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1. Introduction

This paper is concerned with the oscillatory behavior of solutions of second-order nonlinear dynamic equations of the form
ðaxDÞDðtÞ þ f ðt; xrðtÞÞ ¼ 0; t P t0 ð1:1Þ
subject to the following hypotheses:
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(i) a is a positive real-valued rd-continuous function satisfying either
Z 1

t0

Ds
aðsÞ ¼ 1 ð1:2Þ
or
 Z 1

t0

Ds
aðsÞ <1: ð1:3Þ
(ii) f : ½t0;1Þ � R! R is continuous satisfying
sgn f ðt; xÞ ¼ sgnx and f ðt; xÞ 6 f ðt; yÞ; x 6 y; t P t0: ð1:4Þ
By a solution of Eq. (1.1), we mean a nontrivial real-valued function x satisfying Eq. (1.1) for t P tx P t0. A solution x of Eq.
(1.1) is called oscillatory if it is neither eventually positive nor eventually negative; otherwise it is called nonoscillatory. Eq.
(1.1) is called oscillatory if all its solutions are oscillatory.

The theory of time scales, which has recently received a lot of attention, was introduced by Hilger [19]. Several authors
have expounded on various aspects of this new theory, see [5,11,12]. In recent years, there has been much research activity
concerning the oscillation and nonoscillation of various equations on time scales, we refer the reader to [2,3,10,13,14,16,17].
Most of the results are obtained for special cases of Eq. (1.1), e.g. when a ¼ 1 and f ðt; xÞ ¼ qðtÞx or a ¼ 1 and f ðt; xÞ ¼ qðtÞf ðxÞ,
where f satisfies the condition jf ðxÞ=xjP k > 0 for x–0, or f 0ðxÞP f ðxÞ=x > 0 for x–0, see [15–17]. In [18], the authors con-
sidered the second-order Emden–Fowler dynamic equation on time scales xDD þ qðtÞxa ¼ 0, where a is the ratio of odd inte-
gers, and they used the Riccati transformation technique to obtain several oscillation criteria for this equation. For the
continuous case of (1.1), i.e.,
ðax0Þ0ðtÞ þ f ðt; xðtÞÞ ¼ 0;
numerous oscillation and nonoscillation criteria have been established, see e.g. [1,4,6–9]. The main goal of this paper is to
establish new oscillation criteria for (1.1) (without employing the Riccati transformation technique). The paper is organized
as follows: In Section 2, we present some basic preliminaries concerning calculus on time scales and prove some auxiliary
results that will be used in the remainder of this paper. In Section 3, we present some oscillation criteria when condition (1.2)
holds, and Section 4 is devoted to the study of oscillation of Eq. (1.1) when condition (1.3) holds. In Section 5, some appli-
cations are discussed.

The results of this paper are presented in a form which is essentially new and of a high degree of generality. The obtained
results unify and improve many known oscillation criteria which appeared in the literature.

2. Preliminaries

A time scale T is an arbitrary nonempty closed subset of the real numbers R. Since we are interested in oscillatory behav-
ior, we suppose that the time scale under consideration is unbounded above. The forward jump operator r : T! T is defined
by rðtÞ ¼ inffs 2 T : s > tg. For a function f : T! R we write f r ¼ f � r, and f D represents the delta derivative of the function
f as defined for example in [11]. The reader unfamiliar with time scales may think of f D as the usual derivative f 0 if T ¼ R and
as the usual forward difference Df if T ¼ Z. For the definition of rd-continuity and further details we refer to [11]. Besides the
usual properties of the time scales integral, we require in this paper only the use of the chain rule [11, Theorem 1.90]
ðx1�aÞD

1� a
¼ xD

Z 1

0
½hxr þ ð1� hÞx��adh; ð2:1Þ
where a > 0 and x is such that the right-hand side of (2.1) is well defined. Integration by parts, the product rule, and the
quotient rule are not needed in this paper. One consequence of (2.1), that will be used in the proof of four results throughout
this paper, is as follows.

Lemma 2.1. Suppose jyjD is of one sign on ½t0;1Þ and a > 0. Then
jyjD

ðjyjrÞa
6
ðjyj1�aÞD

1� a
6
jyjD

jyja
on ½t0;1Þ:
Proof. Replacing x by jyj in (2.1), we see that either jyjD > 0 so that jyj is increasing and hence jyj 6 jyjr and thus
jyj 6 hjyjr þ ð1� hÞjyj 6 jyjr for all h 2 ½0;1�, or otherwise jyjD < 0 so that jyj is decreasing and hence jyjP jyjr and thus
jyjP hjyjr þ ð1� hÞjyjP jyjr for all h 2 ½0;1�. h

We shall obtain results for strongly superlinear and strongly sublinear equations according to the following classification.
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Definition 2.2. Eq. (1.1) (or the function f) is said to be strongly superlinear if there exists a constant b > 1 such that
jf ðt; xÞj
jxjb

6
jf ðt; yÞj
jyjb

for jxj 6 jyj; xy > 0; t P t0; ð2:2Þ
and it is said to be strongly sublinear if there exists a constant c 2 ð0;1Þ such that
jf ðt; xÞj
jxjc

P
jf ðt; yÞj
jyjc

for jxj 6 jyj; xy > 0; t P t0: ð2:3Þ
If (2.2) holds with b ¼ 1, then (1.1) is called superlinear and if (2.3) holds with c ¼ 1, then (1.1) is called sublinear.

Lemma 2.3. Condition (1.4) implies that
jf ðt; xÞj 6 jf ðt; yÞj for jxj 6 jyj; xy P 0; t P t0: ð2:4Þ
Proof. Assume (1.4). Suppose jxj 6 jyj and xy P 0. Then either 0 6 x 6 y and thus 0 6 f ðt; xÞ 6 f ðt; yÞ so that jf ðt; xÞj 6 jf ðt; yÞj
for all t P t0, or y 6 x 6 0 and thus f ðt; yÞ 6 f ðt; xÞ 6 0 so that again jf ðt; xÞj 6 jf ðt; yÞj for all t P t0. Thus (2.4) holds. h

The following lemma will be used throughout.

Lemma 2.4. Suppose x solves (1.1) and is of one sign on ½t0;1Þ. Let u;v; t P t0. Then
jxjDðvÞ ¼ xDðvÞsgnxðvÞ ð2:5Þ
and
jxjðtÞ ¼ jxjðuÞ þ aðvÞjxjDðvÞ
Z t

u

Ds
aðsÞ �

Z t

u

1
aðsÞ

Z s

v
jf ðs; xðrðsÞÞÞjDsDs: ð2:6Þ
Proof. Let u;v ; t 2 T with u;v ; t P t0. Let s 2 T with s P t0. Integrate (1.1) from v to s and divide the resulting equation by
aðsÞ. Now integrate the resulting equation from u to t and multiply the resulting equation with sgnxðvÞ. Then observe
sgnxðvÞ ¼ sgnxðtÞ, jxðvÞj ¼ xðvÞsgnxðvÞ, jxðtÞj ¼ xðtÞsgnxðtÞ, and so (1.4) gives
jxjðtÞ ¼ jxjðuÞ þ aðvÞxDðvÞsgnxðvÞ
Z t

u

Ds
aðsÞ �

Z t

u

1
aðsÞ

Z s

v
jf ðs; xðrðsÞÞÞjDsDs: ð2:7Þ
Now differentiate (2.7) with respect to t and then plug in t ¼ v to obtain (2.5). Finally use (2.5) in (2.7) to arrive at (2.6). h
3. Criteria under condition (1.2)

In this section, we give some new oscillation criteria for Eq. (1.1) when condition (1.2) holds. We let
AðtÞ :¼
Z t

t0

Ds
aðsÞ for t P t0:
The following simple consequence of Lemma 2.4 will be used throughout this section.

Lemma 3.1. Assume (1.2). Suppose x solves (1.1) and is of one sign on ½t0;1Þ. Then on ½t0;1Þ,
jxjD P 0; hence jxj is increasing: ð3:1Þ
Moreover, pick any t1 > t0 and let
~c ¼ xðt0Þ and c� ¼ jxðt0Þj
Aðt1Þ

þ aðt0ÞjxjDðt0Þ
� �

sgnxðt0Þ:
Then
jxjP j~cj on ½t0;1Þ; where ~cx > 0 ð3:2Þ
and
jxj 6 jc�Aj on ½t1;1Þ; where c�Ax > 0: ð3:3Þ
Proof. Using (2.6) with t P v ¼ u P t0, we find
jxðtÞj 6 jxðuÞj þ aðuÞjxjDðuÞ
Z t

u

Ds
aðsÞ for all t P t0;
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which is a contradiction to (1.2) when jxjDðuÞ < 0. This completes the proof of (3.1). Next, (3.2) follows from (3.1). Finally,
using (2.6) with t P t1 and u ¼ v ¼ t0, we find
jxðtÞj 6 jxðt0Þj þ aðt0ÞjxjDðt0ÞAðtÞ ¼
jxðt0Þj
AðtÞ þ aðt0ÞjxjDðt0Þ

� �
AðtÞ 6 jc�AðtÞj
so that (3.3) follows. h

The first oscillation result about (1.1) is immediate.

Theorem 3.2. Assume (1.2). If
Z 1

t0

jf ðs; cÞjDs ¼ 1 for all c–0; ð3:4Þ
then Eq. (1.1) is oscillatory.

Proof. Differentiating (2.6) with respect to t and then letting t ¼ t0 and using (3.2) and (2.4), we find, for all v P t0,
jxjDðt0ÞP
1

aðt0Þ

Z v

t0

jf ðs; xðrðsÞÞÞjDs P
1

aðt0Þ

Z v

t0

jf ðs; ~cÞjDs;
which contradicts (3.4) and completes the proof. h

The next result deals with the oscillation of all bounded solutions of Eq. (1.1).

Theorem 3.3. Assume (1.2). If
Z 1

t0

1
aðsÞ

Z 1

s
jf ðs; cÞjDsDs ¼ 1 for all c–0; ð3:5Þ
then all bounded solutions of Eq. (1.1) are oscillatory.

Proof. Let x be a bounded nonoscillatory solution of (1.1) such that x is of one sign on ½t0;1Þ. Using (3.2) and (2.4), we obtain
jf ðs; xðrðsÞÞÞjP jf ðs; ~cÞj for all s P t0:
Thus, using (2.6) with v P t P t0 ¼ u, together with (3.1), we find
jxðtÞjP
Z t

t0

1
aðsÞ

Z v

s
jf ðs; xðrðsÞÞÞjDsDs P

Z t

t0

1
aðsÞ

Z v

s
jf ðs; ~cÞjDsDs;
which, since x is bounded, contradicts (3.5) and completes the proof. h

Theorem 3.4. Assume (1.2). Suppose (1.1) is superlinear. If
lim sup
t!1

AðtÞ
Z 1

t
jf ðs; cÞjDs

� �
> jcj for all c–0; ð3:6Þ
then Eq. (1.1) is oscillatory.

Proof. Let x be a nonoscillatory solution of (1.1) such that x is of one sign on ½t0;1Þ. Using (3.2) and (2.2) (with b ¼ 1), we
obtain
jf ðs; xðrðsÞÞÞj
jxðrðsÞÞj P

jf ðs; ~cÞj
j~cj for all s P t0:
Thus, using (2.6) with v P t P t0 ¼ u, along with (3.1), we find
jxðtÞjP
Z t

t0

1
aðsÞ

Z v

s
jf ðs; xðrðsÞÞÞjDsDs P

Z t

t0

1
aðsÞ

Z v

s

jf ðs; ~cÞj
j~cj jxðrðsÞÞjDsDs

P
Z t

t0

1
aðsÞ

Z v

t

jf ðs; ~cÞj
j~cj jxðrðsÞÞjDsDs P

Z t

t0

1
aðsÞ

Z v

t

jf ðs; ~cÞj
j~cj jxðtÞjDsDs
and hence
j~cjP AðtÞ
Z v

t
jf ðs; ~cÞjDs;
which contradicts (3.6) and completes the proof. h

Next, we present the following result for the strongly superlinear Eq. (1.1).
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Theorem 3.5. Assume (1.2). Suppose (1.1) is strongly superlinear. IfZ Z
1

t0

1
aðsÞ

1

s
jf ðs; cÞjDsDs ¼ 1 for all c–0; ð3:7Þ
then Eq. (1.1) is oscillatory.

Proof. Let x be a nonoscillatory solution of (1.1) such that x is of one sign on ½t0;1Þ. Using (3.2) and (2.2) (with b > 1), we
obtain
jf ðs; xðrðsÞÞÞj
jxðrðsÞÞjb

P
jf ðs; ~cÞj
j~cjb

for all s P t0:
Thus, differentiating (2.6) with respect to t and using (3.1) and Lemma 2.1 (the inequality on the left-hand side), we find, for
all v P t,
jxjDðtÞP 1
aðtÞ

Z v

t
jf ðs; xðrðsÞÞÞjDs P

1
aðtÞ

Z v

t

jf ðs; ~cÞj
j~cjb

jxðrðsÞÞjbDs

P
1

aðtÞ

Z v

t

jf ðs; ~cÞj
j~cjb

DsjxðrðtÞÞjb P
1

aðtÞ

Z v

t

jf ðs; ~cÞj
j~cjb

Ds ðb� 1ÞjxjDðtÞ
�ðjxj1�bÞDðtÞ
and hence
�ðjxj1�bÞDðtÞP b� 1
j~cjbaðtÞ

Z v

t
jf ðs; ~cÞjDs:
Integrating this inequality from t0 to t P t0, we obtain
jxðt0Þj1�b P jxðtÞj1�b þ b� 1
j~cjb

Z t

t0

1
aðsÞ

Z v

s
jf ðs; ~cÞjDsDs P

b� 1
j~cjb

Z t

t0

1
aðsÞ

Z v

s
jf ðs; ~cÞjDsDs;
which contradicts (3.7) and completes the proof. h

Finally, for the strongly sublinear Eq. (1.1), we have the following result.

Theorem 3.6. Assume (1.2). Suppose (1.1) is strongly sublinear. If
Z 1

t0

jf ðs; cAðsÞÞjDs ¼ 1 for all c–0; ð3:8Þ
then Eq. (1.1) is oscillatory.

Proof. Let x be a nonoscillatory solution of (1.1) such that x is of one sign on ½t0;1Þ. Using (3.3) and (2.3) (with 0 < c < 1), we
obtain
jf ðs; xðsÞÞj
jxðsÞjc

P
jf ðs; c�AðsÞÞj
jc�AðsÞjc

for all s P t1:
Thus, using (2.6) with u ¼ t0 and v P t P t1, we find
jxðtÞjP
Z t

t0

1
aðsÞ

Z v

s
jf ðs; xðrðsÞÞÞjDsDs P

Z t

t0

1
aðsÞ

Z v

t
jf ðs; xðrðsÞÞÞjDsDs

¼ AðtÞ
Z v

t
jf ðs; xðrðsÞÞÞjDs P AðtÞ

Z v

t
jf ðs; xðsÞÞjDs

P AðtÞ
Z v

t

jf ðs; c�AðsÞÞj
jc�AðsÞjc

jxðsÞjcDs
(where we have used (3.1) and (2.4) in the second last inequality) and hence
xðtÞ
AðtÞ

����
����P zðtÞ; where zðtÞ :¼ jc�j�c

Z v

t
jf ðs; c�AðsÞÞj xðsÞ

AðsÞ

����
����cDs:
Thus, using Lemma 2.1 (the inequality on the right-hand side),
� jzjDðsÞ ¼ �zDðsÞ ¼ jc�j�cjf ðs; c�AðsÞÞj xðsÞ
AðsÞ

����
����c

P jc�j�cjf ðs; c�AðsÞÞjjzðsÞjc P jc�j�cjf ðs; c�AðsÞÞj ð1� cÞð�jzjDðsÞÞ
�ðjzj1�cÞDðsÞ
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and hence
�ðjzj1�cÞDðsÞP 1� c
jc�jc

jf ðs; c�AðsÞÞj:
Integrating this inequality from t1 to t P t1, we obtain
jzðt1Þj1�c P jzðtÞj1�c þ 1� c
jc�jc

Z t

t1

jf ðs; c�AðsÞÞjDs P
1� c
jc�jc

Z t

t1

jf ðs; c�AðsÞÞjDs;
which contradicts (3.8) and completes the proof. h
4. Criteria under condition (1.3)

The purpose of this section is to present criteria for the oscillation of Eq. (1.1) when f is either strongly superlinear or
strongly sublinear and when (1.3) holds. We let
eAðtÞ :¼
Z 1

t

Ds
aðsÞ for t P t0:
The following consequence of Lemma 2.4 will be used throughout this section.

Lemma 4.1. Assume (1.3). Suppose x solves (1.1) and is of one sign on ½t0;1Þ. Then either on ½t0;1Þ
jxjD P 0; hence jxj is increasing ð4:1Þ
or there exists t2 > t0 such that on ½t2;1Þ
jxjD 6 0; hence jxj is decreasing: ð4:2Þ
Moreover, let
�c ¼ jxðt0Þj þ aðt0ÞjxDðt0ÞjeAðt0Þ
n o

sgnxðt0Þ and ĉ ¼
xðt0ÞeAðt0Þ

if ð4:1Þ holds;

aðt2ÞjxDðt2Þjsgnxðt0Þ if ð4:2Þ holds:

8<
:

Then
jxj 6 j�cj on ½t0;1Þ; where �cx > 0 ð4:3Þ
and
jxjP jĉeAj on ½t2;1Þ; where ĉeAx > 0: ð4:4Þ
Proof. Assume that (4.1) does not hold. Then there exists t2 > t0 such that jxjDðt2Þ < 0. Now, differentiating (2.6) and using
v ¼ t2, we find
jxjDðtÞ ¼ aðt2ÞjxjDðt2Þ
aðtÞ � 1

aðtÞ

Z t

t2

jf ðs; xðrðsÞÞÞjDs 6 aðt2Þ
aðtÞ jxj

Dðt2Þ 6 0
for all t P t2, which proves (4.2). Next, using (2.6) with v ¼ u ¼ t0 6 t and taking into account (2.5), we find
jxðtÞj 6 jxðt0Þj þ aðt0ÞjxjDðt0Þ
Z t

t0

Ds
aðsÞ 6 jxðt0Þj þ aðt0ÞjxDðt0Þj

Z t

t0

Ds
aðsÞ 6 j

�cj for all t P t0;
which proves (4.3). Finally, to prove (4.4), we consider two cases: If (4.1) holds, then
jxðtÞjP jxðt0Þj ¼
xðt0ÞeAðt0Þ

�����
�����eAðt0Þ ¼ jĉjeAðt0ÞP jĉjeAðtÞ:
If (4.2) holds, then, using (2.6) with t P u P t2 ¼ v , we find
jxðuÞj ¼ jxðtÞj � aðt2ÞjxjDðt2Þ
Z t

u

Ds
aðsÞ þ

Z t

u

1
aðsÞ

Z s

t2

jf ðs; xðrðsÞÞÞjDsDs P jĉj
Z t

u

Ds
aðsÞ ;
and letting t !1 shows jxðuÞjP jĉjeAðuÞ for all u P t2. h
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Theorem 4.2. Assume (1.3). If
Z 1

t0

1
aðsÞ

Z s

t0

jf ðs; ceAðrðsÞÞÞjDsDs ¼ 1 for all c–0; ð4:5Þ
then Eq. (1.1) is oscillatory.

Proof. Let x be a nonoscillatory solution of (1.1) such that x is of one sign on ½t0;1Þ. Using (4.4) and (2.4), we obtain
jf ðs; xðrðsÞÞÞjP jf ðs; ĉeAðrðsÞÞÞj for all s P t2:
Thus, using (2.6) with u ¼ v ¼ t2 6 t, we find
jxðtÞj ¼ jxðt2Þj þ aðt2ÞjxjDðt2Þ
Z t

t2

Ds
aðsÞ �

Z t

t2

1
aðsÞ

Z s

t2

jf ðs; xðrðsÞÞÞjDsDs

6 jxðt2Þj þ aðt2ÞjxjDðt2Þ
Z t

t2

Ds
aðsÞ �

Z t

t2

1
aðsÞ

Z s

t2

jf ðs; ĉeAðrðsÞÞÞjDsDs;
which contradicts (4.5) and completes the proof. h

For the strongly superlinear Eq. (1.1), we present the following result.

Theorem 4.3. Assume (1.3). Suppose (1.1) is strongly superlinear. If
Z 1

t0

jf ðs; ceAðrðsÞÞÞjDs ¼ 1 for all c–0; ð4:6Þ
then Eq. (1.1) is oscillatory.

Proof. Let x be a nonoscillatory solution of (1.1) such that x is of one sign on ½t0;1Þ. Using (4.4) and (2.2) (with b > 1), we
obtain
jf ðs; xðrðsÞÞÞj
jxðrðsÞÞjb

P
jf ðs; ĉeAðrðsÞÞÞj
jĉeAðrðsÞÞjb for all s P t2:
Thus, using (2.6) with t P u P t2 ¼ v , we find
jxðuÞj ¼ jxðtÞj � aðt2ÞjxjDðt2Þ
Z t

u

Ds
aðsÞ þ

Z t

u

1
aðsÞ

Z s

t2

jf ðs; xðrðsÞÞÞjDsDs

P �aðt2ÞjxjDðt2Þ
Z t

u

Ds
aðsÞ þ

Z t

u

1
aðsÞ

Z u

t2

jf ðs; xðrðsÞÞÞjDsDs
so that, with (2.4) and b ¼ aðt2ÞjxDðt2Þj,
jxðuÞjP beAðuÞ þ eAðuÞ Z u

t2

jf ðs; xðrðsÞÞÞjDs P beAðuÞ þ eAðuÞZ u

t2

jf ðs; ĉeAðrðsÞÞÞj
jĉeAðrðsÞÞjb jxðrðsÞÞjbDs
and hence
xðuÞeAðuÞ
�����

����� P wðuÞ; where wðuÞ :¼ bþ jĉj�b
Z u

t2

jf ðs; ĉeAðrðsÞÞÞj xðrðsÞÞeAðrðsÞÞ
�����

�����
b

Ds:
Thus, using Lemma 2.1 (the inequality on the left-hand side),
jwjDðsÞ ¼ wDðsÞ ¼ jĉj�bjf ðs; ĉeAðrðsÞÞÞj xðrðsÞÞeAðrðsÞÞ
�����

�����
b

P jĉj�bjf ðs; ĉeAðrðsÞÞÞjjwðrðsÞÞjb P jĉj�bjf ðs; ĉeAðrðsÞÞÞj ðb� 1ÞjwjDðsÞ
�ðjwj1�bÞDðsÞ
and hence
�ðjwj1�bÞDðsÞP b� 1
jĉjb

jf ðs; ĉeAðrðsÞÞÞj:



3470 S.R. Grace et al. / Commun Nonlinear Sci Numer Simulat 14 (2009) 3463–3471
Integrating this inequality from t2 to t P t2, we obtain
jwðt2Þj1�b P jwðtÞj1�b þ b� 1
jĉjb

Z t

t2

jf ðs; ĉeAðrðsÞÞÞjDs P
b� 1
jĉjb

Z t

t2

jf ðs; ĉeAðrðsÞÞÞjDs;
which contradicts (4.6) and completes the proof. h

Finally, for the strongly sublinear Eq. (1.1), we have the following result.

Theorem 4.4. Assume (1.3). Suppose (1.1) is strongly sublinear. If
Z 1

t0

1
aðsÞ

Z s

t0

jf ðs; cÞjDsDs ¼ 1 for all c–0; ð4:7Þ
then Eq. (1.1) is oscillatory.

Proof. Let x be a nonoscillatory solution of (1.1) such that x is of one sign on ½t0;1Þ. By Lemma 4.1, either (4.1) or (4.2) holds.
In the case of (4.1), we have jxðtÞjP jxðt0Þj for all t P t0 and thus, by (2.6) with u ¼ v ¼ t0 6 t, together with (2.4),
jxðtÞj ¼ jxðt0Þj þ aðt0ÞjxjDðt0Þ
Z t

t0

Ds
aðsÞ �

Z t

t0

1
aðsÞ

Z s

t0

jf ðs; xðrðsÞÞÞjDsDs

6 jxðt0Þj þ aðt0ÞjxjDðt0Þ
Z t

t0

Ds
aðsÞ �

Z t

t0

1
aðsÞ

Z s

t0

jf ðs; xðt0ÞÞjDsDs;
a contradiction to (4.7). In the case of (4.2), using (4.3) and (2.3) (with 0 < c < 1), we obtain
jf ðs; xðrðsÞÞÞj
jxðrðsÞÞjc

P
jf ðs; �cÞj
j�cjc

for all s P t2:
Thus, differentiating (2.6) with respect to t and letting v ¼ t2 6 t, we find
jxjDðtÞ ¼ aðt2ÞjxjDðt2Þ
aðtÞ � 1

aðtÞ

Z t

t2

jf ðs; xðrðsÞÞÞjDs

6 � j
�cj�c

aðtÞ

Z t

t2

jf ðs; �cÞjjxðrðsÞÞjcDs

6 � j
�cj�c

aðtÞ

Z t

t2

jf ðs; �cÞjDsjxðtÞjc;
where we have used again (4.2) in the last inequality. Now, using (2.1) (the inequality on the right-hand side), we obtain
j�cj�c

aðtÞ

Z t

t2

jf ðs; �cÞjDs 6 �jxj
DðtÞ

jxðtÞjc
6
�ðjxj1�cÞDðtÞ

1� c
:

Integrating this inequality from t2 to t P t2, we obtain
jxðt2Þj1�c P jxðtÞj1�c þ 1� c
j�cjc

Z t

t2

1
aðsÞ

Z s

t2

jf ðs; �cÞjDsDs P
1� c
j�cjc

Z t

t2

1
aðsÞ

Z s

t2

jf ðs; �cÞjDsDs;
which contradicts (4.7) and completes the proof. h
5. Some applications

We shall apply the obtained results for Eq. (1.1) to the second-order Emden–Fowler dynamic equation on time scales
ðaxDÞD þ qðxrÞa ¼ 0; ð5:1Þ
where a and q are nonnegative rd-continuous functions and a is the ratio of positive odd integers. By Theorems 3.2, 3.4 ,3.5
and 3.6, respectively, we obtain the following.

Theorem 5.1. Let condition (1.2) hold and define AðtÞ ¼
R t

t0
Ds=aðsÞ. Eq. (5.1) is oscillatory if one of the following conditions holds:

�
R1

t0
qðsÞDs ¼ 1, if a > 0;

� lim supt!1fAðtÞ
R1

t qðsÞDsg > c for any c > 0, if a P 1;

�
R1

t0

1
aðsÞ
R1

s qðsÞDsDs ¼ 1, if a > 1;

�
R1

t0
ðAðsÞÞaqðsÞDs ¼ 1, if 0 < a < 1.

By Theorems 4.2, 4.3 and 4.4, respectively, we obtain the following.
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Theorem 5.2. Let condition (1.3) hold and define eAðtÞ ¼ R1t Ds=aðsÞ. Eq. (5.1) is oscillatory if one of the following conditions holds:

�
R1

t0

1
aðsÞ
R s

t0
qðsÞðeAðrðsÞÞÞaDsDs ¼ 1, if a > 0;

�
R1

t0
ðeAðrðsÞÞÞaqðsÞDs ¼ 1, if a > 1;

�
R1

t0

1
aðsÞ
R s

t0
qðsÞDsDs ¼ 1, if 0 < a < 1.

Remark 5.3. From the results of this paper, we can obtain some oscillation criteria for Eq. (1.1) on different types of time
scales. If T ¼ R, then rðtÞ ¼ t and xD ¼ x0. In this case, the results of this paper are the same as those in [20]. If T ¼ Z, then
rðtÞ ¼ t þ 1 and xDðtÞ ¼ DxðtÞ ¼ xðt þ 1Þ � xðtÞ: In this case, the results of this paper are the discrete analogues of those in
[20]. If T ¼ hZ with h > 0, then rðtÞ ¼ t þ h and xDðtÞ ¼ DhxðtÞ ¼ ðxðt þ hÞ � xðtÞÞ=h. The reformulation of our results are easy
and left to the reader. We may employ other types of time scales, e.g. T ¼ qN0 with q > 1, T ¼ N2

0, and others, see [11,12]. The
details are left to the reader.

Remark 5.4. The results of this paper can be extended to dynamic equations of type (1.1) with deviating arguments, e.g.
ðaxDÞD þ f ðt; xðsðtÞÞÞ ¼ 0;
where s : T! T with limt!1sðtÞ ¼ 1. The details are left to the reader.
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