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POSITIVITY OF BLOCK TRIDIAGONAL MATRICES*
MARTIN BOHNER' AND ONDREJ DOSLY?

Abstract. This paper relates disconjugacy of linear Hamiltonian difference systems (LHAS)
(and hence positive definiteness of certain discrete quadratic functionals) to positive definiteness of
some block tridiagonal matrices associated with these systems and functionals. As a special case of a
Hamiltonian system, Sturm-Liouville difference equations are considered, and analogous results are
obtained for these important objects.
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1. Introduction. The aim of this paper is to relate disconjugacy of linear Hamil-
tonian difference systems (LHAS)

(H) Az = Akl'k+1 + Brug, Augp = C’kxk_H — Aguk
and hence positivity of the discrete quadratic functional

N
(F) Flx,u) = Z {uf Bruy, + zfCrpir }

k=0

to positive definiteness of a certain block tridiagonal symmetric matrix associated
with (H) and (F). Here A, B, C are sequences of real n x n matrices such that

(1) I — Ay are invertible and By, C are symmetric for all £ € Ng.

To introduce our problem in more detail, we first recall the relation of disconjugacy
of linear Hamiltonian systems (both differential and difference) to positivity of cor-
responding quadratic functionals and to solvability of the associated Riccati matrix
equation. A statement of this kind is usually called a Reid roundabout theorem.
PRrOPOSITION 1.1 ([4, 6, 7]). Consider the linear Hamiltonian differential system

(H) ' = Al)z + Bt)u, o =Ct)z— AT (t)u,

where A, B,C : I = [a,b] — R™*™ are continuous real n X n matriz valued functions
such that

B(t),C(t) are symmetric and B(t) is positive semidefinite for all t € [a,b],

and suppose that this system is identically normal in I, i.e., the only solution (v, u)
of (H) for which x =0 on some nondegenerate subinterval of I is the trivial solution
(x,u) = (0,0). Then the following statements are equivalent.

*Received by the editors March 19, 1997; accepted for publication (in revised form) by U. Helmke

March 9, 1998; published electronically September 23, 1998.
http://www.siam.org/journals/simax/20-1/31879.html

fSan Diego State University, Department of Mathematics, 5500 Campanile Dr., San Diego, CA
92182-7200 (bohner@saturn.sdsu.edu). The research of this author was supported by the Alexander
von Humboldt Foundation.

fMasaryk University, Department of Mathematics, Janickovo Nam. 2A, CZ-66295 Brno, Czech
Republic (dosly@math.muni.cz). The research of this author was supported by grant 201/96,/0401
of the Czech Grant Agency.

182



(2)

BLOCK TRIDIAGONAL MATRICES 183

(i) System (H) is disconjugate in I, i.e., the 2n x n matriz solution ()J) of (H)

(i)

(iii)

given by the initial condition X (a) = 0, U(a) = I has no focal point in I,
i.e., det X (¢) # 0 in (a,b].
The quadratic functional

b
(F) f(x,u):/ [u" &) B(t)u(t) + 2" (t)C(t)z(t)] dt

is positive for every x,u: I — R™ satisfying v’ = A(t)x + B(t)u, x(a) =0 =
x(b) and x £ 0 in I.

There exists a symmetric solution Q : I — R™ ™ of the Riccati matriz differ-
ential equation

(R) Q'+ AT(H)Q + QA(t) + QB()Q — C(t) = 0.

In the last decade, a considerable effort has been made to find a discrete analogue
of this statement; see [1] and the references given therein. Finally, this problem was
resolved in [2] and the discrete Roundabout Theorem reads as follows.

PROPOSITION 1.2 ([1, 2]). Assume (1). Then the following statements are equiv-
alent.

(i)

(i)
(iii)

System (H) is disconjugate in the discrete interval J := [0, N]N Ny, N € N,
i.e., the 2n X n matrix solution (g) of (H) given by the initial condition
Xo =0, Uy = I has no focal point in J* := [0, N + 1] NNy, i.e.,

Ker Xj1 C Ker Xj, and Dy = XX} (I — Ay)"'By > 0.

(Here Ker and T stand for the kernel and the Moore-Penrose generalized in-
verse of the matriz indicated, respectively, and the matrix inequality > stands
for nonnegative definiteness.)

The discrete quadratic functional F is positive for every (z,u) : J* — R
satisfying Axy, = Agxr1 + Brug, 0o =0=2xn41 and z £ 0 in J*.

There exist symmetric matrices Q : J* — R™ "™ such that (I + BQ) are
invertible, (I + BQ)™'B > 0 in J, and solve the discrete Riccati matriz
difference equation

(R) Qi1 =Cr+ (I = AD)Qr(I + BpQy) " (I — Ap) ™"

The main difference between continuous and discrete functionals F and F is that
the space of x,u appearing in the discrete quadratic functional has finite dimension.
This suggests investigating positivity of F not only via oscillation properties of (H)
and solvability of (R) as given in the roundabout theorem (which are typical methods
for an “infinite-dimensional” treatment), but also via linear algebra and matrix theory.
The main idea of this approach can be illustrated in the case of the Sturm-Liouville
equation

—A(r:Ayk) + pryrr1 =0

and the corresponding quadratic functional

(3)

N

TW) =>_ {re(Ayx)* + prviy }

k=0

as follows.
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Expanding the differences in 7, for any y = {yk}kN:Jrol satisfying

(4) Yo =0=yn+t1,
we have
N
J(y) = Z {(rk + PRV 1 — 2rkUklrr1 + TRYR }
k=0
T BO -
Y1 . U1
_ . -r A B :
YN - - —TN-1 YN

—rn-1  PBn-1

where 3y = 71, + pr + rr41. Hence J(y) > 0 for any nontrivial y € RV*2 satisfying
(4) iff the matrix

Bo —T1
E — —T1 /61

—TN-1
—rN—1  PBn-1

is positive definite.

From the elementary course of linear algebra it is known that £ is positive definite
iff all its principal minors Ay = By, Ay = BoB1 — r1,..., Ay = det L are positive.
On the other hand, by (i) of Proposition 1.2 we have J(y) > 0 for any nontrivial y
satisfying (4) iff the solution § of (2) given by the initial condition go = 0, g1 = %
satisfies

Yk
TeUk+1

(5) Uk+1 70 and 6 := >0, k=0,...,N.

Using Laplace’s rule for computation of determinants, we have the formula
(6) Ay = Beo1Dp—1 — Th_ Apa.

Expanding the forward differences in (2) we have

Yk+2 = - (BeYr+1 — TRYR) -

k+1

This recurrent formula, coupled with (6) and the initial condition gy = 0, §; = %,
gives

N Bo Aq _ 1 Ay
Yo=——=—", Ys = [5051*7’%] = )
r1To 170 T2T1T0 r2T1To
and by induction
B 1 Ay
Jop1 = ————— [Boo1Bi—1 — T Dk =

Tk...ToT1To Tk...’l"g’/‘l’l”o.
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Consequently,

Uk AV
7 b= 0k _ Bk
Q F TrYk+1 Ay

AO = 1.

Now, by the Jacobi diagonalization method, there exists an N x N triangular matrix
M such that

MT LM = diag{éy,...,6n}.

From the last identity one may easily see why the quantities d; come to play in the
definition of disconjugacy of (2).

In this paper we establish a similar identity relating the quadratic functional F
and the matrices Dy from Proposition 1.2. This identity reveals why the matrices
Dy, appear in the definition of disconjugacy of (H). In particular, we find a block
triangular matrix M such that

MTLM = diag{D,...,Dn},

where £ in this identity is the matrix representing the functional F (see Theorem 2.2
in the next section) and Dy are given in (i) of Proposition 1.2.

The paper is organized as follows. The next section is devoted to preliminary
results. We recall some basic properties of solutions of (H), and we also show the
relation between higher order Sturm-Liouville difference equations and LHdAS (H).
The main results of the paper, the equivalence of positive definiteness of a block
tridiagonal matrix to nonnegative definiteness of certain matrices constructed via
solutions of (H) (which reduce to 8y in the scalar case) are given in section 3. In the
last section we deal with LHdS (H) which correspond to higher order Sturm-Liouville
equations; here the results of the previous section are simplified considerably. The
statements of section 4 complement results of [3, 5].

2. Preliminary results. Subject to our general assumption (1) we consider a
linear Hamiltonian difference system (H) and the corresponding discrete quadratic
functional F defined by (F). Here, x = {zy }; oy, and u = {ux}, oy, are sequences of
R™-vectors, and we say that such a pair (z,u) is admissible on J provided that

Az, = Apzie1 + Brugfor allk € J

holds. An z is called admissible (on J) if there exists u such that the pair (x,u) is
admissible (on J). The functional F is then said to be positive definite (and we write
F > 0) whenever

F(x,u) > 0 for all on J admissible (z, u)
T
with 2o = zy41 = 0 and #0

TN

holds. Throughout the paper we denote by (X,U) the principal solution of (H) (at
0), i.e., the solution introduced in Proposition 1.2(i). Concerning Moore—Penrose
inverses we will need the following basic lemma which is proved, e.g., in [2, Remark
2(iii))].
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LEMMA 2.1. For any two matrices V. and W we have
KerV c KeeW iff W=WVV i W =Viviw.

It is the goal of this paper to relate the condition from Proposition 1.2(i) to a
condition on certain block tridiagonal kn X kn matrices of the form

o 51
T .
=] ot . kel
E o Sk
Sic1 Tt

where we put, for k£ € Ny,
(8) Th=Cp+(I—-ANB{(I—-A)+Bl,, and S,=-Bl(I-A).

Let £ = Ly. Our first result then is the following.
THEOREM 2.2. Let (x,u) be admissible on J with g = xn4+1 = 0. Then we have

T
x1 T

Flx,u) = : L

N TN
Proof. Let (z,u) be admissible on J so that
u{Bkuk = ugBkBlszuk = (LL'{JFI(I — Ag) — l‘g) Blz ((I — Ak).’lﬁk+1 — {)Sk)

holds for all k € J. Then, if 2o = zy41 = 0, we have

Flz,u) =

] =

{ohCrmnrs + (@1 = AT) = af) BLT = Ap)ansa — 1) |

Eod
Il
=)

I
M=

{xfﬂ(Tk — B]Lrl)xk_,_l + 2x£5kxk+1 + sz;;.rk}

=
Il
o

I
] =

{x{HTkmkH + 2x£5’kxk+1 — A(x{B;ka)}

Eod
I
=)

T T T T
{kaTkmkH + 223, Skka} - xNHB}L\,HxNH + z; ngo

I
I

N-1
T T T
= {xk+1Tkxk+1 + 2z, Sk$k+1} + 21 Toxy
k=1
T
Ko Z1
= L : ,
TN TN

and hence our desired result is shown. O
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By introducing the space
T1
A= : t @ ={Tk}yey, 18 admissible on J with 2o = xn41 =0 p,

TN

we can write an immediate consequence of Theorem 2.2.
COROLLARY 2.3. F >0 iff L>0 on A.
Note that £ > 0 on A, i.e., xI Lx > 0 for all y € A\ {0}, is equivalent to

MILM >0 and KerMTLM c KerM

whenever M is a matrix with ImM = A. In the next section we will present such
a matrix M for the general Hamiltonian case, and in the last section we will give
this matrix M and further results for the Sturm-Liouville case. A Sturm-Liouville
difference equation

(SL) i(—A)“ {r,?‘)Mym,u} —0, keN,
pn=0

with reals r,g“), 0 < p < n, such that r,(gn) # 0 for all k¥ € Ny is a special case of a
linear Hamiltonian difference system. We define, for all k£ € Ny,

0 1 0

Ay =

Then assumption (1) is satisfied and the following result from [3, Lemma 4] holds.
LEMMA 2.4. Suppose (9). Then x is admissible on J iff there exists a sequence
y = {yk}0§k§N+n—1 of reals such that

Yk4+n—1
Ayk+n72
2
zp = | A%Yktn-3 forall 0<k<N+1

Anflyk
holds, and in this case the functional defined by (F) takes the form

N n
(10) Flau) =Y > r {8 sn}?,

k=0v=0

where u is such that (x,u) is admissible.

We conclude this section with two auxiliary results where we use the notation
introduced in Proposition 1.2.

LEMMA 2.5. Let Ay := (I — Ay)~! and Dy, = X X}, Ax By, k € No.
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(i) Suppose (1). If KerXy11 C KerXy, then
Dy, is symmetric  and KeerT+1 C Keer;l;‘g.
(ii) Suppose (9). Then we have for all0 <k <n—1
KerXyi1 C KerXy, rankXpi1=k+1, and Dj=0.

Proof. While part (i) is shown in [2, Remark 2 (ii)], (ii) is the contents of |3,
Lemma 4]. o
LEMMA 2.6. We have, for all k € Ny,

(11) XL TiXpp = A {X,{(Uk + B;Xk)} — X7 S X1 — XTI, ST X,
Proof. The calculation

X Te X1 + X SkXnpr + XL SEXe = X {Ukn — (I = AD Uk}
+ X7 (T = ADBI(I = Ap)Xpp1 + X7 BL Xk
~XIBI(I — Ap) X1 — XE (T - AT)BL X,

= XUk — (XT + UF By)Uy + (XTI + UE By) Bj (X + ByUy)
+X7 Bl X — XEBL (X + BrUy) — (X + UE Br)BLX,,

=A {X;{Uk + XgBle}

shows that formula (11) holds. a

3. The linear Hamiltonian difference system. In this section we present a
matrix M satisfying ImM = A. We then give a proof of the following crucial result.
THEOREM 3.1. If KerXy1 C Ker Xy holds on J, then we have

MTLM =diag{D;,...,Dn}.

To further motivate our investigations, first we would like to briefly consider the
case that the matrices

(12) By, are invertible for all k£ € J.

Then we have A = RN", and F > 0 iff £ > 0. Then, if (X, U) is the principal solution
of (H) at 0 such that X}, are invertible for all 1 < k < N + 1, and if we put

D1S51D5S5 ... DSy
—D5S5 ... DSy
Frp = foral 0 <k <N,
(=1)*"1D}.S)
(—1)*I

it is easy to show that, for all 0 < k < N,

_ 0
(13) Dily=Ti— Si DSk, Lip1Fep1Diyr = ((_1)“)
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_ Lt 0
(14) Lt = < ’6 0 ) + Fyp1Dp1 FlL .

THEOREM 3.2. Assume (12). We put Ly := I and Dy := 0. Then we have
recursively, for k=10,1,2,..., N,

- ~ —1
(15)  Lp1>04e= Ly >0 and Dyyr = {Tk - s,”{Dksk} > 0.

Proof. Of course (15) is obvious for & = 0. However, if (15) holds for some
0<k<N-—1, then (put Ry = (S?k))

Lii1 = ( L B > >0+ L, >0 and T~ RFL; Ry >0.
R, Ty

However, by (14), T}, — Rzﬁ;;le =T, — S,{DkSk, where our Dy, here are exactly the

Dy, because of (13) and Dy = 0. This proves our desired assertion. |

Now we turn our attention to the general case of an LHdS (H), where we assume
(1). Let us define D;; for 1 <i < j < N matrices by

Dy = X; X! D;.
Then we have

Dy = X,X)D; = X;X] X, X}, | A;B; = X, X, ,A;B; = D;

and, by Lemma 2.1, if KerX; C KerXj,

Dy = X;X|D; = X;X|X;X],1A;B; = X;X] | A;B;.

We now define, for any m € J, an mn X mn matrix M,, by

Diy1 Dig -+ Dy
M,, = 0 Doy
0 . 0 Dy

and put M = My.
THEOREM 3.3. If KerXy,1 C KerXy holds on J, then ImM = A.

1
Proof. We assume KerXy 1 C KerXy on J. First, let : € A and put

co =0, Ck41 = Ck — X£+1AkBk(Ukck — uk) for k € Np,

where u = {“k}keNo is such that (z,u) is admissible on J. Let dy := Ugcy, — uy, for
k € Ng. We have Xycg = 0 = xg, and Xic, = zy for some k € J implies
Xiy1cpr1 = Xpy1cr — Xk+1XII+1AkBk(Uka — uy)
= (Aka =+ AkBkUk)Ck — AkBk(Uka — uk)
= ApXycr + ApBrup = Arxy + ApBrug = Tri1
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because of Lemmas 2.5(i) and 2.1. Hence
Xpep =x forall 0<k<N+1.
Next, we have for j € J,
Djd; = X; X[ AjB;(Uje; — uy) = X;(¢j = ¢jn1) = —X;A¢
so that
Dyjd; = X;X[Djd; = —X; X X;Ac; = —X;Ac;

for all 0 <7 < j < N because of KerX; C KerX; and Lemma 2.1. Therefore

N N
ZDijdj = —Xi Zch = —Xi<CN+1 — Ci)
Jj=1 Jj=t

= 7XiXJTV_‘_1XN+1CN+1 + X;¢ = x4

for all 0 <7 < N so that

Ty dy
=M : € ImM.
TN dN
z1
Conversely, let : € ImM and put g = zy4+1 = 0. We pick dy,...,dy € R"
with
N
xi:ZDijdj for all 1§Z§N
=i
Then we have
N N
(I - Ao)xl — Ty = Z(I - Ao)XlX;Dde = B() ZX]TDJdJ S III’IBO7
j=1 j=1
(I — AN)LCN+1 —xy = —axny = —Dyndy = —D%Nd]v € ImBy,

and, for k € J\ {N},

N N
(I = Ap)apr — o= (I — Ag) Y X1 X[ Djd; — > X XID;d;

j=k+1 j=Fk
N
={(/ = Ap) Xp11 — X} Z X;Djdj — Dydy,
j=k+1

N
=BUx Y XIDjd; — Dpdy € ImBy
j=k+1

by Lemma 2.5(i) so that x is admissible on J and hence : € A |
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Our next result directly yields Theorem 3.1.
THEOREM 3.4. If KerXy41 C KerXy, holds on J, then

MEL My 0
My 1 L aiMo g1 = < ™0 ) :

Proof. Let k € J and m € J\ {N}. We define kn x n matrices P, and Ry by

D'rn+1

X1 0

X5 .
P, = . and Ry =

Xk Sk

Then we have the recursions

M PpX! Dyt Ln R
M — m mAm41+-m+ d r — m m
m+1 ( 0 Xm—',—lX:n+1Dm+l an m—+1 RZ; T,
Hence by putting M, = (MO’“),
Mm+1 = (Mm Pm+1Xjn+1Dm+l) .
Therefore the matrix M%HL:mHMmH turns out to be
( M?nﬁm+1an B M%Em—ﬁ-lpm—&-lX:nJ,_le-&-l )
Dm-‘rl(X:n,-}-l)TPg;-i-le—&-le Dm+1(Xjn_t,_l)TP£+1£m+1Pm+1X:n+1Dm+1
_( ML, M, QX! Dy )
Dm+1(Xlz+1)TQ£ Dm+1(XrTn+1)TAmX:n+1Dm+l
with
Qm = M%‘Cm—klpm-i-l and Am = »3;+1£m+1pm+1-
Hence our result follows directly from (ii) and (iii) of the following lemma. 0

LEMMA 3.5. If KerXyy1 C Ker Xy, holds on J, then we have, for all k € J\{N},
(1) A= XI?+1(U’€+1 + B£+1Xk+1)§

(i) Dys1(X), )" AeX], Dis1 = Dy

(i) Qp = 0.

Proof. First of all we have, by formula (11) of Lemma 2.6,

Ao = XTIy X, = XT(Uy + Bi Xy)

and, if A1 = X[ (U, + B};Xk) already holds for some k € {1,..., N — 1}, again by
applying formula (11) we have

Ak—(Pk >T(£k Rk)(Pk>

Xkt1 R{ T Xkt1
=Pl LiPy + PI Ry X1 + XL REPe + X T X
= XkTJrl(UkJrl + B;+1Xk+1)-
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Hence (i) is shown, and by (i), for all k € J\ {N},
D1 (X[ )" Aw X[\ Dis1 = D1 U1 X, | Diy1 + Diy1 B Dyt
= Xpr1X] oAk 1 BraUni1 X) o Dt + Xi1 X o Ak Xo1 X Dt
= Xp1X) o Xp4o X, Di1 = Xp1 XJ, Dyt = Dir

takes care of part (ii). Finally, Q¢ = 0, and if Qx_; = 0 already holds for some
ke{l,...,N — 1}, then

Lr R Py
0= M 0) < R Ty Xit1

= M (L Py + R Xpq1)
Mgfl 0
= LiP. +
(m(x,i)Tp,{)( Rk (SkaH))

_ ( Qg1 )

A\ D(X)TAp—1 + DpSiXi i1

— 0 _
- (Dk(Uk + Bl X)) — DiBl(X), + BkUk)> =0

because of part (i). Hence (iii) follows, and all our desired results are shown. 0

4. The Sturm—Liouville difference equation. In this section we deal with
the case where (H) and (F) correspond to a higher order Sturm-Liouville equation
(SL) and its corresponding quadratic functional (10). The special structure of the
matrices A, B, C enables us to simplify the results of the previous section.

We start with an identity which plays the crucial role in the proof of the main
results of this section.

LEMMA 4.1. Let (X,U) be the principal solution of LHAS corresponding to (SL).
If Xi1+1 is nonsingular, then

. det X,
Dy = Xp X3, Ay By, = diag{ 0,0, (n)ei’“ .
), det Xpiq

Proof.  Nonsingularity of Xi; implies that Ker X311 C Ker Xj, hence the
matrix Dy = Xka_lekBk is symmetric according to Lemma 2.5(i), and since
B, = diag{0,...,0, (1/7“1(;1))}7 the only nonzero entry of Dy is in the right lower
corner. Using Laplace’s rule, we have

det Xk = det [(I - Ak)Xk+1 - BkUk]

0 ... 0
= det (I — Ak)Xk+1 — 0 - 0
T(%)(Uk)n,l cee T(ln) (Uk)n,n
L k k
= Z ((I - Ak)Xk‘i‘l)n,l/ - W(Uk)n,u (adJ [(I - Ak)Xk-‘rl])v,n
v=1 L Tk

= zn: ((I = Ap)Xi1 — BrUy),,, ([(I - Ak)Xk+1]71) det [(I = Ap) Xi]

V)
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3

(Xk)n,l, (Xk_il‘%ik)u . det(I — Ag) det Xgqq

v=

= det X1 (XX Ay) =1V det Xy (X4 Xy ArBy )

—

,n

= 7’1(!1) det X411 (Dk)

n,m’

so the desired result follows. 0

In the next statement and its proof we suppose that the matrices X, L, M are
the same as in the previous section and that the matrices A, B,C in (H) are given by
(9).

THEOREM 4.2. Suppose that X,,, ..., Xn4+1 are nonsingular and denote

det Xk
(16) dy = (Dk)nn =
ry, det Xpyq

Then there exists an nN x (N —n + 1) matriz N such that
NTLN = diag{d,,...,dy}.

Proof. Observe that the assumption of nonsingularity of X,,,..., Xyy1 corre-
sponds to the assumption Ker X1 C Ker X in Theorem 3.1 because of Lemma 2.5
(ii). Denote by MUl ¢ R*N j=1,...,nN, the columns of the matrix M and let N/
be the nIN x (N —n+ 1) matrix which results from M after omitting all zero columns,
ie.,

N = [MW] M+ ...M[”N]] .

Since Dy = --- = D,y = 0 for LHdS corresponding to (SL) by Lemma 2.5 (ii),
we have MTLM = diag{0,...,0,D,,...,Dx} by Theorem 3.1. By Lemma 4.1,
D; = diag{0,...,0,d;}, j = n,...,N, and the statement follows from the relation
between M and N. O

Sturm—Liouville equations may be investigated also directly, i.e., not as a special

case of LHdAS. Let tq,...,t, be n-dimensional vectors with entries
-1
t&ﬂ) = (1)nu<lu‘ >7 M:L"'ﬂ%
n—v

with the usual convention that (Z) =0if k > n or k < 0, and denote by T the
n X n matrix whose columns are the vectors t,, i.e., T = [t ...t,]. Furthermore, let
P = (p; ;) be the nN x (N —n + 1) matrix with n-vector entries p; ; € R™ given by
Dij = tntj—i, With the convention that ¢, =0if [ <1 or [ > n.

It follows from Lemma 2.4 that if (H) corresponds to a Sturm-Liouville equation
(SL), then (x,u) satisfying 9 = 0 = x4 is admissible iff there exists y = {y}2_
such that

Yk
v =T : ;

Yk+n—1
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hence (z1,...,2%)T € Aiff

T Yn
—p

TN YN

Consequently, if A, B,C are given by (9), Ty, Sk by (8), and K := PTLP, we have

N n N
Fly) =YY r (A yin-)? = > ol Cransr + uf Brug}
k=0v=0 k=0
T T
y’!L yn yTL yn
ol B T A Y I
YN YN YN YN

Expanding the differences in (10), it is easy to see that K is a 2n + 1-diagonal matrix.
Our next computations extend the results of the first section by relating the quantities
dy, from (16) (in section 1 for n = 1 denoted by 6;) to the principal minors of the
matrix .

First we look for a relation between the nN x (N —n+1) matrices P and N and the
corresponding representation for (z7,... 2%)T € A. By the previous considerations

and Theorem 3.3, (z¥,... 21)T € A iff there exists ¢ = (cp,...,cn)T such that

I Cn y’I’L
=N =P

TN CN YN

From the last equality we will find a relation between vectors ¢ = (c,,...,cy)? and
Y= (Yn,...,yn)T. Note that these vectors are determined uniquely since the matrices
P and A have full rank. Denote by dZ the last column of the matrix X; X ]T D;. Taking
into account the form of the matrices P and N, we get the system of equations

yNtl = CNd%a
Yn—1t1 +ynta = CN—ld%:% + cndN_ 1,
(17) .
ynti = cudP +...+ cNd{V.

From this system of equations, we see that there exists an upper triangular matrix
B = (B;;) € RW=n+Dx(N=n+1) guch that y = Be and that this is just the matrix
which reduces the 2n + 1-diagonal matrix K = PTLP to the diagonal form. Indeed,
we have

T T
Yn Yn z1 I
Foy={ [ £f ¢ |= | £
YN YN TN TN
Cp, T Cp,
=1 : NTLN

CN CN
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T
Yn Yn
= : (B")"'diag{dp, ...,dn}B""
YN YN
for any y = (yn,...,yn)?T € RN+ hence

BYKB = diag{d,,,...,dn}.

Observe also that the diagonal entries of the matrix B are By x = (—1)" " 'dy k-1,
k=1,...,N —n+1 (this follows directly from (17)), and that

0 j=1,.. k1,

(KB)jr = (B'K)p; = (diag{dn,...,dN}B_l)k,j = { (11 Gk

Here we used the information about diagonal entries of B. The last expression may
be regarded as a system of linear equations for Bi x,..., By, and by Cramer’s rule
we have

(=D)" Ak

Bk,k = (—1)n_1dn+k71 = Ak

Now we can summarize our previous computations and relate the quantities dj
from (16), k¥ = n,..., N, to the principal minors Ay of K. This statement may
be viewed as a direct extension of (7) to higher order Sturm-Liouville difference
equations. Here, similarly as in the previous theorem, (X, U) is the principal solution
of (H) with A, B, C given by (9), and the assumption of nonsingularity of the matrices
Xn, ..., Xn+1 has the same meaning as in Theorem 4.2.

THEOREM 4.3. Suppose X, ..., Xny1 are nonsingular and let Ay be the princi-
pal minors of the matrix IC. Then, for alll <k < N —n+1,

Ap_q
dptk—1 = Ny = 1.
n+k—1 A 0
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