + B + Ce?*

yp = A+ 2Ce?
yp = 4Ce?t

yy =8Ce?

o = 16Ce?t

Substituting into the differential equation yields

16Ce?t + 3(4Ce?") — 4(At + B + Ce?) = 2t + %t
—4At — 4B + 24Ce?t = 2t + e?t

Matching Coefficients leads to:

—4At = 2t
—4B =0
24Ce?t = 2t

Then,



And the general solution is

1 1
y = cret + cye”t + c3c08(2t) + cysin(2t) — St ﬁe”.

Problem 51. (a) Find the general solution of
y® —6y" + 9y’ = 0.
Solution 51. Assume a solution of the form: y = e™*. Then,

rS—6r3+9r=0
r(r*—6r2+9)=0
r(r2—=3)2=0

Hence the roots are given by:
r=0, r=4%V3 (doubleroot).
Thus, the general solution is given by:
y =Cy + CreV3t + C3e7 V3 + CyteV3t + Cote V3,

Problem 52. Use Method of Undetermined Coefficients to find the general solution of the
following problem:

y" — 9y =sint

Solution 52. First, we find the complementary solution. We solve the homogeneous
equation

yé =9y, =0.
The corresponding characteristic equation is
r2 -9 =0.
Solving for r, we find r = +3. Thus, the complementary solution is
y:(t) = Cre3t + Ce™3t,

Next, we find the particular solution Y (t) using the Method of Undetermined Coefficients.
Since the right-hand side is sint, we assume a solution of the form:



Y (t) = Asint + Bcost.

Taking the first and second derivatives:
Y' = Acost — Bsint

Y" = —Asint — Bcost

Substituting these into the original differential equation y” — 9y = sint:
(—Asint — Bcost) — 9(Asint + Bcost) = sint
Simplifying the left side, we get:
—10Asint — 10Bcost = sint

By comparing the coefficients on both sides, we solve for 4 and B:

e Forsint:—10A=1= A= _11_0

e Forcost:—10B=0=B=0

Finally, the general solution is the sum of the complementary and particular solutions:
y(@) =y () +Y ()

1
y(t) = Cie3t + C,e ™3t — Esint.

Problem 53. Recall that the Laplace transform F(s) of a function f(t) is given by

oo

F(s) = L{f ()} =f e~Stf()dt, s> 0.

0

Use this definition to find the Laplace transform F(s) of the function

(0 when0<t<1
f(t)_{l whent > 1

and state the values of s for which your answer is valid.

Solution 53. We use the definition of the Laplace transform and split the integral based on
the piecewise definition of f(t):

1 [e%)

F(s) = fooe‘“f(t)dt =f e st (O)dt+f e St (Ddt
0 0 1

The firstintegral is simply O:



1
det=0
0

For the second integral, we evaluate the improper integral using a limit:
© q
f e Stdt = lim | e Stdt
1 4= Jq
Integrating e ~5¢ with respect to t:

1 a 1 1
lim ——e‘“] = lim [—-—e™% — (——e‘s(l))]
q— S 1 q— S S

_ 1 1
= lim [——e™%1 +—e‘s]
q—o S S

For the limit to converge, the exponent —sq must be negative as g — oo, which requires s >
0. Under this condition, e 59 — 0:

e f=—e""

1 1
0+~ -
S S

The Laplace transform is:

F(s) = ~e~s
() =<e

This answer is valid for:
s >0 (ortheinterval (0, ))
Problem 54. Use the Method of Undetermined Coefficients to find the general solution of
y" —y' =7et.

Solution 54. First, we find the homogeneous solution y,. We solve the characteristic
equation:

—r=0.
Factoring the equation, we get:
rr? =1 =rr—-1Dr+1)=0.
Therootsarer = 0,1, —1. Thus, the homogeneous solution is:
yn = C; + Cyet + Cze™t.

Next, we find a particular solution y,. Since the right-hand side is 7e’ and e’ is already a
part of the homogeneous solution, we assume a particular solution of the form:

yp = Atet.



We compute the derivatives:
yp = Aet + Atet
yy = Aet + Ae' + Ate' = 24e' + Ate’
Yy = 2Ae' + Ae' + Ate' = 34e’ + Ate’.

Substituting these into the original differential equation y"” — y' = 7e®:

(34et + Ate') — (Ae' + Atet) = 7et.
Simplifying the left side, we get:

24et = 7et.

Comparing the coefficients, we solve for A:
7
2A=7T= A= >

So, the particular solution is:
7
Vp = Etet.
Finally, the general solution is the sum of the homogeneous and particular solutions:
7
y(t) = C; + Cet + Cze™t + Etet.

Problem 55. Find the general solution of the differential equation
y” _ 3yl + Zy — Zet.

Solution 55. First, we find the homogeneous solution. We solve the characteristic
equation:

r2—3r+2=0.
Factoring the quadratic equation gives:
(r=2)(r—-1)=0.
Therootsarer = 2 andr = 1. Thus, the homogeneous solution is:
yn = Cie%t + C,et.

Next, we find a particular solution y,,. Since the right-hand side is 2et and et is already a
part of the homogeneous solution, we assume a particular solution of the form:

yp = Ate'.



We compute the derivatives of y,:
yp = Aet + Atet
yp = Aef + (Ae' + Ate') = 24et + Atet.
Substituting these into the original differential equation y” — 3y’ + 2y = 2et:
(24et + Atet) — 3(Aet + Atet) + 2(Atet) = 2et.
Grouping the tet and et terms:
(Ate — 3Atet + 2Ate") + (24et — 34et) = 2¢t
Simplifying the left side:
—Aet = 2et.
Comparing the coefficients, we solve for A:
—-A=2=>A4A=-2
So, the particular solution is:
yp = —2tet.
Finally, the general solution is the sum of the homogeneous and particular solutions:
y(t) = Cie?t + Cyet — 2tet.
Problem 56. Find the general solution of the differential equation
y& +2y® 4+ 29" = 0.

Solution 56. We begin by finding the characteristic equation for the given homogeneous
differential equation:

ro+2rt+2r3 =0.
We can factor out r3:
r3(r?+2r+2)=0.
This gives us the roots:
e r3=0=r =1, =r; =0 (atriple root at zero).
e 7124 2r + 2 = 0.Using the quadratic formula:

—2+22-4(D)(2) -2+V-4 -2%2i

a5 = 2 2 2
The roots are 0,0,0,—1 + i,and —1 —i.




The general solution is formed by combining the solutions corresponding to each root:

e Forthetriple rootr = 0, the solutions are C;e°, C,te, and C3t?e°, which simplify
to Cy, C,t, and C5t2.

e Forthe complexrootsr = —1 + i, the solutions are C,e fcost and Cse " ‘sint.
Thus, the general solution is:
y(t) = C; + Cyt + C5t? + C,e~tcost + Cse~Csint.
Problem 57. Find the general solution of the differential equation
y"+4y' + 4y = et

Solution 57. First, we find the homogeneous solution y,. We solve the characteristic
equation:

r2+4r+4=0.
Factoring the quadratic equation gives:
(r +2)? = 0 = r = —2 (repeated roots).
Thus, the homogeneous solutionis:
yp = Cre 2t + Cyte™ 2,

Next, we find a particular solution y,, using the Method of Undetermined Coefficients
(MUC). Since the term g(t) = e’ is not contained in y;,, we assume a particular solution of
the form:

yp = Ae’.
The derivatives of y, are:
yp =Aet and y, = Ae'.
Substituting these into the original differential equation y” + 4y’ + 4y = et:

(Aet) + 4(Aet) + 4(Aet) = et.
1
9Aet=et=>9A=1=>A=§.

So, the particular solution is:
1
Vp = §et.

Finally, the general solution is the sum of the homogeneous and particular solutions:

Y=Yt



1
y = Cie 2t + Cote ™2 + §et.

Problem 58. Find the general solution of the differential equation
y® +4y" —5y = 0.

Solution 58. We begin by assuming a solution of the form y = e™. Substituting this into
the differential equation gives the characteristic equation:

r*+4r?2 —5=0.
This is a quadratic equation in terms of 2. We can factor it as follows:
(r*+5)(r*—1) =0.
Setting each factor to zero, we solve for the roots r:
e r245=0=71%2=-5=17r=+5i
e —1=0=>0C+Dr-1D=0=>r=-1, r=1
The roots of the characteristic equation are i\/gi, —1,and 1.

The general solution is formed by combining the linearly independent solutions
corresponding to these roots:

e Forthe complex roots r = ++/5i, the solutions are cos(v/5t) and sin(v/5t).
e Fortherealrootsr = —1andr = 1, the solutions are et and e’.
Thus, the general solution is:
y = C;cos(V5t) + C,sin(V5¢t) + Cze~t + C et
Problem 59. Find the general solution of the differential equation
y" + 4y = cos(t) — 3sin(t).

Solution 59. First, we find the homogeneous solution y,. We solve the characteristic
equation:

’4+4=0=1r2=—-4=r=42i
The homogeneous solution is:
Yn = Cicos(2t) + C,sin(2t).

Next, we find a particular solution y;,, using the Method of Undetermined Coefficients.
Since the right-hand side is cos(t) — 3sin(t) and there is no overlap with y;, we assume:

Yp = Acost + Bsint.



We find the derivatives:

yp = —Asint + Bcost

Yp = —Acost — Bsint.
Substituting these into the original differential equation y” + 4y = cos(t) — 3sin(t):

[—Acost — Bsint] + 4[Acost + Bsint] = cost — 3sint.
Simplifying the left side by grouping terms:
3Acost + 3Bsint = 1cost — 3sint.

By matching coefficients, we solve for A and B:

° Forcost:3A=1=>A=§

e Forsint:3B=-3=B=-1

So, the particular solution is:

1
Yp = gcost — sint.

Finally, the general solution is the sum of the homogeneous and particular solutions:

Y=Ynt¥
1
y = Cicos(2t) + C,sin(2t) + §cost — sint.

Problem 60. Find the general solution of the differential equation
y& —3y® 4+ 2y" = 0.

Solution 60. We begin by finding the characteristic equation for the given homogeneous
differential equation by assuming a solution of the form y = e™:

rS=3rt+2r3=0.
We can factor out r3:
r3(r?—3r+2)=0.
Further factoring the quadratic expression gives:
r3(r—-2)(r—1)=0.
This provides the following roots for r:

e 1 = 0 with multiplicity 3 (a triple root).



e r = 1with multiplicity 1.
e 1 = 2 with multiplicity 1.

The general solution is formed by combining the linearly independent solutions
corresponding to each root:

e Forthe triple rootr = 0, the solutions are C;, C,t, and C5t2.
e Fortherootr = 1, the solutionis C,e’.
e Fortherootr = 2, the solution is Cse?t.
Thus, the general solution is:
y = C; + Cyt + C5t? + Chet + Cge?,
Problem 61. Find the general solution of the differential equation
y" + 4y = cos(t) — 3sin(t).

Solution 61. First, we find the homogeneous solution y,. We solve the characteristic
equation:

’+4=0=1r2=—-4=r=42i
The homogeneous solutionis:
Yn = Cicos(2t) + C,sin(2t).

Next, we find a particular solution y,, using the Method of Undetermined Coefficients.
Since the right-hand side is cos(t) — 3sin(t) and there is no overlap with y;, we assume:

Yp = Acost + Bsint.
We find the derivatives:

¥p = —Asint + Bcost

Yp = —Acost — Bsint.
Substituting these into the original differential equation y” + 4y = cos(t) — 3sin(t):

[—Acost — Bsint] + 4[Acost + Bsint] = cost — 3sint.
Simplifying the left side by grouping terms:
3Acost + 3Bsint = 1cost — 3sint.

By matching coefficients, we solve for A and B:

° Forcost:3A=1=A=§



e Forsint:3B=-3=B=-1

So, the particular solution is:

Yp = §cost — sint.
Finally, the general solution is the sum of the homogeneous and particular solutions:
Y=Yt
: 1 :
y = Cycos(2t) + C,sin(2t) + §cost — sint.
Problem 62. Find the general solution of the differential equation

y® —3y® 4+ 2y" = 0.

Solution 62. We begin by finding the characteristic equation for the given homogeneous
differential equation by assuming a solution of the form y = e™:

r>=3rt+2r3 =0.
We can factor out r3:
r3(r?—3r+2)=0.
Further factoring the quadratic expression gives:
r3(r—2)(r—1) =0.
This provides the following roots for r:
e 7 = (0 with multiplicity 3 (a triple root).
e 1 = 1with multiplicity 1.
e 1 = 2 with multiplicity 1.

The general solution is formed by combining the linearly independent solutions
corresponding to each root:

e Forthe triple rootr = 0, the solutions are C;, C,t, and C3t2.
e Fortherootr = 1, the solutionis C,et.
e Fortherootr = 2, the solutionis CSeZt.

Thus, the general solution is:

y = C; + Cyt + C3t% + Chet + Ce?t.



Laplace Transforms

Problem 63. Use the definition of the Laplace transform, L{f (t)} = fooof (t)e~stdt, to find
the Laplace transform of the function

ot fos<t<1,
f(t)‘{1 ifr > 1.

For which values of s is the Laplace transform of f defined?

Solution 63. We use the definition of the Laplace transform by splitting the integral at the
point where the function’s definition changes:

1 9]

te_Stdt+f 1. e Stdt.

1

L) = f

. . 1, _ o .
First, we evaluate the integral fo t e~Stdt using integration by parts. Letu = tand dv =

e Stdt. Thendu = dtandv = —%e‘“.

1 1 1
t 1

f te Stdt = [——e‘“] —f ——e Stdt
0 S 0 o S

This limit converges to eT_S ifand only if s > 0.

Adding the two parts together, we find:

)= (-5 - )+ (5

s g2 S
-S
Simplifying the expression, the terms eT cancel out:

1—eS

52

L{f ()} = , >0

Problem 64. Use the definition of the Laplace transform,



o)

L) = fo et f(t)dt

for those values of s for which the improper integral converges, to compute the Laplace
transform of the function given by

(0 ifo<t<l1,
FO={_1 f12tco

Solution 64. We use the definition of the Laplace transform by splitting the integral at the
point where the function’s definition changes:

1 ]
L{f(t)}zf O-e_“dt+f1 (t—1)e Stdt.

0

The firstintegralis zero. Thus, we only need to evaluate the second integral:
L{f ()} =f (t — e stdt.
1

We use integration by parts. Let

u=t-1
and

dv = e Stdt
. Then

du =dt

and

v = —le‘“

s

® t—1 b b
f (t —De stdt = lim <[— e‘“] —f ——e‘“dt)
1 b=eo S 1 S S

_ b—1 17 1 b
= lim [— e™sb — O] + - [——e_“]
b—co s sl s 1

. b—1 b 1 b 1
= lim (— e S ——e7S +—Ze‘s)
b—o S S S

For the integral to converge, we require

s>0

In this case,



e 5 0ash >
Then we have

e S

L{f(t)} = 0—0+S—2.
Therefore, the Laplace transform is

)

LIF(D)} = es—z s> 0.

Problem 65. Use the definition of the Laplace transform,

LI)Gs) = fo f (©e~tdt

for those values of
s
for which the improper integral converges, to find the Laplace transform of the function
f(t) =te™
where a is a real constant. For which values of s is the Laplace transform of f defined?

Solution 65. We use the definition of the Laplace transform:

L{te®} = foot ee=stqt = foot e~(-atqe,
0 0
To evaluate this improper integral, we use integration by parts. Let
u=t
and
dv = e~ 5~ Dtgg
Then
du =dt
and
Y= — 1 e—(s—a)t
s—a

0o t b b 1
[ rertmrar = jim ([~ o emem| - [ - ——eemorar
0 b—oo s—a o Jo Ss—a



, b 1 (b
= lim [— e (smab 0] + f e "Dt gt
b—oo s—a s—al,

b
= lim <— b e~ (s—@b 4 ! [— ! e‘(s‘a)t]>

b—oo s—a s—al s—a 0
= lim (— b e_(s_a)b _;e—(s—a)b + 1 eo)
b\ Ss—a (s —a)? (s —a)?

For the integral to converge, we require the exponential terms to approach zero as
b — o
This occurs when the exponent is negative, which means
s—a>0=s>a

Under this condition, the limits of the first two terms are zero, leaving:

L{teat} =0-0+ m

Therefore, the Laplace transform is

1
L{te?} = Goar

and it is defined for

s>a

Problem 66. Use the definition of the Laplace transform,

LD} = F(s) = jo f (©etdt

for those values of s for which this improper integral converges, to find the Laplace
transform of the function

t ifo<t<?2,
f(t)_{et ift > 2.

For which values of s is the Laplace transform of f defined?

Solution 66. We use the definition of the Laplace transform and split the integral into two
parts based on the piecewise definition of f(t):

o)

2
F(s) =f te‘“dt+f et e stdt.
0 2



o 2, _ . . _
For the first integral, fo t e Stdt, we use integration by parts. Letu = t and dv = e~ 5tdt.

Thendu = dtand v = —%e‘“:

2 t 2 2 1
fte‘“dt=[——e‘“] —f ——e Stdt
0 S 0 o S
2
(Lol Lo
s sl s 0

For the second integral, fzoo et estdt, we combine the exponents:

b

f e~ =Dt gt = lim |—
2

—(s—-1)t
boo| s—1 € ]

2

1
—(s—1)b —2(s—1))
e + e .
s—1 s—1

= lim (—

b—oo

For the integral to converge, we require the exponential term to approach zero as b — oo.
This occurs when:

s—=1>0=s>1.

Under this condition, the limitis:

oo 82_25
] e—(s—l)t dt =0 + e—2(s—1) — :
2 s—1 s—1
Combining the two parts, the Laplace transform is:
1 2 1 1
F(s :___e—Zs__e—Zs+ 62_25.
Q s?2 s s? s—1

Therefore, the Laplace transform is

1—(1+2s)e > e27%
+
s? s—1

F(s) =

anditis defined fors > 1.

Problem 67. Use the definition of the Laplace transform,

LF(D) = F(s) = fo f (Oetdt

for those values of s for which this improper integral converges, to find the Laplace
transform of the function



_(m if0<t<m,
f(t)_{t ifr <t< oo,

For which values of s is the Laplace transform of f defined?

Solution 67. We use the definition of the Laplace transform and split the integral into two
parts based on the piecewise definition of f(t):

s [ee]
F(s) = f e Stdt + f te stdt.
0 T

For the first integral, fon e Stdt, we integrate directly:

T

T 1 1 1 T
j me Stdt =m [——e‘“] = n(——e‘”s +—) =—(1—e™™).
o s 0 s s/ s

For the second integral, f:t e~ Stdt, we use integration by parts. Letu = t and dv = e~5tdt.

Thendu = dtandv = —ie‘“:

°° t " (°1
f te Stdt = lim ([——e‘“] —f ——e‘“dt)
™ b=e S m Jp S

t 1 b
= lim [——e‘“ — —e‘“]
b—co S s? -

: b —bs 1 —-bs T[ —7s 1 —TS
=lim([——e ——e +—e +—e .
b—co S S Ry S

For the integral to converge, we require the exponential terms to approach zeroas b — oo.
This occurs when:

s> 0.

Under this condition, the limitis:

@ . T 1 s + 1
te™® dt=0—0+—e‘”5+—ze‘”5=< > >e‘"5.
- S S s

Combining the two parts, the Laplace transform is:

T T T 1
F(s)==———e ™ +—-e™+—=e™™,
s s s s
Simplifying the expression, we get:

F(s) =S4 e
s)=—+—=e ™.
s 5?2

and it is defined for positive s.



Problem 68. Recall the definition of the Laplace transform

LUF)(s) = f f (et de.

(a) Use the definition to find the Laplace transform of f(t) = t.
(b) For which values of s is the transform defined?

Solution 68. (a) Using the definition,

(0]

L{t}(s) = f te stdt.

0

—st

Integrate by partswithu = t, dv = e Stdt. Thendu = dt and v = —ie

Thus

; t —-st|M 1 " —st
L{t}(s) 1|}11—r>r§o —3€ lo +; e tdt
0

0—0) 42002
0-0)+<-(0-—)
1

s2

(b) The exponential terms vanish only when s > 0. Hence the Laplace transform is defined
for

s > 0.

Problem 69. Using the definition of the Laplace transform, compute the Laplace
transform of

0, 0<t<1
f(t)={1, 1<t<2
2, t>2

and determine for which s the transform is defined.

Solution 69. Recall the definition of Laplace transform:

o)

LIF)(s) = jo et (1) dt.

Since we have a piecewise function, we split the integral. Then, we obtain:

o)

L{f}(s) = flo dt + fze‘“ dt + zf e st dt.
0 1

2

Compute each part:



1
det=0
0

2 1
f e Stdt = ——(e™% — e ™).
1 s

*® 2
2[ e Stdt = —e7 25,
5 s

Thus,
1 2
LFYs) = —=(e7® —e ) +=e7™.
s s
Simplifying,
e +e”S
L{FYs) = ——

The integral converges for s > 0.

Problem 70. Recall the definition of the Laplace transform

LI)Gs) = fo et (1) dt.

(a) Use the definition to find L{f }(s) for

0<t<1,

2, <
f© = {et, t>1.

(b) For which values of s is the Laplace transform defined?

Solution 70. Using the definition of the Laplace transform we split up the integral into two
parts.

1

2e‘5tdt+J e Stetldt
1

L) = j

2 1

= —(e‘“)] + lim |——e(~ S)t]
—S M—o0 — S 1

The second integralis improper. Taking M — oo gives

1-s

=—(1—e‘s)+ —3

(b) The second integral converges onlyif 1 —s < 0,so0, s > 1.

Problem 71. Using the definition of the Laplace transform, find L{f (t)}(s) if

TR



You must also specify the domain of the transform.

Solution 71. We use the definition of the Laplace transform, L{f (t)} = fooo e St f(t)dt. We
split the integral into two parts based on the piecewise definition of f(t):

3

(0]

L{f(t)} = f e St . 7ettdt + f e St . 4dt.
0 3
For the first integral, we combine the exponents:
7J.Se—(s—4)t dt =7 [_ 1 e—(s—4)t]t=3 — 7 (_3—3(5—4) + 30) = L(l _ 3—3(5—4))_
0 s—4 t=0 S—4 s—4

. 1 .
This integral converges for all values of s, but the term ,requires s * 4.

For the second integral, we evaluate the improper integral:

0 1 b 1 1
4] e Stdt = 4lim ——e‘“] = 4]im (——e‘bs +—e‘35>.
3 b—-oo S 3 b—-oo S S

For this limit to converge, we require s > 0. Under this condition, e ™S - 0 as b — co:
*© 4
4f e Stdt = —e35,
3 s

Additionally, for the entire transform to be defined, we must consider the growth of the
function f(t). Since f(t) behaves like e*t, the integral fooo e St f(t)dt only converges if s >
4,

Combining the two parts, the Laplace transform is:

7 4
LIF(t) = —— (1 —e36"0) 4 —e735,
Uy =—70-e?D) 4 e
The transform is defined for:

s > 4.

Inverse Laplace Transforms

Problem 72. Find the inverse Laplace transform of
s
(s=2)(s=3)(s—6)

Solution 72. To find the inverse Laplace transform, we first break the fraction into simpler
parts using partial fraction decomposition.

F(s) =




s A 4 B 4 C
(s—2)(s—3)(s—6) s—2 s—3 s—6

To solve for these numbers, we multiply both sides by the denominator (s — 2)(s — 3)(s —
6) to get:

s=A(—-3)(s—6)+B(s—2)(s—6)+C(s—2)(s—3)
In this case, we can evaluate at specific values of s to find the coefficients.

s=2=2=A4(2-3)(2-6)+ B(0) + C(0)

2=ACD()

2= 4A = A =2

= - _E
s=3=3=A4(0)+ B3 —2)(3 - 6) + C(0)

3 =B(1)(-3)
3=-3B=B=-1
s—6=6=A(0)+B(0)+ C(6 —2)(6—23)
6=C(HE3)

1
6=12CﬁC=§

Now we substitute these values back into our partial fraction form:

1/2 1 1/2

F = —
(5) s—2 s—3+s—6

Taking the inverse Laplace of both sides yields

f@® =%"3_1 {Siz}_ﬁ_l{gig}-'_%ﬁ_l{s i 6}

Applying formula 2 from the table of Laplace transforms, in the inverse direction, we obtain

1 1
— 2t _ o3t 4 6t
f® 2 € e +Ze

Problem 73. Find the inverse Laplace transform of

3s+5
s2—4s+5

Solution 73. To find the inverse Laplace transform, we first look at the denominator. Since

s2 —4s+5



does not factor easily into real linear factors, we complete the square.
s2—4s+5=(s>—4s+4)+1=(s—2)*+1.
Now we rewrite the original function using this new denominator:

3s+5

O ==+t

Next, we need to adjust the numerator to match the term
(s —2)
in the denominator. We can write
3s
as
3(s—2+2)
Then we can write
3s+5=3(s—-2)+6+5=3(s—2)+ 11
Substituting, we have

3(s—2) + 11 s—2 1
=3 11—
(s—2)2+1 (s—2)2+1 (s—2)2+1

F(s) =

Now we take the inverse Laplace transform of each part. We use the formulas 9 and 10
from the table of Laplace transforms.

-1 s—a at
£ {m}: e cos(bt)

L1 {(s—a;ﬁ} = e%sin(bt)

In our case,
a=2andb =1

Applying these formulas and the linear property of the inverse Laplace we have

F(t) = 3£71 {S;} + 111 {;}
G-272+12 G-2)2+12
f(t) = 3e?tcos(t) + 11e?sin(t).

Problem 74. Find the inverse Laplace transform of



Solution 74. To find the inverse Laplace transform, we first break the fraction into simpler
parts using partial fraction decomposition. We start by factoring the denominator:

s3+s=s(s?+1).
Since
s?+1
is anirreducible quadratic factor, the decomposition takes the form

sz+s+2_A+Bs+C
s(s2+1) s s2+1°

To solve for the coefficients, we multiply both sides by the denominator
s(s?+1)
to get:
s2+s+2=A(s*+1)+ (Bs + O)s.
s?+s+2=(A+B)s*+ (s +A.

Matching the coefficients of like terms:

A=2
c=1
B =-1.

Now we substitute these values back into our partial fraction form:

7 _2+—S+1_2 S 4 1
(S)_s s2+1 s s241 s241

Taking the inverse Laplace transform of each side and using linearity:

f© =27 {3 A +£_1{521 )

Applying formulas 1,5, and 6 from the table of Laplace transforms:

1 s 1
-1 Y Qe -1 — -1 — i
L {s} 1, £ {52 n 1} cos(t), L {52 n 1} sin(t).
Thus, the inverse Laplace transform is

f(t) =2 —cos(t) + sin(t).



Problem 75. Find the inverse Laplace transform of

F _ s+1
(S)_sz—s—6'

Solution 75. To find the inverse Laplace transform, we first break the fraction into simpler
parts using partial fraction decomposition. We start by factoring the denominator:

s?—s—6=(s—3)(s+2).
The decomposition takes the form

s+1 _ A + B
(s—3)(s+2) s—3 s+2

To solve for the coefficients, we multiply both sides by the denominator
(s=3)(s+2)
to get:
s+1=A(s+2)+ B(s—3).
We can solve for A and B by substituting convenient values for s:

e Lets=3:

4
3+1=AB+2)+B0)=4=54=4=¢

e Llets=-2:
1
—2+1=A(0)+B(—2—3)$—1=—SB:B=§.

Now we substitute these values back into our partial fraction form:

4/5 1/
s—3 s+2

F(s) =
Taking the inverse Laplace transform of each side and using linearity:

PR P

Applying the formula £ {ﬁ} = e from row 2 of the table of Laplace transforms:

L {s i 3} =e¥, L7 {s -|1- 2} =e™*.

Thus, the inverse Laplace transform is




4 1
_ S 3t L -2t
f(t)—se +Se .

Problem 76. Find the inverse Laplace transform of

5s+1

F(s)= s2—2s+3

Solution 76. Notice how the denominator does not factor. Thus,we complete the square
on the denominator:

s2—2s+3=(s—1)%*+2.
We can also rewrite the numerator in a way which has a s — 1 term and a constant term:
55+1=5(s—1)+6.

Combining these yields:

Fs)=5—— 4 °
(s—1)?2+2 (s—12+2
_ s—1 46 1
-1+ (22 (- 1+ (2
s—1 6 V2

e T VG-t ()

L7YF(s)} = Setcos(V2t) + \/—65 elsin(v2t)

= 5etcos(V2t) + 3V2 etsin(V2t)
Problem 77. Find the inverse Laplace transform of
F(s) = ZL
s¢—s—6
Solution 77. First, we factor the denominator:
s?—s—6=(s=3)(s+2).

Then we perform partial fraction decomposition.

5s A B
(s—3)(s+2)_s—3+s+2
5§ =A(s+2)+B(s—3)
(s=3)15=54=>A=3
(s=-2)—10=-5B=>B =2




Hence,

3+2
s—3 s+2

F(s) =

By taking inverse Laplace transforms (using the table),
L7YF(s)} = 3e3t + 2e72,

Problem 78. Find the inverse Laplace transform of

H) =577

Solution 78. To find the inverse Laplace transform, we first decompose H(s) into partial
fractions:

1L _4 BstC
s(s2+1) s s2+1

To find the constants 4, B, and C, we multiply both sides by the common denominator
s(s?+ 1):

1=AG%*+1)+(Bs+0)s
Expanding the right-hand side:
1=As’+ A+ Bs?+Cs
Grouping the like terms:
1=(A+B)s>?+Cs+A
Comparing the coefficients on both sides of the equation:
e Constantterm: 4 =1
e Coefficientofs:C =0
e Coefficientofs2: A+B=0=14+B=0=B=-1

Substituting these values back into our partial fraction decomposition, we get:

s
s2+4+1

o 1
§)=—-—
() =2
Now, we find the inverse Laplace transform of each term separately:

e =1

S

o [T {SZST} = cos(t)



Thus, the inverse Laplace transform is:
h(t) =1 — cos(t)
Problem 79. Find the inverse Laplace transform of

s+ 11
(s=1D(s+3)

F(s) =
Solution 79. To find the inverse Laplace transform, we first decompose F(s) into partial
fractions:

s+ 11 A N B
(s—1D(G+3) s—1 s+3

Multiplying both sides by the denominator (s — 1)(s + 3) gives the basic equation:
s+11=A(s+3)+B(s—1)

We solve for the constants 4 and B:

o lets=-3:

—-34+11=B(-3-1)=8=—-4B=B=-2
o lets=1:
1+11=A1+3)=>12=44A=A=3

Substituting these values back into the partial fraction decomposition, we have:

3 2
s—1 s+4+3

F(s) =

Using the linearity of the inverse Laplace transform and the fact that £~ {ﬁ} = e%:

=302 )

Thus, the inverse Laplace transform is:
f(t) =3et —2e73t
Problem 80. Determine the inverse Laplace transform of

5
(s —1D(s?+4)

F(s) =

Solution 80. To find the inverse Laplace transform, we first decompose F(s) into partial
fractions:



5 I +Bs+C
(s—1)(s2+4) s—1 s2+4

Multiplying by the denominator gives the equation:
5=A(s?+4)+ (Bs+C)(s—1)
Expanding and grouping terms:
5=(A+B)s*?+(C—-B)s+(4A-0C)

By matching coefficients, we set up a system of equations:

e Fors>:A+B=0=A=-B

e Fors:C—B=0=(C=8B

e Constants:44A—-C=5=4(—-B)—-B=5=-5B=5=B=-1

Solving the system, we find B = —1,4 = 1, and C = —1. Substituting these back into the
decomposition:

1 + —s—1 _ 1 S 1

—1 s2+4 s—1 s2422 s2422

F(s) =3

To match the standard Laplace transform table, we rewrite the last term:

1 S 1 2
—1 s2422 2 s2+422

F(s) =3

Applying the inverse Laplace transform L™ 1{F(s)} to each term:

=l

o [T {szizz} = cos(2t)

-1 l 2 _ l .
* L {2 52+22} T2 sin(2t)
Thus, the inverse Laplace transform is:
1
L7YF(s)} = et — cos(2t) — Esm(Zt).
Problem 81. Find the inverse Laplace transform of

PO =567+

Solution 81. To find the inverse Laplace transform, we first decompose F(s) into partial
fractions:



1 _A+Bs+C
s(s2+9) s s2+9

Multiplying both sides by the denominator s(s? + 9) gives:
1=A(s*+9)+ (Bs+C)s

Expanding the right-hand side and grouping terms:
1=(A+B)s>+Cs+94

By matching the coefficients on both sides of the equation, we find:
e Constantterm:9A=1= A = %
e Coefficientofs:C =0
. Coefficientost:A+B=0ﬁ%+B=0=>B=_%

Substituting these values back into the partial fraction decomposition, we have:

Now we take the inverse Laplace transform £~ of each term:

. e

N

o [T {52;2} = cos(3t)

Thus, the inverse Laplace transform is:

1 1
f(t) = 5~ §cos(3t)

Problem 82. Find the inverse Laplace transform of

PO =567+9)

Solution 82. To find the inverse Laplace transform, we first decompose F(s) into partial
fractions:

1 _ A N Bs+C
s(s2+9) s s2+9
Multiplying both sides by the denominator s(s? + 9) gives:

1=A4(s*+9)+ (Bs+()s



Expanding the right-hand side and grouping terms:
1=(A+B)s>+Cs+94

By matching the coefficients on both sides of the equation, we find:
e Constantterm:94A=1= A = %
e Coefficientofs:C =0
e Coefficientof s A+B=0=7+B=0=B=—=

Substituting these values back into the partial fraction decomposition, we have:

Now we take the inverse Laplace transform £~ of each term:

e =1

N

o 71 {52;2} = cos(3t)

Thus, the inverse Laplace transform is:

cos(3t)

O| -

1
f®©=5-
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