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1. Introduction

Let # # T C R, called a time scale, be given. For example, T = R and T = Z are time scales that correspond to differential
and difference equations, respectively. Let S> 0 be fixed and suppose 0, S € T. Consider the second-order dynamic Sturm-
Liouville boundary value problem

—(px®)2 () + q(O)x° (t) = Af (£, x° (£)) + £g(t, X% (). t €0, S]n,
01x(0) —02x2(0) =0,  a3x(0%(S)) + aax® (0 (S)) = 0, (Prc)

where p e C1([0, 5 (S)]r, (0, 0)), q € C([0, S]1. [0, 00)), f.ge C([0,S]r x R,R), A>0 and ¢ >0 are real parameters, ;>0 for
i=1,2,3,4and o1 +03 >0, 3+ 04 >0, g + a3 > 0.

Time scales theory was created by Hilger [24] in 1988, and it serves to unify continuous and discrete analysis. Moreover,
basic elements of variational calculus on time scales were introduced in 2004 [4], and it has since then been further devel-
oped by many authors in several different directions, e.g., [16,25,29]. Many classical results of variational calculus such as
sufficient and necessary conditions for optimality have been generalized to arbitrary time scales. For related results concern-
ing economic models, we refer to [3,7,8,10-12,19]. Also, Sturm-Liouville equations on time scales have attracted substantial
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interest, see for example [2,15,17,18,26,27,30,33,34,36]. Zhang and Sun in [34], using critical point theory and variational
methods, have established existence of solutions for (P, o). First, they have ensured an existence interval for A such that
(P, o) possesses one or two solutions. Then, under entirely different assumptions on f and by employing a three critical
point theorem, they have derived some sufficient conditions for existence of at least three solutions for (P, ) when A is
located in a certain interval. In [15], the authors established a connection between dynamic Sturm-Liouville equations and
corresponding equations with measure-valued coefficients. Based on this, they generalized several known results for dy-
namic Sturm-Liouville equations. In [30], Ozkan considered a boundary value problem involving a dynamic Sturm-Liouville
equation and boundary conditions depending on a spectral parameter, and he also introduced an operator formulation for
the problem and gave several properties of eigenvalues and eigenfunctions. Finally, for finite time scales, he derived the
exact number of eigenvalues of the problem. In [33], existence of at least one and at least two positive solutions for (Pyp)
was obtained. In [31], for a periodic time scale, Su and Feng have studied a dynamic second-order p-Laplacian equation
together with certain boundary value conditions. They used the three critical point theorem, the least action principle, and
the saddle point theorem in order to obtain existence of at least one or at least three distinct periodic solutions. Existence
results on periodic time scales, by establishing a suitable variational setting, were also proved in [36] for a class of dynamic
p-Laplacian systems.

In the present paper, see Theorem 5 below, we obtain the existence of at least three distinct nonnegative solutions for
(Py¢) by utilizing a critical point result due to Bonanno and Candito [13, Theorem 3.3]. Demanding an additional asymp-
totical behaviour of the data at zero, nontriviality of the solution can be achieved also under appropriate assumptions, see
Remark 6. Moreover, existence of solutions for A — 0% is investigated, see Remark 7. Theorem 8 follows from Theorem 5.
As two special cases of Theorem 8, we present Theorems 9 and 10. Next, we offer Example 11, in which the assumptions of
Theorem 10 are satisfied. Finally, in Theorem 12, existence of at least four distinct nontrivial solutions of (P, ) is discussed.

2. Preliminaries
The main tool to derive existence of at least three solutions for (P, ;) is the following three critical point theorem due to
Bonanno and Candito. For X#0, J1, % : X — R, and r, 1y, 1y > infy Jy, 1y >1q, 3 > 0, define
( ) inf Supyej{l(_m,” »72 (.V) - .72 (X)
r) = in
¢ xeJ; V(—co.r) r—J®x)

. DY) — F(x)
inf su —_—
v o) yeg oy T1 ) — 1)

5

B(ri.r):

Supxejl" (—00,I2+73) T2 (%)

y(r2.13) = n ,

and
a(ry, 2, 13) :=max{@(r), (r2), ¥ (r2,13)}.

Theorem 1 (See [13, Theorem 3.3]). Let be given a reflexive real Banach space X. Suppose [J; : X — R is a convex, coercive, and
continuously Gdteaux-differentiable functional such that its Gdteaux derivative admits a continuous inverse on X*. Assume that
J» - X — R is a continuously Gdteaux-differentiable functional such that its Gdteaux derivative is compact. Assume

(a1) infy 71 = 71(0) = 72(0) =0,
(ay) for every xq, x5 € X such that 7,(x1) > 0 and J,(x,) > 0, one has

inf J(sx1 + (1 —5)x3) > 0.
se[0,1]

Suppose that there exist r1, 15, r3 >0 with ry <1, and

(a3) ¢(r1) < B(r1, 12),
(as) @(r2) < B(r1, 12),
(as) y(ra, r3) < B(ry, 12).

Then, for any A € ( — AJ> admits at least three distinct critical points X1, Xo, X3 such that

1 1
CIGEAN Ot(f1~r2f3)>’ T
X1 € I ((=00,11)), X2 € J7(r1.12)), X3 € T (=00, 12 +13)).

We refer the reader to [1,5,6,9,14,20-23,28] for situations of successful employments of results such as Theorem 1 in
order to prove existence of three solutions for various boundary value problems.
For f e LlA ([t1,t2)T), we abbreviate

o= /[t F(s)As.

1.62)7
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It is known [35] that
M :=H)([0,0%(S)]r) = {x:[0,0%(S)]r - R : x € AC[0,0*(S)]r and x1Z ([0, o2(S))}
is a Hilbert space when equipped with the inner product

a2(S)

a2(S)
*.y)n = /0 ()Y ()AL + /O x2 (O)y (DAL,

For x,y € H, we define

o2(S) a(S)
uyn=/ 1mwﬂm#@m+/ q(Dx" (0)y° (£) At
0 0
+ B1p(0)x(0)y(0) + Bop(c (5)x(02(S))y(a2(S)).
where
o1 .
'31 _ 0572 lf 0y > 0,
0 ifa,=0
and
o3 .
,32 _ 074 lf Oy > 0,
0 if Og = 0.

We let || - ||o be the norm induced by the inner product (-, -)g.

Lemma 2 (See [34, Lemmas 2.1, 2.2 and 4.2]). The immersion H < C([0, 0%(S)]r) is compact. If x € H, then

x(6)| < v2max{(02(5))?, (62(S)) } |1l for all t € [0, 52(S)]r.

If ay, ag >0 or q(t)>0 for t € [0, S|y, then for x e H, |x(t)] <Clx||o for every t € [0, 02(S)]r. where C = min{M;, M,, M3} and

M; = v2max ! _ Vo2(S) ’
V/B1p(0) MiNtcio.o (s} P(E)

M, = ~/2 max

S
\/M’ MiNe(o o 5)} P(E) |

Ms; = +/2 max Vo) Vo (S) }

mingc[osp. q(t) " Mingco 5 (s)), P(F)

and where § = oc.

For each x € H, define the functionals 7; and J, by

1
J1(%) = 5 [IxI15

and
a(S) o (S)
D) =/0 F(t,x“(t))At-i-%/o G(t.x* ()AL,
where
:
F(t,’;‘):[ F(t.s)ds for (t,€)[0.S]x x R
0
and
¢
G(t,g):f ga(t.s)ds for (t.£) <0, S x R.
0
Define also

L =71(x) — A7 (x).
The following auxiliary result is used later.

Lemma 3. Let T : H — H* be defined by T(x)(y) = (x,¥)o. Then T possesses a continuous inverse on E*.

(3)

(4)
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Proof. Note that

T . : )
(X)(X) - 1 (X X)O — lim ”XHO — co.
Ixllo—oo  lXllo — lxllo—oo [IXllo ~ Nixllo—oo

Thus, the map T is coercive. Now, we will prove that T is strictly monotone:
TROX=y)-TWE-y)=XXx=y)o— ¥.X=Y)o
= @=y.x=y)o = llx-yl3.
By [32, Theorem 26.A(d)], T~! exists and is continuous on #*. O
Proposition 4. x € X is a critical point of 7y — A7 iff x solves (P ).
Proof. Suppose xeX is a critical point of J; — A J,. Thus, for any y X,
(B =AR) (%),y) =0,

that is,

o2(S) o (S) o (S) o (S
[ poxt @yt st [ aox @y ©ac-x [ fe oy oac-g [ s o oa
+ B1p(0)x(0)y(0) + B2p(0 (5))X(0*(S))y(0*(S)) = 0.
Simple calculations show that
a%(S) o (S)
[ ey 0t [ g0x © - 16 0) - L ) A 5)
+p(0)y(0)[B1x(0) = x0)] + y(a2(S) [ P(02(S))X* (02(5)) + P2p(0 ($))x(62(5))] = 0.
Thus, by the fundamental lemma of variational calculus, x satisfies the dynamic equation in (P ;). Then (5) becomes
p(0)y(0)[B1x(0) — x0)] + y (2 (S)[ (3% ($)x* (5% (5)) + B2p(0 ($))x(a*(S)) | = 0.
By using (1) and (2), we have
p(0)y(0)[er1x(0) — 02%0)] + y(* () [ P(0* (S))atax™ (5%(S)) + a3 p( (5))x(0*(5)) ] = 0
for all y e X. We now demonstrate that x satisfies the boundary conditions in (P . ). Without restricting generality, suppose
o1x(0) — ax0) > 0.
We let y(t) = 02(S) —t. Then
p(0)y(0)[a1x(0) — &1x0)] + ¥ (% () [ P(0*(S))aax™ (0%(5)) + 3 p(0 ($))xX(02(5)) |
= p(0)0*($)[e1x(0) — xx0)] > 0,

a contradiction. So x is a solution of (P, ). Conversely, if x is a solution of (P, ), for any y € X, multiplying y(t) on both
sides of the dynamic equation in (P, ) and integrating on [0, o (S)]r, in view of the boundary conditions, we observe that
x satisfies ((J1 —AJ) (x),y)=0forallyeX. O

Next, for our convenience, let
Gl f G(t,0)At for 60 (6)
[0.0(S)r
and
G,:=0(S) inf G for n>0. (7)

[0.6(5)rx[0.n]

3. Main Results

For a positive constant d, set

a(S)
Ki= 2( | a0 at+pip©) + fopo <S>>>.
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We fix four positive constants 01, 6,, 3, d and define the constant §, ; by

o (S o (S
win | L i [ 672282 g SF(t, o)AL 62 — 2020 [TOF(t, 62) AL
2C2 GH Gb:
02 — 02 — 2020 [T F(t,03)At | Kq—A J7O (F(t,d) — F(t,01)) At )
GO ’ Gq — GO '

Theorem 5. Suppose f : [0, S|t x [0, 00) — (0, 00) is continuous. Assume the existence of 64, 6, 63, d> 0 such that

0] < C\/ZKd < 02 < 03

and

JEOFRE oAt [TOFE At [FOF(E 65)At 1 [TOFEd) —F(t,6;)At
(A1) max : , <= ,
62 62 62 62 2¢2 Kq

Then, for every

Ky . 62 62 62 — 62
rel = 50z T =25 o) o) ’
JTOF(E, d) - F(t,0))At 26 TOFE o)At [TOFE 0)AL [T F(t, 03)At

for every nonnegative continuous function g : [0, S|y x R — R, there exists 8, >0 given by (8) such that, for each ¢ [0, 8, ),
the problem (P, . ) possesses at least three nonnegative solutions xq, Xy, x3 € H such that

max |x(t)] <0y, max |x(t)] <G, max |x3(t)]| < 6Os.
t€[0,62(5)]z t€[0,62(5)]r t€[0,62(5)]r

Proof. We may assume f(t,x) = f(t,0) for all (t,x) €[0,S]t x (—00,0). Let X =%H, and we consider 7; and 7, defined
by (3) and (4), respectively. We now prove that 7; and J, fulfill the assumptions of Theorem 1. It is clear that 7, is
differentiable with

) a(S) ¢ a(S)
oo = [ sex oy a5 [ st o oar

for x, y € X. Moreover, .7, : X — X* is compact. Also, 7; is continuously differentiable with

o2(S) o(S

)
TX) = /0 p(OXA (O)y> (AL + /0 q(DX" (£)y° (£) At
1 Bip(0)x(0)y(0) + B2p(0 (5)x(0(S)y(@(S))

for x, yeX, while Lemma 3 yields that 7] has a continuous inverse on X*. In addition, 7; is sequentially weakly lower
semicontinuous. Denote

02 02 02 _p2
Mi=—%, Iyi=-2%, ry:=-—>_"2
2(2 2C2 2C2
and w(t) =d for t € [0, S]r. Clearly, w € X. From (3), we observe that [7; (w) = K;, and by the condition

601 < C\/2K; < 6, < 63,
we get r3 >0 and r; < J;(w) < ryp. From the definition of r; and Lemma 2, we obtain

I N (—o0,11) C {x eX: ||x]lo < \/Z}

c {x eX: |x(t)| <Cy/2r forallt €0, 02(5)]T}
={xeX: |x(t)] <6, forallt €[0,0%(S)]r},

and since we assumed that f and g are nonnegative, this ensures

o (S) a(S)
HW = sup U) Py e)acs [ G(t,yff(r))At.]

yed;(—oo,ry)

o (S) Iy o (S)
5/ F(t,61)At+X/ G(t, 6;) At
0 0

o (S)
:/ F(t,00) At + £GP
A Py
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for every x € X such that 7; (x) < rq. Thus,

a(S) 5 0
sup jZ(X) < F(t,el)At-l— )\G . (9)
xeJ; ' (—o0,11) 0
Similarly,
su i £ 0>
p J(x) < F(t,0)At + 2G (10)
xeJi (—oor2) 0 A

and
o (S)
sup D) 5/ F(t,05) At + S (11)
xeJ; ! (—o0.ry+13) 0 A
Therefore, since 0 € j{l (—o0,11) and J7(0) = 5> (0) = 0, using (9), one has
SUPyest(coory 20 [TOF(E O A+ 560 1
< 2C 3 <
51 91

2_9c2) () .
because ¢ < Z%W due to (8), and using (10), one has

() <

>

SUPres ooy 22X o g O F(t,0,) At + £G*
] - 922
1 02-2C% [EOF(e.6y) At

because ¢ < o due to (8), and using (11), one has

@(rp) <

1
2

SUDye 71 ooy 1) T2 (X) o2 JTOVE(t, 03) At + £
B : 07 -0

02-62-2c2). [¢ O F(t.03) At
%

<

> =

y(r2.13) <

because ¢ <

due to (8). Also, taking into account (7), we get
o (S) ¢ a(S)
T(w) = / F(t. w(t)) At + X/ G(t, w(t)) At
0 0

a(S) C
- /0 F(t. w(t))At + 0 (S)>

inf
A [o,a(sl>r]11rx[0,d]G
a(S) é‘
:/ E(t,d)At + =G,
o A

Hence, if x € j{l (—o00,17), then, taking (9) into account,

o (S) é- o
Fow) = 7200 = [ (F(t.d) = F@00) At + 5 (G4 = 6)

and
0<Ji(w) —J(x) < "h(w) =Ky,
so that
o (S) ¢ 6
F(t,d) —F(t,0;))At + > (Gy — G"
Brry > o ECDZFOODALY (GG 1
K; x
A0S _
because ¢ < Ko=t Jo " FEDFEONAL 46 1o (8). Altogether, we get

Gy-G"
a(ry, 2, 13) < B(r1.12).

Next, we illustrate that 7, fulfills (a;) of Theorem 1. Suppose xq, x, are local minima for I,. Then xq, x, are critical points
for I, and hence nonnegative solutions of (Py ;). Thus, it follows that

Af+28) (. sx1+(1-5)x) =0
for all s€[0, 1], and therefore, 7, (sx1 + (1 — $)xy) > 0 for all s€[0, 1]. By utilizing Theorem 1, we get that for every

N Ky 1 . 02 02 02 — 62
Sl ) ~ 502 T =27 ) P To®)
fo (F(t,d) — F(t,0,))At fo F(t,0)At fo F(t,0,)At fo F(t,03)At
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and ¢ €[0, 8, g), I, has three critical points x;, i = 1,2, 3, in X such that J;(x1) <11, J1(X2) <12, and J;(x3) < rp + 713, that
is,

max |x(t)] <0y, max [x(t)] <G, max |x3(t)]| < Os.
t€[0,62(5)]z t€[0,62(S)]r t€[0,62(S)}r

The proof is complete. O
Remark 6. If f(t, 0)#0 or g(t, 0)#0 for some t < [0, S]t, then the solutions obtained in Theorem 5 are nontrivial. Moreover,

nontriviality can be demonstrated also if f(t,0) =0 for some t € [0, S]r, requiring an extra condition at zero, namely the
existence of ¢ # D < [0, S|t (D open) and B c D such that

lim sup infies F(£,8) _ oo and liminfw > —00. (12)

£0 &2 £-0 1§12
To see this, let 0 < A < A*, where
— min { i , o : 03 — 0 }
22 EOFE oAt [FOFE o)At [COFE 05) At

*

. . . K T
4 . Theor 1 —_—
Let 71 and J, be as given in (3) and (4), respectively. Because of Theorem 1, for all A ( He (F(t,d)—F(t.&l))At’)L)’ there

exist three critical points x;;, Xp; and x3; of the functional I, = J; (x) — AJ>(x) such that

Xpp € Ty H(=00,113), Xg5 € Ty (=00, 1), X35 € Iy (—00,T3;),

where
2 2 2 2
= i = O I3 = 793)‘ - 92)‘-
2C2° 2C2° 2C2

In particular, x;; fori=1,2,3 is a global minimum of the restriction of I, to J{l (—o0, 1) for i =1,2,3. We will prove that
X1, cannot be trivial. Let us show that

lim sup J2 (%) = (13)
Ixl—0+ J1(X)
According to (12), we may pick 7 >0 and « and a sequence {&,} c RT that converges to zero such that, for all £ €[0, 7],
. infteg F(t, Sn) : 2
lim ———">* =00 and infF(t,&) > k|&|°.

We consider E c B of positive measure and y € X satisfying

(k) y(t)e[0, 1] for all t € [0, S]r,
(ky) y(t) =1 for all teE,
(k3) y(t) =0 for all t € [0, S]r \ D.

Finally, let M> 0 and let 1 > 0 such that
5 meas(E) + mpk [pg ly(£)| At
K, '

<

where
a%(S)
Ky 1=/0 p(t)lyA(t)let+/Eq(t)At+/D\Eq(t)|y"(t)|2m+;31p(0)y2(0)+ﬁ2p(0(5))y2(02(5)).

Then, there is ng € N such that
§n<T and infF(t.&) = k|&?
€

for all n > ng. Now, for every n > ng, by taking into account 0 <&,y(t) < t for sufficiently large n, since g is nonnegative, one
has

T2(5ny) _fE F(t. &) At + [ F(t, Eay (D) AL + £ [5’(5) G(t, Eny (D)) At
TG Fr (&)
e F@ &AL+ o\ F(E &y(0) At + §Go
- J1(&ny)
nmeas(E) +« [p\g [y(O)|At
= > M
K,
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Hence, by the arbitrariness of M, we obtain

J2(ny) _
o T Ey)

from which (13) follows. Thus, there exists {w,} c X that converges strongly to zero such that w;, € ‘7(1 (—o0,11;) and

L. (wn) = J1(wn) — AFa () < 0.
Since x;, is a global minimum of the restriction of I, to J{l (—o00,17;), we get

I (x13) <0, (14)
which means x;, is nontrivial. By the same arguments, we see that x,, and x3; are nontrivial. If we assume that there exist

¢+ D < [0,S]r (D open) and Bc D such that
infrep G(t, §)

. inf[ BG(t,E) .
limsup —= 22 — o0 and liminf ———222 > —c0
col  IEP o JEP

instead of (12), respectively, then the solutions are again nontrivial.

Remark 7. Using (14), we obtain negativity of the map

K, .
= A ) s A= L(xy), i=1,2,3. 15
(fg”“(F(t,d) TF(t.00) At ) ) (19)

Also, one has
lim ||x; ]| =0, i=1,2,3.
lim [lx;|

Indeed, recalling that 7, is coercive and for all A € A, for the solution x;; € ~71_1 (=00, 133), i=1,2,3, we get the existence of
L> 0 satisfying ||x;, || <L, i=1,2,3 for all > e A. Then, there exists N> 0 with

o (S) z [°®
| e o a3 [ s 006G O AL < Nl < NL (16)

fori=1,2,3, for every A € A. Since x;;, i =1, 2,3 is a critical point of I;, we have Ij\(x,-;\)(y) =0,i=1,2,3, forall yeX and
all € A. Hence, I} (x;)(x;3) =0, i=1,2,3, that is,

a(S) a(S)

7 (i) (i) = )»/0 fEX5 O)xE (AL +E /0 g(t, x3, (1)x3 (H) At

for all A € A. Then, it follows
o (S) o (S)

0 < J7 (xpp.) (xin) :k/O f(t,X&(t))X&(t)AHCfO g(t, x3; ()X (H) At
for all A € A. Letting A — 0% by (16), we obtain

lim ||x; ]| =0, i=1,2,3.

lim x|
This gives the desired conclusion. Finally, we show that the map

A.l—)I)L(X,')\), i=1,2,3

strictly decreases in A € A. For any x € X, we have

Ji(x
1A<x)=k( 10 —Jz(x)) (17)
Take 0 <A1 <Ay <A* and let Xip, be the global minimum of Ixj restricted to J; (—oo, rl-kj) fori=1,2,3, j=1,2. Also, put
T (%) . J
my, = )L_l — = JXp,) = inf 1)»01) - LW
i yeJy (=oourp,)) j
for every i =1,2,3, j=1,2. Then, (15) in conjunction with (17) and A > 0 yields
my,; <0 for i=1,2,3, j=1,2. (18)
Moreover,

mp, <my,, i=1,2,3 (19)



S. Heidarkhani, M. Bohner and G. Caristi et al./Applied Mathematics and Computation 409 (2021) 125521 9

due to the fact that 0 <A; <A,. Then, by (17)-(19) and again by the fact that 0 <A; < X,, we get
L, (Xip,) = Aoy, < Aomy, < Aqmy,, i=1,2,3

so that the map A1, (x; ), i =1,2,3, decreases strictly in A € A. Since A <X* is arbitrary, we obtain that Ar1I,(x;,) de-
creases strictly in A € A.

For positive constants 04, 64, and d, set

5 min{lmln{@f—kfa“(s)F(t,91)At 02 =22 J§ O F(t, 50 At 02 20 (7O F(t, 05) At

22 G ’ 2G % ’ 2G0% :

Kq—A J79 (F(t, d) - F(t, o)A ]
Gd -G

Theorem 8. Let f : [0, S]t x [0, 0) — [0, 0c0) be continuous. Assume the existence of 61, 64, d > 0 such that
04
01 < C/2K; < —
72
and

(Az) max /‘[)“(S)F(t,G])At 2f5(S)F(t,94)At < 1 M
’ 07 ’ 03 K

Then, for every

e<1<dl { o i })
7 FEdAr 4L TOF@ e)Ar 2 7O F(t. ) A

and every continuous g : [0, S]yr x R — [0, 00), there is (Sj\g > 0 defined by (20) such that, for all ¢ € [0, Bj\.g), (Py.c) admits at
least three nonnegative solutions x, x,, X3 € H satisfying

4 ma>]( |x3(t)| < Os4.

ﬁ’ te[0.S
Proof. Choose 6, = % and 603 = 6,4. So, from (A;) one has

max |x1(t)| <6y, max |x;(t)| <
te[0,S]r te[0,S]r

[EOFE o)At 25 T A _2[OF@ oAt 1 FOFEdAE

- — 21
02 02 = 02 e Kq (21)

and

WOFE o)At 2 [7OFtonat 1 [JOF(, d)At

0707 02 e K (22)

. . o, .
Moreover, taking into account that 6; < C,/2K; < 745 by using (A;), we have

1 FOCFE D -Fe.oAr 1 FOFCdAr FOFE o)A 1 ([FOFE DAt 2c 7O F(t d)At
2C2 K, 7202 K, - 62 7202 N

Ky 4C2 Ky
1 F9FG d)At
e Ky
Hence, from (A;), (21), and (22), we observe that (A;) of Theorem 5 is fulfilled, completing the proof. O

The following two results are special cases of Theorem 8.

Theorem 9. Let f; e L' ([0, S]r) and f, € C(R). Put F(§) = f§ f(s)ds, & e R, and assume the existence of 61, 04, d >0 with

61 < C/2K; < 9—\/4,

and

(A3) f1(£)=0 for all t € [0, S|t and f2($)>0for each & €[0, o),
F(6,) 2F(8y) 1 F(d)
(Aq) max { o 924 } 7K,
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Fig. 1. T in Example 11.

Then, for every

( K, 1 . { 02 02 })
Ae min{ = , —=
F(d) [7© fit)at ac2 (79 fi(t) At F(61) 2F(04)

and every continuous g : [0, S|y x R — [0, co0), whenever

o (S) 62 — 21F () A _ ()
§e|:0 min{zlcmmiez A (61) f; f1(t)At (% )fo fi@®) f92 2AF (6y) [ f1(t)At}’

Gh 2cd 2G

Ko = f79 fi At — (F(d) - F(61))
Gd —G% ’
the problem
—(px®)2(6) +q(O)x° (t) = Af1 (1) fL(x7 () + £g(t.x° ().t [0, S]r,
o1X(0) —2x(0) =0,  a3x(0%(S)) + aax™ (0(S)) =0 P)

admits at least three nonnegative solutions x1, X, Xg € H satisfying

max |xq(t 61, max |xp(t Xa (t )
[e[O,UZ(S)hl 1( )| =" te[ovgz(s)]jl 2( )| < [ te [0 Z(S)] | 3( >| < Uy.
Proof. Put f(t,x) = fi(t) fo(x) for (t,x) € [0, S|y x R. Since F(t, x) = f;(t)F (x) for all (t,x) € [0, S|y x R, from (A,), we obtain

(A2). O

Theorem 10. Assume the existence of 61, 04, d >0 with

9] <C\/2Kd < —

and

(As) fl§)= 0 for all & €[0, o),
F(61) 2F(6,) 1 F(d)
(Ag) max{ 9]2 , 9‘% }< K

Then, for every

N K, 1 ez e
“\oOF@ acza5) ™™\ F@y) 2F(6s)

and every continuous g : [0, S]y x R — [0, o0), whenever

g{o mm{ 1 mmlelz“’(sﬂ”(@l) 02 — 210 (SF (55 90} Ka—xo(sxF(d)—F(e]))”
2C2 ’ ’ s

G 2G5 Gy — GO
the problem
—(Px®)2(0) +q(O)x7 () = Af (7 () + £g(t. %7 (£)),  t [0, S]r,
a1x(0) — %2 (0) =0,  a3x(02(S)) +agx®(0(S)) =0

admits at least three nonnegative solutions x1, X, x3 € H satisfying

%1 ()| < 61, mx %2 ()| <

x3(t (%)
re[o(ﬂ(sn te[0.02(S)1r f tel0.0 2<5>1T| 301 < s

In the following example, all assumptions of Theorem 10 are fulfilled.
Example 11. Consider the nontrivial time scale (see Figure 1)

:{1—%: neNO}U[l,Z]UB}-
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Let p(t)=1 and q(t)=1 on T. Let

5:], (11:], (12:2, Ol3=], Ol4=4,

and
13812, £ <1,
ﬂ9={?, _y

Hence, we have
0(6)=0%S)=1. =1 Pr=r. C=min{2.2v2v2}=V2

and

_)&", E<1,
F(E)_{1+13ln($), E-1

We now choose
;=108 6,=10®, and d=10.

Now, it is easy to check that all assumptions of Theorem 10 are fulfilled. Thus, for every

N 87.5 106
S\ T+13In10° 16(1 +391n10)

and every continuous g: [0, 1] x R — [0, oo), whenever

1 [0 _sag-0e 10°-22(1+1310 (1)) | 875 2(14 13In10— 10-1%)
¢ €| 0,min 2 min Cio® , Py , G —GIO™ ,

the problem

{—xM(t) +X7(t) = Af(x7(t)) + g(t.x (), te0,1]r,

x(%) —2%¢2(0), x(1)+4x*(1)=0

admits at least three nonnegative solutions xq, x5, and x3 satisfying
1000
max |x;(t 1078, max |x(t ——, max |xs(t 103.
te[O.l]T| 10 < re[o,1]T| 2 ()] < 7 te[0,1]T| 3(0)] <

Our final result is concerned with the case ¢ = 0.

(24)

Theorem 12. Let f : [0, S|y x R — R be continuous such that £f(t, £)> 0 for all (t,&) [0, S]t x (R\ {0}). Suppose

Cfee . e
Ao) g7 = im, g =0

Then, for all

A > A :=max{inf — . inf — K }
0 (O E(t d)At  d<0 [T F(t, d) At

the problem (P, o) admits at least four distinct nontrivial solutions.
Proof. Put

fi(t. &) = {g(t’é) if (t,&) €0, S]r x [0, 00),

otherwise

and

f(t.§) = {af(f, —-&) if (t.&) €[0,S]r x [0, 00),

otherwise

and set Fi(t,§) := fot f1(t,s)ds for every (t,&) [0, S]r x R. Take A > A** and d >0 with A > From

Kq
KOR et

L8 o HEE)

lim =0,

t—0+ |(§| t—o0 |%‘|
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there exist 8, and 64 such that

— 0 [COREeNAt 1 [COREOA 1
h=C 2Kd<ﬁ’ 0?2 < acn 62 <8

Then, (A,) in Theorem 8 is fulfilled, and

Ae (—Kd 1 min { ¢ i })
IO RE DAL AT TOR e 60)AL 2 [7 Rt 64) At

Hence, the problem (P{lo) admits two positive solutions x; and x;, and they are positive solutions of (P, o). Next, by the
same arguments, from

. t, .

lim M = lim =272
0 |§] tooo |E]

we guarantee existence of two positive solutions x3 and x4 for (P){ZO). Clearly, —x3 and —x4 are negative solutions of (P, o),

and the proof is complete. O

fH(t. &) _o.

Remark 13. We remark that in Theorem 12, f is not assumed to be symmetric. But, if f #£ 0 is odd and continuous satisfying
fit, £)>0 for all (t,&) € [0, S]r x [0, 00), then (A7) may be substituted by

L fes) L fE)
(A iy g = Jim T =0

guaranteeing existence of at least four distinct nontrivial solutions of (P, o) for every A > infy_g %.
5 .
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