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1. Introduction

This paper is concerned with the oscillatory behavior of solutions of second-order nonlinear dynamic equations of the form
(@) () +f(t,x7(£) =0, t > to (1.1)
subject to the following hypotheses:
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(i) a is a positive real-valued rd-continuous function satisfying either

% As

/tﬂ as) 7 (1.2)
or

/: % < 0. (1.3)

(ii) f : [to,00) x R — R is continuous satisfying
sgnf(t,x)=sgnx and f(t,x) <f(ty), x<y. t>t. (1.4)

By a solution of Eq. (1.1), we mean a nontrivial real-valued function x satisfying Eq. (1.1) for t > t, > to. A solution x of Eq.
(1.1) is called oscillatory if it is neither eventually positive nor eventually negative; otherwise it is called nonoscillatory. Eq.
(1.1) is called oscillatory if all its solutions are oscillatory.

The theory of time scales, which has recently received a lot of attention, was introduced by Hilger [19]. Several authors
have expounded on various aspects of this new theory, see [5,11,12]. In recent years, there has been much research activity
concerning the oscillation and nonoscillation of various equations on time scales, we refer the reader to [2,3,10,13,14,16,17].
Most of the results are obtained for special cases of Eq. (1.1), e.g. when a = 1 and f(t,x) = q(t)x or a = 1 and f(t,x) = q(t)f (x),
where f satisfies the condition |f(x)/x| = k > 0 for x#0, or f'(x) > f(x)/x > 0 for x#0, see [15-17]. In [18], the authors con-
sidered the second-order Emden-Fowler dynamic equation on time scales x4 + q(t)x* = 0, where « is the ratio of odd inte-
gers, and they used the Riccati transformation technique to obtain several oscillation criteria for this equation. For the
continuous case of (1.1), i.e.,

(ax')'(6) + (£, x(£)) =0,

numerous oscillation and nonoscillation criteria have been established, see e.g. [1,4,6-9]. The main goal of this paper is to
establish new oscillation criteria for (1.1) (without employing the Riccati transformation technique). The paper is organized
as follows: In Section 2, we present some basic preliminaries concerning calculus on time scales and prove some auxiliary
results that will be used in the remainder of this paper. In Section 3, we present some oscillation criteria when condition (1.2)
holds, and Section 4 is devoted to the study of oscillation of Eq. (1.1) when condition (1.3) holds. In Section 5, some appli-
cations are discussed.

The results of this paper are presented in a form which is essentially new and of a high degree of generality. The obtained
results unify and improve many known oscillation criteria which appeared in the literature.

2. Preliminaries

A time scale T is an arbitrary nonempty closed subset of the real numbers R. Since we are interested in oscillatory behav-
ior, we suppose that the time scale under consideration is unbounded above. The forward jump operator ¢ : T — T is defined
by o(t) = inf{s € T : s > t}. For a function f : T — R we write f” = f o g, and f* represents the delta derivative of the function
fas defined for example in [11]. The reader unfamiliar with time scales may think of f4 as the usual derivative f’ if T = R and
as the usual forward difference Af if T = Z. For the definition of rd-continuity and further details we refer to [11]. Besides the
usual properties of the time scales integral, we require in this paper only the use of the chain rule [11, Theorem 1.90]

(x)*
1—«a

1
=xA/ hx® + (1 — h)x“*dh, 2.1)
JO

where o > 0 and x is such that the right-hand side of (2.1) is well defined. Integration by parts, the product rule, and the
quotient rule are not needed in this paper. One consequence of (2.1), that will be used in the proof of four results throughout
this paper, is as follows.

Lemma 2.1. Suppose |y|* is of one sign on [to, c0) and o > 0. Then

it
(y)* = 1—o “yf

on [ty, 00).

Proof. Replacing x by |y| in (2.1), we see that either |y|* > 0 so that |y| is increasing and hence |y| < |y|” and thus
Iyl < hly|” + (1 —h)|y| < ly|° for all h € [0,1], or otherwise |y|* < 0 so that |y| is decreasing and hence |y| > |y|” and thus
vl = hly|°+ (1 —h)ly| = |y’ forallh € [0,1]. O

We shall obtain results for strongly superlinear and strongly sublinear equations according to the following classification.
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Definition 2.2. Eq. (1.1) (or the function f) is said to be strongly superlinear if there exists a constant g > 1 such that

F(E0)] _ [F(E.)

<
x|’ )’

for |x| <y, xy >0, t > to, (2.2)

and it is said to be strongly sublinear if there exists a constant y € (0, 1) such that

V(‘;’;)' > UF(&’\X” for x| <|yl, xy >0, t > to. (23)

If (2.2) holds with g =1, then (1.1) is called superlinear and if (2.3) holds with y = 1, then (1.1) is called sublinear.

Lemma 2.3. Condition (1.4) implies that

el <Uf(ty)l for x| <y, xy >0, t > to. (24)
Proof. Assume (1.4). Suppose |x| < |y| and xy > 0. Then either 0 < x < y and thus 0 < f(t,x) < f(t,y) so that |[f(t,x)| < |f(t,y)]
for all t > to, or y < x < 0 and thus f(t,y) < f(t,x) < 0 so that again |f(t,x)| < |f(t,y)| for all t > t,. Thus (2.4) holds. O

The following lemma will be used throughout.

Lemma 2.4. Suppose x solves (1.1) and is of one sign on [tg,00). Let u, v,t > to. Then

XI*(v) = x*(v)sgnx(v) (25)
and

(o = W+ e’ [ 25 [ oo [ e 26)

Proof. Let u,v,t € T withu, v,t > to. Let s € T with s > t,. Integrate (1.1) from » to s and divide the resulting equation by
a(s). Now integrate the resulting equation from u to t and multiply the resulting equation with sgnx(z). Then observe
sgnx(v) = sgnx(t), [x(v)| = x(v)sgnx(v), |x(t)| = x(t )sgnx( ), and so (1.4) gives

[X|(t) = |x|(u) + a(v)x*(v)sgnx(v) /ut - / If(t,x(a(7)))|ATAS. (2.7)

Now differentiate (2.7) with respect to t and then plug in t = v to obtain (2.5). Finally use (2.5) in (2.7) to arrive at (2.6). O

3. Criteria under condition (1.2)

In this section, we give some new oscillation criteria for Eq. (1.1) when condition (1.2) holds. We let
t
A
A(t) = / B fort > to.
t, a(S)
The following simple consequence of Lemma 2.4 will be used throughout this section.

Lemma 3.1. Assume (1.2). Suppose x solves (1.1) and is of one sign on [tg,00). Then on [tg, 00),

A

|| = 0, hence |x| is increasing. (3.1)

Moreover, pick any t, > to and let

t=x(t) and c* = {‘z((to))l +aft )|x|A(t0)}sgnx(to).
Then

|x| > |c| on [to,o0), where cx >0 (3.2)
and

|x| < |c*A| on [t1,00), where c*Ax > 0. (3.3)
Proof. Using (2.6) witht > v =u > t,, we find

IX(0)] < x(u)] + a(u)|x|( / forall £ > t
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which is a contradiction to (1.2) when [x|*(u) < 0. This completes the proof of (3.1). Next, (3.2) follows from (3.1). Finally,
using (2.6) with t > t; and u = v = to, we find

(O] < o) + alt) (A0 = { 32+ o)) () < )

so that (3.3) follows. O

The first oscillation result about (1.1) is immediate.

Theorem 3.2. Assume (1.2). If

" If(t,c)|AT =00 for all c#0, (3.4)

to

then Eq. (1.1) is oscillatory.
Proof. leferentlatmg (2.6) with respect to t and then letting t = ty and using (3.2) and (2.4), we find, for all v > tg,
Ix|2( /[frx |Ar/ /Lf‘cc\Ar

which contradicts (3.4) and completes the proof. O
The next result deals with the oscillation of all bounded solutions of Eq. (1.1).

Theorem 3.3. Assume (1.2). If
/ L/ If(t,c)|ATAS = 0o for all c#0, (3.5)
n a(s) Js
then all bounded solutions of Eq. (1.1) are oscillatory.

Proof. Let x be a bounded nonoscillatory solution of (1.1) such that x is of one sign on [ty, o0). Using (3.2) and (2.4), we obtain
If(t,x(a(1)))| = If(t,¢)| forall T > t.
Thus, using (2.6) with v > t > to = u, together with (3.1), we find

1 v -
x(t 7,X(0(7)))|ATAS > / — / T,C)|ATAS,
wol > [ g [ e [ [ rwo
which, since x is bounded, contradicts (3.5) and completes the proof. O

Theorem 3.4. Assume (1.2). Suppose (1.1) is superlinear. If

lim sup {A(t) /toc If (z, c)|Ar} > |c| for all c#0, (3.6)

t—o0

then Eq. (1.1) is oscillatory.

Proof. Let x be a nonoscillatory solution of (1.1) such that x is of one sign on [to, 00). Using (3.2) and (2.2) (with g = 1), we

obtain
f(z,x(a(0)| _ f(7.0)]
Ko@)l > @ AT
Thus, using (2.6) with v > t > t, = u, along with (3 1), we find
[x(t)| / / If(t,x(0(7)))|ATAS > / /(. |c| 0(1))|ATAS

> [aw ] lf|c\ )”ATAS'/,/ [ lflc\ (Olfchs
and hence

|a>Am1meamL

which contradicts (3.6) and completes the proof. O

Next, we present the following result for the strongly superlinear Eq. (1.1).



S.R. Grace et al./Commun Nonlinear Sci Numer Simulat 14 (2009) 3463-3471 3467

Theorem 3.5. Assume (1.2). Suppose (1.1) is strongly superlinear. If

/ 1 / If(t,¢)|ATAS = 00 for all c#0, (3.7)
w a(s) Js
then Eq. (1.1) is oscillatory.

Proof. Let x be a nonoscillatory solution of (1.1) such that x is of one sign on [tp, co). Using (3.2) and (2.2) (with g > 1), we
obtain

f(z.x(e(@))] _ f(z.0)]
B 7 TP
x(a(7))| Ic|
Thus, differentiating (2.6) with respect to t and using (3.1) and Lemma 2.1 (the inequality on the left-hand side), we find, for
all v > t,

1
Ix|%( /Lfrx MIAT = T/ lfw |\x 7)) At

1 f(r, )W > If(z, — Dx(t)
s c\ﬁ 0 > [ G |” <|x|1 R0
and hence

1-p\A
00 > L [ el

Integrating this inequality from t, to t > to, we obtain

Ic” / / (7, 0)lATASs > | ‘/r / / If (t,C)|ATAs,

which contradicts (3.7) and completes the proof. O

forall T > tg

x(to) " > x(e) 4+ P

Finally, for the strongly sublinear Eq. (1.1), we have the following result.

Theorem 3.6. Assume (1.2). Suppose (1.1) is strongly sublinear. If
/ If(t,cA(T))|AT = 0o for all c0, (3.8)
to
then Eq. (1.1) is oscillatory.

Proof. Let x be a nonoscillatory solution of (1.1) such that x is of one sign on [to, o). Using (3.3) and (2.3) (with0 < y < 1), we
obtain

X))l _ (5, cA@)
k@ = leA@p

Thus, using (2.6

2.6)
|x(t) / / If(t,x(a(1)))|ATAS > / / If(t,x(a(7)))|ATAS

- Al / fexo(@)iar > A0 [ Ifx(@)iac

" f(z,c"A(T))|

G |’

(where we have used (3.1) and (2.4) in the second last inequality) and hence

%' > z(t), where z(t) := |c*|”’ / If (z,c*A(t (( ))

Thus, using Lemma 2.1 (the inequality on the right-hand side),

forall T > t;

withu =ty and » > t > t{, we find

x(7)|’At

AT.

x(7)|

A(T)

> [c[If(n Az = || If (T.cA(T))

—[2*(0) = =2*(0) = |c*["If (r, A1)

(1 - (-lz2*)
—(121" )" (7)
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and hence

(") @) > AL

Integrating this inequality from t; to t > t;, we obtain

) > o+ [ fneama >

V ot
o [ z.cAm)ar

which contradicts (3.8) and completes the proof. O

4. Criteria under condition (1.3)

The purpose of this section is to present criteria for the oscillation of Eq. (1.1) when f is either strongly superlinear or
strongly sublinear and when (1.3) holds. We let

~ " As
A(t) .:/t ) for t > to.

The following consequence of Lemma 2.4 will be used throughout this section.
Lemma 4.1. Assume (1.3). Suppose x solves (1.1) and is of one sign on [to, co). Then either on [ty, o)
[x|* = 0, hence |x| is increasing (4.1)
or there exists t; > to such that on [t;, c0)
|x|* <0, hence || is decreasing. (4.2)

Moreover, let

~ i if (4.1) holds,
’:{\X(to)\+a(to)\xA(t0)|A(r0)}sgnx(to) and &= At
a(ty)|x*(tz)|sgnx(to) if (4.2) holds.

Then

x| <|c| on [to,00), wherecx >0 (43)
and

X| > |¢A| on [t;,00), where ¢Ax > 0. (44)

Proof. Assume that (4.1) does not hold. Then there exists t, > to such that |x|*(t;) < 0. Now, differentiating (2.6) and using
v =t,, we find

A
(e =2 [ exomiar < G ) <0

for all t > t;, which proves (4.2). Next, using (2.6) with v = u = tp < t and taking into account (2.5), we find

(0] < Ixto)| + alto)ix(c) | %

which proves (4.3). Finally, to prove (4.4), we consider two cases: If (4.1) holds, then

tAs _
< [X(to)| + a(to) X (to)| / oy <16l forallt > o,
to

x(to)

A(to)

X(t)| = [x(to)| = A(to) = [¢[A(to) > [E|A(D).

If (4.2) holds, then, using (2.6) with t > u > t, = v, we find
A rt As
x(w)| = [%(6)] — a(t2)[x|*(£2) / / / (2, X(6(T)))|ATAS > [¢ /

and letting t — oo shows |x(u)| > |¢|A(u) forallu > t,. O
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Theorem 4.2. Assume (1.3). If

/ / If (T,cA(0(T)))|ATAs = 0o for all c#0, (4.5)

then Eq. (1.1) is oscillatory.
Proof. Let x be a nonoscillatory solution of (1.1) such that x is of one sign on [tp, c0). Using (4.4) and (2.4), we obtain

If(t,x(0(1)))| = f(1,¢A(a(T)))| forall T > t,
Thus, using (2.6) with u = v = t; < t, we find

As

(O] = e +ate ) [ oo [ o a(s [z xo@iacas

e, a(s
< IX(tz)|+a(tz)IXIA(tz)[ f/ / If(t,¢A(a(7)))|ATAs,

which contradicts (4.5) and completes the proof. O
For the strongly superlinear Eq. (1.1), we present the following result.

Theorem 4.3. Assume (1.3). Suppose (1.1) is strongly superlinear. If

/ f(z,cA(G(1)|AT = 00 for all 0, (4.6)

then Eq. (1.1) is oscillatory.

Proof. Let x be a nonoscillatory solution of (1.1) such that x is of one sign on [to, co). Using (4.4) and (2.2) (with g > 1), we
obtain

fz.x@ml lf(TLAZ\(G(T)))I
x( (1)) leA(a(r))/"

Thus, using (2.6) with t > u > t, = v, we find

()] = (0] — alta)ex) [ 2+ / a5 | Ve xo)anas

> —a(t2)|x|A(tz)/t / / If (T, x(c(1)))|ATAS

so that, with (2.4) and b = a(t;)|x*(t)|,

forallt > t,

x(u)| > bA(u) + A(u /[frx 7)))|AT > bA(u) + A(u) t:W‘X(G(T))lﬁAT

and hence
B

Xw) bl [ e eA x(a(1))

AW > w(u), where w(u) :=b +|¢| /tz V(T,CA(G(‘C))NA(O_(T)) At
Thus, using Lemma 2.1 (the inequality on the left-hand side),

B
M) — wh(e) — e e, x(o(1))
w|™(7) = wi(1) = [c[ If(t.C (U(T)))\A(a(f))
(8= Diw*(1)

> (e[P|f(t. A b et If (. A :
= ¢ PIf (7, cA(a(T))lIw(a ()" = [e] 7If (T, CA(a(T)))| (w0

and hence

—(w'™)) > ﬂ‘gvgl [f(z.cA(a(D)]-




3470 S.R. Grace et al./Commun Nonlinear Sci Numer Simulat 14 (2009) 3463-3471
Integrating this inequality from t, to t > t,, we obtain
w(t)[ = (wt)|"* +% /rf If(t,¢cA(0(T)))|AT > ‘ |ﬁ / f(t,¢A(0(T)))|AT,
2
which contradicts (4.6) and completes the proof. O

Finally, for the strongly sublinear Eq. (1.1), we have the following result.

Theorem 4.4. Assume (1.3). Suppose (1.1) is strongly sublinear. If
o) S
/ L / If(t,¢)|ATAs = 0o for all c#0, (4.7)
o A(S) Jiy
then Eq. (1.1) is oscillatory.

Proof. Let x be a nonoscillatory solution of (1.1) such that x is of one sign on [to, c0). By Lemma 4.1, either (4.1) or (4.2) holds.
In the case of (4.1), we have |x(t)| > |x(to)| for all t > to and thus, by (2.6) with u = v = t, < t, together with (2.4),

(0] = ito)| + alto)x t) | %7/ ags) (2, x(0(2)))|ATAS
< Ix(to) + alto)*to) | %f/ 7 / (T, x(to)) | ATAs,

a contradiction to (4.7). In the case of (4.2), using (4.3) and (2.3) (with 0 < 7 < 1), we obtain
f(z.x(a(@))] _ f(z.0)

ke@)l ~ el

Thus, differentiating (2.6) with respect to t and letting v = t, < t, we find

() = (tz)a'z‘t‘ @ [ v

'C' /vfcux o)A
r’
—% / f(z. o)At

where we have used again (4.2) in the last inequality. Now, using (2.1) (the inequality on the right-hand side), we obtain

N e _ (0
AGECES e

Integrating this inequality from t, to t > t;, we obtain

forallt >t

x(t2)]' = |x(t)]'7 Loy L f (t,¢)|ATAS > 1oy [f L[ If (z,€)|ATAS
|E|/ Jity G(S) Jty ’ |E|,‘ Jity a(s) Jity ’ ’

which contradicts (4.7) and completes the proof. O

5. Some applications

We shall apply the obtained results for Eq. (1.1) to the second-order Emden-Fowler dynamic equation on time scales

(ax*)* +q(x°)* =0, (5.1)

where a and g are nonnegative rd-continuous functions and « is the ratio of positive odd integers. By Theorems 3.2, 3.4 ,3.5
and 3.6, respectively, we obtain the following.

Theorem 5.1. Let condition (1.2) hold and define A(t) = ffn As/a(s). Eq. (5.1) is oscillatory if one of the following conditions holds:
* Ju A(0)AT = o0, if o > 0;
e lim suptﬂo{A JZa(t)Aty > cforany c>0,if o > 1

* Jo a5 f q T)ATAS = 0, if o0 > 1;
.ftg (AT =00, if0 <o < 1.

By Theorems 4.2, 4.3 and 4.4, respectively, we obtain the following.
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Theorem 5.2. Let condition (1.3) hold and define K(t) = 77 As/a(s). Eq. (5.1) is oscillatory if one of the following conditions holds:

o [k fi a(0)(A(0(7))"ATAS = o0, if o > 0;
o [ (A(0(D) q(DAT = o0, if o > 1;
. ft‘?ﬁféq(r)ArAs:oo,ifO<oc<l.

Remark 5.3. From the results of this paper, we can obtain some oscillation criteria for Eq. (1.1) on different types of time
scales. If T = R, then g (t) =t and x* = X. In this case, the results of this paper are the same as those in [20]. If T = 7, then
o(t) =t+1 and x(t) = Ax(t) = x(t + 1) — x(t). In this case, the results of this paper are the discrete analogues of those in
[20]. If T = hZz with h > 0, then o(t) = t + h and x2(t) = Axx(t) = (x(t + h) — x(t))/h. The reformulation of our results are easy
and left to the reader. We may employ other types of time scales, e.g. T = g™ with g > 1, T = N2, and others, see [11,12]. The
details are left to the reader.

Remark 5.4. The results of this paper can be extended to dynamic equations of type (1.1) with deviating arguments, e.g.
(ax*)* + f(£, x(z(1))) =0,

where 7: T — T with lim_ . 7(t) = co. The details are left to the reader.
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